
DOCTORAL THESIS

Linear and Non-linear Waves

in Multispecies Plasmas

by Mushinzimana Xavier

2022





LINEAR AND NONLINEAR WAVES IN
MULTISPECIES PLASMAS

Submitted by

Mushinzimana Xavier

Reg. number: 218014522

In fulfillment of the requirements of the degree of

Doctor of Philosophy in Physics,

School of Science,

College of Science and Technology,

University of Rwanda.

Supervisors:

Assoc. Prof. Lakhan Lal Yadav

Dr François Nsengiyumva

Kigali, July 2022



Dedication

Dedicated to my family ...

i



Declaration

I, Mushinzimana Xavier,
declare that the thesis entitled Linear and nonlinear waves in multispecies plas-
mas and submitted for the degree of Doctor of Philosophy to University of Rwanda
is the result of my own work under supervision of Assoc. Prof. Lakhan Lal Ya-
dav (Department of Mathematics,Science and Physical Education, University of
Rwanda-College of Education, Rwanda) and Dr François Nsengiyumva (Civil En-
gineering department, Institut d’Enseignement Superieur de Ruhengeri, Rwanda).
The work is original and has not been submitted for any other degree at UR or any
other institution.

Wherever necessary other person’s works have been acknowledged and appro-
priately cited in the text and referenced in the bibliography.

Mushinzimana Xavier

Assoc. Prof. Lakhan Lal Yadav Dr François Nsengiyumva

ii



Publications

Results in this thesis have been published and the publication references are follow-
ing:

X. Mushinzimana, F. Nsengiyumva, L. L. Yadav and T. K. Baluku, "Dust ion

acoustic solitons and double layers in a dusty plasma with adiabatic positive dust,

adiabatic positive ion species and Cairns-distributed electrons." AIP Adv.12, 015208
(2022).
https://doi.org/10.1063/5.0076894.

X. Mushinzimana, F. Nsengiyumva and L. L. Yadav, "Large amplitude slow ion-

acoustic solitons, supersolitons and double layers in a warm negative ion plasma

with superthermal electrons." AIP Adv.11, 025325 (2021).
https://doi.org/10.1063/5.0039372.

X. Mushinzimana and F. Nsengiyumva, "Large amplitude ion-acoustic solitary

waves in a warm negative ion plasma with superthermal eletrons: The fast mode

revisited." AIP Adv.10, 065305 (2020).
https://doi.org/10.1063/1.5127199.

iii

https://doi.org/10.1063/5.0076894
https://doi.org/10.1063/5.0039372
https://doi.org/10.1063/1.5127199


Acknowledgement

This work would not have been layed out had it not been the invaluable guidance of
my Supervisors, Assoc. Prof Lakhan Lal Yadav from the Department of Mathemat-
ics, Science and Physical Education, College of Education, University of Rwanda
(UR), and Dr Nsengiyumva François from the Department of Civil Engineering,
Institut d’Enseignement Superieur de Ruhengeri (INES Ruhengeri). May they find
here the expression of my heart-felt gratitude and sincere thanks.

I take this opportunity to also address my sincere thanks to University of Rwanda
and Rwanda Astrophysics, Space and Climate Science Research Group (RASC-
SRG) for their financial support.

I will remain grateful to my family for its moral support, especially to my son
Dukunde Louis Maxime for his untiring encouragement during this adventure to-
wards the unknown.

iv



Abstract

Space and laboratory plasmas are inherently multispecies with electrons, two or
more positive and/or negative ion species, and possibly charged dust species. Non-
thermal particle distributions have also been observed in many space, and astro-
physical environments. In this thesis, we have investigated the propagation of the
fast and slow ion acoustic modes in a negative ion plasma with heavier and cooler
positive ion species and kappa distributed electrons, and the propagation of the dust
ion acoustic wave in a dusty plasma with a positively charged dust and Cairns dis-
tributed electrons.

When the temperature of ion species is very small compare to the electron tem-
perature, the fast mode in a negative ion plasma supports the propagation of both
compressive and rarefactive solitons, and there exist a range of plasma parameter
values in which the two types of structures coexist. When the ion temperature ef-
fects are important, it supports only rarefactive solitons and this effect is enhanced
by the superthermal behavior of the electrons. If electrons are strongly nonthermal,
the slow mode supports normal compressive solitons, supersolitons and double lay-
ers for high values of the negative ion density. The double layers occur under two
different identities, first as the lower limit to the supersoliton existence range and,
second, as the limiting factor for the propagation of normal solitons.

A dusty plasma with positively charged dust and strongly nonthermal electrons
supports the coexistence of KdV (nonKdV) compressive solitons limited by the oc-
currence of the ion sonic point and nonKdV (KdV) rarefactive solitons limited by
the occurrence of double layers. At a critical dust-to-ion density ratio, compres-
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sive and rarefactive solitons coexist without a soliton with finite amplitude at the
acoustic speed, contrary to earlier studies. This suggests that the existence of a soli-
ton with finite amplitude at the acoustic speed is not always a pre-requisite for the
coexistence of nonlinear structures of both polarities.
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CHAPTER 1. GENERAL INTRODUCTION

1.1 Introduction

1.1.1 The fourth state of matter

The main difference between the different states of matter is the distance between
their constituents. At a fixed temperature and pressure, this distance depends on the
strength of the attractive force between them and their kinetic energy. The atoms
or molecules composing a solid are closely packed and vibrate about their position
of equilibrium in a motion also called thermal motion, because it is due to the sub-
stance temperature. When the temperature of the solid is increased for example by
heating it, its constituents kinetic energy increases. For some substances, this in-
crease in thermal motion results in the constituents overcoming the intermolecular
forces, and there is a transition from solid state to liquid state. Particles in a liquid
move freely but the distances between them remains very small as in solids. That is
why solids and liquids form the same family of condensed matter. If a liquid’s tem-
perature is continuously increased, its constituents move faster and faster as energy
is supplied. Ultimately the liquid boils and transforms into a gas. In a gas, parti-
cles are far apart from each other, move randomly and do not interact. A further
increase of the gas temperature increases its particles kinetic energy. When an elec-
tron in an atom or molecule of the gas gains enough kinetic energy, it escapes from
the nuclear attraction, a process known as ionisation. As more and more energy is
added to the gas, more and more atoms or molecules are ionised converting the gas
into a mixture of neutral particles, electrons and positive ions. Such a mixture is
called a plasma [1] and constitutes the fourth state of matter. Contrary to the nor-
mal gas made of neutral particles, a plasma can carry currents due the presence of
free charges (electrons and ions) and is sensitive to electric and magnetic fields. A
more rigorous definition of plasma is given by Chen [2]: A plasma is a quasineutral

gas of charged and neutral particles which exhibits collective behaviour. The terms
"quasineutral" and "collective behaviour" are explained in the following sections.

Plasma collective behaviour

In general, not any ionised gas is treated as a plasma. In a neutral gas, the mo-
tion of the particles is controlled by the collision among themselves and with the
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walls of the container. As a result of these collisions, the particles of a neutral gas
follow a random Brownian motion. In a plasma, contrary to the neutral gas, the
interaction between charged particles is governed by the Coulomb force which is a
long range force. Therefore each particle interacts with a big number of other parti-
cles and affects their motion even far away from its location. Thus elements of the
plasma affect each other, giving the plasma its characteristic collective behaviour,
which means that the macroscopic response to an external stimulus is the cooper-
ative response of many plasma particles. Examples of plasma collective behaviour
are Debye shielding, plasma sheath, plasma oscillations and ion-acoustic waves.

Debye shielding

The plasma as defined above is a gas with magnitude of positive charge equal to the
magnitude of negative charge. When the plasma potential is perturbed at some lo-
cation by for example introducing an extra positive charge Q, plasma charges redis-
tribute themselves. The extra positive charge constitutes a perturbation that creates
an electric field whose field lines radiate out. In this field, electrons are attracted
toward the charge Q and form a cloud, whose electric field opposes that of the per-
turbation. This effect is also known as the Debye shielding of the plasma from the
influence of the perturbation. The Debye length λD is a characteristic distance of a
plasma, representing the distance at which the bulk of the plasma is shielded from
the influence of the perturbation.

Assuming that the electrons and ions are in thermodynamic equilibrium, their
number densities ne and ni respectively are given by the Boltzmann distribution

ne = ne0e
eϕ

kBTe (1.1)

and
ni = ni0e−

eϕ

kBTe , (1.2)

where ϕ is the electrostatic potential, ne0 and ni0 are the electron and ion equilibrium
density far from the perturbation, where ne0 = ni0 = n0 and electrostatic potential
vanishes, Te and Ti are the electron and ion temperature respectively, and kB is the
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Boltzmann constant (kB = 1.38× 10−23J/K in SI units). The Poisson’s equation
then has the form

∇
2
ϕ =

e
ε0
(ne−ni), (1.3)

where e is the elementary charge e = 1.6×10−19C and ε0 = 8.85×10−12C2/Nm2

is the permittivity of free space. For small perturbations, eϕ/kBT � 1 and we can
expand (1.1) and (1.2) in Taylor series up to the first order. We then replace these
series in (1.3) and solve the resulting equation. The solution that decays to zero at
large distance is given by

φ =
Q

4πε0r
e−

r
λD , (1.4)

where the Debye length is given by

λD =
λDeλDi√
λ 2

De
+λ 2

Di

. (1.5)

The species Debye lengths λDe (electron Debye length) and λDi (ion Debye length)
are given by

λD j =

√
ε0kBTj

n je2 , (1.6)

where j = e, i. Eq. (1.5) shows that the Debye length is mainly determined by the
temperature of the cold species. In SI system of units, Eq. (1.6) can also be written
as

λD j = 7.4×103

√
Tj(eV )

n j(m−3)
[m]. (1.7)

In Eq. (1.7), Tj(eV ) is the temperature of jth species expressed in units of energy
(see section 1.1.2), n j(m−3) is the density of the jth species expressed in SI units
(number of particles per meter cube) and the Debye length is expressed in meters.

A sphere of radius λD is called a Debye sphere. Equation (1.4) shows that for
r� λD, the electrostatic potential in a plasma is the usual coulomb potential, but
for r > λD it exponentially falls off. Therefore the influence of the perturbation is
felt inside the Debye sphere but is vanishingly small outside.
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Plasma quasineutrality

A plasma is quasineutral if the Debye length λD is much smaller than the plasma
dimensions L so that any perturbation is limited inside the Debye sphere but the
bulk of the plasma remains neutral.

Plasma frequency

When the quasineutrality is disturbed at a point in a plasma, the more mobile elec-
trons are accelerated to restore the charge neutrality. This motion results in a sep-
aration of charges and establishment of an electric field whose amplitude depends
on the distance x between positive and negative clouds:

E =
e
ε 0

nex, (1.8)

and the restoring force on the electrons is

F = eE =
e2

ε 0
nex. (1.9)

Under this restoring force, the equation of motion of an electron is

me
d2x
dt2 =

e2

ε 0
nex. (1.10)

where me is the mass of an electron. The electron therefore oscillates with angular
frequency

ωpe =

√
nee2

ε0me
[s−1]. (1.11)

called electron plasma frequency ωpe . In principle, there is a plasma frequency for
each plasma component species, ions and electrons. But as the ion mass is much
larger than the electron mass, the ion plasma frequency is much smaller than the
electron plasma frequency so that when reference is made to plasma frequency it is
meant the electron plasma frequency. An alternative form of the plasma frequency
in SI units is given by

ωpe ≈ 2π×9×
√

n(m−3)[s−1]. (1.12)
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If the plasma is partially ionised, oscillating electrons collide also with neu-
tral particles. This interaction is characterised by the average time between two
electron-neutral collisions τn.

Plasma existence criteria

With the parameters above, an ionised gas is characterised as being in plasma state
if it satisfies the following conditions:

1. The Debye length λD must be very small compare to the dimensions of the
plasma L:

λD� L.

This criterion means that there is enough space that a perturbation will be
localised in a small region, while the bulk remains quasi neutral.

2. The Debye length depends on thermal motion of charged particles and is de-
rived from statistical principles. Statistics assume averaging over a large num-
ber of particles. Thus we have to assume that in a Debye sphere, there is a
large number of particles:

ND = n
4π

3
λ

3
D� 1.

As the density of particles n is inversely proportional to the cube of inter-
particle distance, this criterion means that the Debye length is greater than
the mean distance between two particles.

3. In a partially ionised plasma, oscillating electrons collide with neutral parti-
cles. If these collisions are too frequent, electron motion is controlled by or-
dinary hydrodynamic forces rather than by electromagnetic forces, thus can-
celling the collective behaviour. For a gas to be considered as a plasma, the
electron-neutral particles collision frequency must be small in comparison to
the electron plasma oscillation:

ωpeτn� 1.

This criterion means that the motion of charged particles in a plasma is con-
trolled by electromagnetic forces rather than by hydrodynamic forces.
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1.1.2 Basic plasma parameters

To characterise a plasma, three basic plasma parameters are used [3]: the charged
particle density n (number of particles per cubic meter), the temperature T of each
component of the plasma and the magnetic field.

From the point of view of classical mechanics, a plasma is a many particle sys-
tem whose state is determined using the laws of motion of individual particles. Due
to a large number of particles in the system, this is almost impossible to accomplish.
Such a system is therefore studied using the statistical methods in which the distri-
bution function plays a key role. The distribution function is rather a function from
which average values of different physical macroscopic quantities are calculated.
Charged particles in a plasma move with different velocities. In general for a gas in
thermodynamic equilibrium, the distribution of particles in velocity space is given
by the Maxwell-Boltzmann velocity distribution law:

FM(v) = n0

(
m

2πkBT

)3/2

e−
mv2

2kBT , (1.13)

where m is the mass of the particles, n0 is the equilibrium density of particles, T is
the thermodynamic temperature, v2 = v2

x + v2
y + v2

z is the square of the speed of the
particles and kB is the Boltzmann constant.

The product FM(v)d3v where d3v= dvxdvydvz is the number of particles in a unit
volume and having velocity between ~v and ~v+ d~v. With this distribution function,
the total number of particles in a unit volume is found by integrating (1.13) over the
velocity space

n0 =

+∞∫
−∞

FM(v)d3v. (1.14)

Similarly, we define the mean square velocity as

v̄2 =
1
n0

+∞∫
−∞

v2FM(v)d3v, (1.15)

from which we get the average kinetic energy

Ēav =
1
2

mv̄2 =
3kBT

2
. (1.16)
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Due to this relation between average kinetic energy and temperature, in plasma
physics the temperature is expressed in units of energy by virtue of the relation

T (eV ) = kBT (K), (1.17)

where T (eV ) and T (K) is the temperature expressed in electronvolts (unit of en-
ergy) and kelvin respectively. The temperature of 1eV corresponds to 11,600K.

When a plasma is placed in external electric and magnetic fields, charged parti-
cles are subjected to the Lorentz force

~F = q
(
~E +~v×~B

)
, (1.18)

where ~F is the force, q is the electric charge, ~E is the electric field,~v is the charged
particle velocity and ~B is the magnetic field vector. The first term of the right hand
side of equation (1.18) is the electric force. It shows that the electric force on a
charged particle is parallel to the electric field vector in the case of a positive charge,
and anti-parallel in the case of a negative charge. This force does not depend on the
velocity of the particle. The second term is the magnetic force. It shows that the
magnetic force on a charged particle is perpendicular to the magnetic field vector,
and depends on the velocity of the particle: if the particle velocity is zero or if it
is in the same direction as the direction of the magnetic field vector, the magnetic
force is zero.

Besides externally applied electric and magnetic fields, there are electric fields
generated by each charged particle and magnetic fields resulting from motion of
charged particles. This means that each particle moves in the microscopic fields
of other particles, but at the same time it affects these fields by generating its own
fields. As a consequence the dynamics of each particle has to self-consistently ac-
count for its self-generated fields during its motion. This makes the particle dynam-
ics very complicated and almost untreatable. However some methods and approxi-
mation describing the dynamics in a plasma have been elaborated and are reviewed
in Sec. 1.3.
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1.1.3 Multispecies plasmas

A plasma made of electrons and one positive ion species is the simplest quasineu-
tral plasma. In many situations a plasma consists of three or more charged species.
Such a plasma is called multispecies or multicomponent plasma. In addition to neg-
atively charged electrons, these plasmas contain ions or particles some of which are
charged positively and possibly some others being negatively charged. Multispecies
plasmas have been studied theoretically [5–10, 32] and experimentally [11–13].

Among the different multispecies plasmas, negative ion and dusty plasmas have
got a particular attention due to their presence in space and laboratory environments.
A negative ion plasma is a plasma made of electrons, positive ions and negative ions.
They have been investigated theoretically by different authors including Tagare et
al. [14], Kumar and Mishra [15], Rouhani et al. [1], El Labany et al. [16] and so
on. They have been investigated experimentally by D’Angelo [17], Merlino and
Loomis [18], Ichiki et al. [12, 19] and so on. The propagation of solitary waves in a
negative ion plasma is studied in chapters 2 and 3.

Another class of multispecies plasma, that is interesting theoretically and ex-
perimentally, is the class of dusty plasmas, consisting of electrons, some positive
ion species and one or more charged dust species. A dust is a micron or submicron
sized particle [20] with a very large mass as compared to the mass of the plasma
electrons and protons. Its charge can be as high as 104 elementary charge [21] and
then if present, it can participate in the collective behaviour of the plasma. In many
situations the dust is negatively charged after capturing the more mobile electrons,
however it has been proven that light dust may be positively charged by photoion-
isation mechanism [22]. While the field of dusty plasma has gained a boost in the
recent years, interest to them goes back to the beginning of plasma physics with Irv-
ing Langmuir, Lyman Spitzer, and Hannes Alfvén, three pioneers of plasma physics
in the 20th century [23]. A dusty plasma comprising electrons, positive ions and
positively charged dust is studied in Chapter 4.
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1.1.4 Plasma state in space, laboratory and industry

A common belief [20] is that 99% of matter in universe is in plasma state, only
the remaining 1% being planets where the solid, liquid and gaseous states domi-
nate. Plasma state is found throughout the solar system, interstellar and intergalac-
tic medium, in laboratory conditions and in industrial applications.

The sun is a star in plasma state. It continuously emits a conducting plasma
made of electrons, protons and alpha particles (Helium nuclei) from its surface and
in all directions [24]. These emanations form the solar wind that travels to several
hundred astronomical units (1AU ≈ 1.5×1011m).

Like the earth, most of the solar system planets are magnetised. A magneto-
sphere of a planet is the region around that planet where it exerts magnetic effects
on charged particles. In its path the solar wind interacts with the planets’ magneto-
spheres, pushing the planetary magnetic field towards the planet on the day side and
extending the magnetic field on the night side of the planet forming a magnetic tail.
A similar interaction is also observed in case of comets having their own magnetic
field like the comet Halley. Beyond the solar system, the interstellar medium is also
filled with matter in plasma state with low temperature and low density.

Near the earth’s surface at altitudes & 60km the solar ultraviolet rays ionise
part of the neutral particles, resulting in a partially ionised plasma. This region,
called the ionosphere [24] is the transition region from the neutral atmosphere at
altitudes below . 60km to the fully ionised magnetospheric plasma in the plasma-
sphere, extending to about 4RE and Van Allen radiation belt at about 6RE , where
RE = 6371km is the earth’s radius. Lightning and auroras are natural phenomena in
which the plasma state dominates.

On the earth’s surface, man-made plasmas are produced for technological ap-
plications such as fluorescent tubes, plasma television screens, neon signs. Techno-
logical applications are numerous and their number increases day by day as a result
of research.
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1.2 Applications of plasmas

As it is for other states of matter, the plasma state has found different applications
in our daily lives. We discuss some of them.

Perhaps the oldest application of plasma state is the use of the earth’s ionosphere
to reflect high frequency radio waves for the purpose of radio communications.
When a radio signal arrives at the boundary of a plasma, it is refracted with index
of refraction

nr =
c
vp

, (1.19)

where nr in the plasma index of refraction, c is the speed of light and vp is the
wave phase speed in the plasma. The ionospheric index of refraction is given by the
Altar-Appleton-Hartree dispersion relation [25]. In case of a longitudinal wave (in
direction of the magnetic field) and negligible loss (no wave damping), the Altar-
Appleton-Hartree [25] dispersion relation reduces to

nr =

√
1−

ω2
pe

ω2 , (1.20)

where ωpe = (nee2/ε0me)
1/2 is the electron plasma frequency and ω is the fre-

quency of the incident wave. Expression (1.20) shows that for a fixed frequency ω

of the radio signal, the refractive index nr decreases when the electron density ne

increases until it reaches a critical value nec at which nr = 0. For larger values of ne,
nr is complex number and the radio wave can no longer be propagated in the iono-
spheric plasma, rather it is reflected back to earth. In this context of reflection, the
earth’s ionospheric plasma has been used and continues to be used for long distance
radio communication.

Another application of matter in plasma state of major technological importance
is the production of energy from controlled thermonuclear fusion. Fusion is the
process during which two light atoms combine to form a heavier atom with release
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of energy. An example is the fusion of Deuterium and Tritium to give helium atom
with release of 17.6MeV of energy. The reaction is as following:

2
1D+3

1 T →4
2 He +

1
0 n+17.6MeV. (1.21)

The combination of the two atoms is, however, subject to the condition that the two
atoms must overcome the coulomb potential barrier to come as close as possible.
This may be effectively done if the two atoms are moving at very high speeds. In
classical mechanics, high speeds mean also high temperatures and high tempera-
tures mean that atoms are ionised, and thus the gas is in the plasma state. Different
thermonuclear fusion reactors of different types are being developed around the
world. The biggest of them is the ITER, the International Thermonuclear Experi-

mental Reactor.
Other operational nuclear fusion facilities include the Joint European Torus (JET)
in UK, the Tokamak Fusion Test Reactor (TFTR) in USA, the T-15MD in Russia,
the Experimental Advanced Superconducting Tokamak (EAST) in China, the Laser
Mégajoule (LMJ) in France, JT-60 in Japan, the KSTAR (Korean Superconducting
Tokamak Reactor) in South Korea etc.

Matter in plasma state is used for sterilisation of medical equipment [26]. The
sterilisation efficiency is improved and the processing time is reduced in addition to
less damage caused to medical devices by conventional techniques used in hospitals.
Plasma based electric propulsion technology (plasma thrusters) is used for the keep-
ing of spacecraft orbit and orbit topping [27]. In textile industry, low temperature
plasmas are used to make textile hydrophobic, hydrophilic or dirt-repellent [28].
Plasma etching process is used in semiconductor industry for the removal of sub-
strate material [29]. Plasma torches are used for the disposal of waste [30]. Plasma
processing are now very important to many manufacturing industries including but
not limited to aerospace, automotive, biomedicine, defence, optics, solar energy,
paper and polymer industries [29]. These examples of plasmas in space, laboratory
and industrial conditions and their applications underline the importance of learn-
ing and describing the behaviour of matter in the plasma state. A wide range of
literature [2] provides this description.
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1.3 Plasma dynamics

Like gases made of neutral particles, a plasma has neither definite shape, nor definite
volume. In a gas of neutral particles, the interaction between two particles is by the
contact collision. In a plasma, any charged particle generates electric and magnetic
fields in which other particles move. This means that charged particles in a plasma
interact by long range electromagnetic forces. In addition to internally-generated
fields, a plasma may be also subjected to external electric and magnetic fields. Any
theoretical description of the plasma behaviour has to account for all of these fields.
Due to difficulty in integrating all these fields, different approximations can be used
depending on the problem to be studied. There are mainly four approximations
[2, 24]:

1.3.1 Single particle motion

In this approximation, one considers the motion of individual particles under the
influence of externally applied electric and magnetic fields. It is assumed that the
charged particles do not interact and the fields created by individual particles do
not affect the externally applied fields. This means that this approximation can be
applied if the charged particle density is low.

The motion of a charged particle in an electromagnetic field obeys Newton’s
second law

m
d~v
dt

= q
(
~E +~v×~B

)
, (1.22)

where m, q and~v is the particle mass, electric charge and velocity, respectively. In
the absence of the electric field, this equation reduces to

m
d~v
dt

= q~v×~B. (1.23)

This last equation shows that the acceleration of a charged particle ~a = d~v/dt in
a magnetic field is perpendicular to its velocity, i.e. it is a centripetal acceleration.
This means that the magnitude of the particle velocity and its kinetic energy do not
change under the action of the magnetic field, and the magnetic field does no work
on the particle, but the particle moves in a circle around magnetic field lines with

13



CHAPTER 1. GENERAL INTRODUCTION

Figure 1.1: Gyration of a charged particle around a magnetic field line. Positively
charged (q > 0) and negatively charged (q < 0) particles are initially moving with
velocity ~v⊥ before falling in a region where there is a magnetic field directed out of
the page.

gyration frequency (gyrofrequency or cyclotron frequency)

ωg =
|q|B
m

. (1.24)

This is illustrated in Fig. 1.1. Positive and negative charges with parallel velocities
gyrate in opposite directions. The radius of the circular orbit of the charge is given
by

rL =
v⊥
ωg

=
mv⊥
|q|B

, (1.25)

where v⊥ is the component of the particle velocity in the plane perpendicular to the
magnetic field. The radius rL is normally called the Larmor radius or gyroradius
and its center is called the guiding center.
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1.3.2 Kinetic theory

As discussed in Sec. 1.1.2, the dynamics of a charged particle in a plasma consisting
of a large number of particles is very complicated because it has to self-consistently
account for self generated fields and microscopic fields of all other particles. Rather
than providing description of each particle individually as it is with the single par-
ticle theory, in kinetic theory description, the plasma is assumed to be a system of
many strongly interacting particles. Each particle at position~r(t) has velocity ~v(t)
and both position and velocity are functions of time t, but are independent vari-
ables. They define a six-dimensional space with coordinate axes (~r,~v) also called
the phase space.

In this phase space, one defines the particle velocity distribution function f (~r,~v, t)

as the particle number density at position~r and velocity~v at time t. Thus f (~r,~v, t)d~rd~v

where d~r = d3r = dx.dy.dz and d~v = d3v = dvx.dvy.dvz in Cartesian coordinates is
the total number of particles having positions in the range between~r and~r+d~r and
velocities in the range between~v and~v+d~v at time t.

In a plasma, each particle species has its own distribution function f j. This
distribution function is normalised such that its integral over the velocity space is
equal to the species particle density n j(~r, t) at position~r at time t:

n j(~r, t) =
∫

f j(~r,~v, t)d~v. (1.26)

The kinetic theory is a formalism of study of a system of many particles by de-
scribing the microscopic properties of its constituents and their interactions, lead-
ing to observable macroscopic variables such as pressure, density and so on. This
is achieved by solving a kinetic equation, which is an equation that describes the
time evolution of the distribution function. If there are no particles added or lost to
the plasma, the total number of particles is conserved and therefore the distribution
function is constant, i.e

d f j

dt
= 0. (1.27)

This total time derivative evaluates the change of the distribution function f j due to
the change of the particle position in (~r,~v) space, as well as the explicit time varia-
tion of f j with time t. But both~r and~v are time dependent and using the differential
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chain rule, the total time derivative takes the form of a convective derivative

d
dt = ∂

∂ t +
∂

∂~r
∂~r
∂ t +

∂

∂~v
∂~v
∂ t

= ∂

∂ t +~v.∇~r +
∂~v
∂ t .∇~v,

(1.28)

where
∇~r =~i ∂

∂x +
~j ∂

∂y +
~k ∂

∂ z ,

∇~v =~i ∂

∂vx
+~j ∂

∂vy
+~k ∂

∂vz

(1.29)

and ∂~v/∂ t = d~v/dt is the acceleration ~a j of the particles. Then Eq. (1.27) takes the
form

∂ f j

∂ t
+~v.∇~r f j + ~a j.∇~v f j = 0. (1.30)

This is the Vlasov kinetic equation for the distribution function f j. It states that
along a particle’s orbit in the phase space, the particle density f j(~r,~v, t)d3v remains
unchanged. This holds as long as particle collisions and correlations between parti-
cles and microscopic fields are negligible [24].

When collisions between plasma components are important, they cause a varia-
tion of the distribution function that is expressed by an additional term on the right
hand side of equation (1.30). The resulting equation is called the Boltzmann equa-
tion

∂ f j

∂ t
+~v.∇~r f j +

q j

m j

(
~E +~v×~B

)
.∇~v f j =

(
∂ f j

∂ t

)
coll

. (1.31)

The self-consistent electric ~E and magnetic ~B fields are determined from the Maxwell’s
equations:

∇.~E =
1
ε0

ρ
(
Gauss′s law f or electric f ield

)
, (1.32)

∇.~B = 0
(
Gauss′slaw f or magnetic f ield

)
, (1.33)

∇×~E =−∂~B
∂ t

(
Faraday′s law o f electromagnetic induction

)
, (1.34)
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∇×~B = µ0~J+µ0ε0
∂~E
∂ t

(
Generalised Ampere′s law

)
, (1.35)

where
ρ = ∑

j
q jn j = ∑

j
q j

∫
f jd3v (1.36)

is the net electric charge calculated over all charge species, and

~J = ∑
j

q jn j~v = ∑
j

q j

∫
~v f jd3v (1.37)

is the total current due to positive and negative charges.

The Vlasov equation is nonlinear in the six-dimensional phase space and is in
general very difficult to solve. Due to this it is a normal practice to obtain informa-
tion on the average behaviour of the plasma by finding the moments of the Vlasov
equation. By definition, the kth moment of the distribution function f (~r,~v, t) is ob-
tained by multiplying f by various powers of~v and integrating over velocity space.

Mk(~r, t) =
∫

vk f j(~r,~v, t)d3v. (1.38)

The distribution function is a function of position vector~r, velocity~v and time t, but
the average macroscopic variables like density, pressure and so on depend only on
the position and time. The integration is therefore carried out on the entire velocity
space. The zero-order moment yields the particle density n, the first moment is the
particle flux n~v, the second moment is the stress tensor and so on.

1.3.3 Multifluid theory

In the multifluid description, each plasma component j is considered as a separate
fluid and the plasma as an ensemble of interpenetrating charged fluids. Each indi-
vidual fluid has its own distribution function obeying the Vlasov equation. Taking
the moments of the entire Vlasov equation results in a set of partial differential
equations in terms of means of macroscopic variables like particle density, particle
velocity, plasma temperature and so on. The resulting equations are called fluid
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equations and together with Maxwell’s equations they describe in a good approxi-
mation the plasma behaviour.

The zero-order moment of the Vlasov equation has the form∫ [
∂ f j

∂ t
+~v.∇~r f j +

qi

m j

(
~E +~v×~B

)
.∇~v f j

]
d3v = 0. (1.39)

Integrating over the entire velocity space yields the equation of continuity for each
plasma species j

∂n j

∂ t
+∇.

(
n j~u j

)
= 0, (1.40)

where~u j is the species average flow velocity

~u j =
1

n j(~r, t

+∞∫
−∞

~v f j(~r,~v, t)d3v, (1.41)

and n j is its density. This equation describes the conservation of matter: the number
of particles in a test volume can change only if there is a flux of particles across the
boundary of the volume.

The first-order moment obtained by multiplying the Vlasov equation by~v1 =~v

and integrating over the velocity space is the momentum transport equation

m jn j

[
∂~u j

∂ t
+
(
~u j.∇

)
~u j

]
= q jn j

[
~E +~u j×~B

]
−∇Pj. (1.42)

Also known as the fluid equation of motion, the momentum transport equation
describes the motion of a fluid element (the change in its momentum due to applied
forces) in presence of Lorentz force and pressure gradient ∇Pj.

Integration of the zero-order moment (1.39) has introduced the first-order mo-
ment (1.41), and integration of the first-order moment has introduced the second-
order moment, the pressure tensor P:

Pj(~r, t) =
+∞∫
−∞

m j~v′~v′ f j(~r,~v′, t)d3v′, (1.43)
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where~v′ =~v−~u is the thermal velocity. In general, when we take the kth moment of
the Vlasov equation, we obtain an equation for that moment containing however a
(k+1)th moment. This recurrence means that the system of equations obtained by
calculating up to kth moment is never closed. Instead of finding higher and higher
moments, a common procedure is to truncate the process and assume an equation
of state to close the system.

An equation of state relates the pressure of a gas and its density. Two extreme
cases arise in the isothermal and adiabatic processes. In an isothermal process, tem-
poral variations of the plasma variables are so slow that the plasma has enough time
to redistribute energy and maintain a constant temperature. The relation between
pressure and density is then the ideal gas law

Pj = n jkBTj. (1.44)

In the adiabatic case, the time variations are so fast that no heat exchange in the
plasma is possible. The equation of state in this case has the form

Pj = Pj0

(
n j

n j0

)γ

, (1.45)

where the adiabatic index γ =
Cp
Cv

is the ratio of the specific heat at constant pressure
to the specific heat at constant volume. In both cases, the pressure gradient is such
that

∇Pj

Pj
= γ

∇n j

n j
, (1.46)

where γ = 1 for the isothermal case. Generally, the adiabatic index is related to
the number of degrees of freedom N by the relation γ = (2+N)/N [2]. Thus for a
one dimensional adiabatic compression of the jth plasma species, γ takes the value
3, and it takes a value of 5/3 for a three dimensional adiabatic compression. In
addition to fluid equation and equation of state, each fluid component has to satisfy
the Maxwell’s equations, Eqs. (1.32) to (1.35).

1.3.4 Magnetohydrodynamic (Single fluid) theory

In the magnetohydrodynamic (MHD) model description, the plasma is considered
as a single conducting fluid in which all the plasma constituents move with the
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same velocity. This then reduces the number of variables to be considered. The
magnetohydrodynamic equations can be derived from the multifluid equations by
introducing the new variables

n =∑
j

m jn j,

ρ =∑
j

q jn j,

P =∑
j

Pj,

~U =
1
n ∑

j
m jn j~u j,

~J =∑
j

q jn j~u j. (1.47)

In these variables, the MHD equations of continuity and momentum are

∂n
∂ t

+∇.
(

n~U
)
= 0 (1.48)

and

n

[
∂~U j

∂ t
+
(
~U .∇

)
~U

]
= ρ~E +~j×~B−∇P. (1.49)

Generally, the MHD is used to describe low frequency phenomena occuring at large
spatial scales, where the plasma is neutral with charge density ρ ≈ 0.

1.4 Velocity distributions

Particle densities play an important role in the study of the wave propagation [31]
and they can be derived from the velocity distribution functions. Particle velocity
distribution functions may have different forms depending on the particular con-
ditions of existence of the plasma state. Some of the common particle velocity
distributions are the Maxwellian distribution, the generalised Lorentz distribution
(kappa distribution) and the Cairns distribution. The Maxwellian particle distribu-
tion has been used in Sec. 1.1.2 to define the three basic plasma parameters. In
the study of plasma waves, the Maxwellian distribution has been used in different
models of plasma configurations [8, 32–34].

1.4.1 Kappa distribution

As many other celestial bodies, the earth is surrounded by a magnetic field whose
intensity at its surface is between 20µT and 60µT [35]. This field decreases with
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increasing altitude. When the solar wind comes closer to the earth’s magnetosphere,
it is deflected by the earth’s magnetic field, protecting the earth against possible haz-
ardous effects of solar wind. This interaction of the earth’s magnetic field and the
solar wind results in the modification of the magnetosphere’s magnetic field. The
magnetic field of the dayside is compressed and that of the nightside is stretched
resulting in a long tail.

While investigating the low – energy electron population in magnetosphere
within the local time range 17:00 to 22:00 using data collected by OGO 1 and OGO
3 satellites, Vasyliunas [36] observed that “the plasma sheet electrons typically have
a broad, quasi – thermal energy spectrum peaked anywhere between a few hundred
eV and a few keV, with a non–Maxwellian energy tail”. To fit these data with a
velocity distribution function, he devised a non–Maxwellian distribution function
that he called Kappa distribution function. Two factors guided him:

• The satellite data showed that electron fluxes were isotropic, and hence their
velocity distribution function depends only on their speeds and not on veloc-
ity.

• Electron distribution in plasma sheet is broader than Maxwellian distribution
and tends to power law at high energies.

The three dimensional kappa velocity distribution function is given by the expres-
sion [36–38]

Fκ(v) =
n0

(πκθ 2)
3
2

Γ(κ +1)
Γ(κ−1/2

(
1+

v2

κθ 2 ,

)−(κ+1)

, (1.50)

where Γ(x) is the gamma function, n0 and v are the particle number density and
velocity respectively, κ is a parameter that indicates the deviation from Maxwellian
distribution and gives the name to the function and θ is a characteristic velocity,
related to the thermal speed v2

t = kBT/m by the relation

θ =

√
2κ−3

κ
vt . (1.51)
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Figure 1.2: Kappa velocity distribution function for different values of the spectral
index κ . The variable V 2 = v2/2v2

t and the function is stretched by a factor of
(2πv2

t )
3/2/n0. The black solid line represents a Maxwellian (κ → ∞), the dashed

blue line is plotted at κ = 20, the dotted green line is at κ = 5, and the red dot
dashed line represents strongly non-Maxwellian distribution with κ = 2.
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For θ to be a real valued function, it is required that the parameter κ takes values
larger than κ > 3/2. A value of κ close to but larger than 3/2, e.g. κ = 2 indicates
that the plasma is strongly non-Maxwellian. While (1.50) is a power law, it however
tends to the Maxwellian distribution as the parameter κ tends to infinity:

FM(v) = lim
κ→∞

Fκ(v). (1.52)

Figure 1.2 shows the kappa 3-dimensional isotropic speed distribution function as
a function of v2/2v2

t and stretched by a factor of (2πv2
t )

3/2/n0 for various values of
the spectral index, κ = 2 (red dot dashed line), κ = 5 (green dotted line), κ = 20
(blue dashed line) and κ → ∞ (black solid line). As it can be seen, the kappa dis-
tribution for κ = 20 (blue dashed curve) is much closer to Maxwellian distribution
than are distributions for κ = 5 and κ = 2. It is also seen that at high speeds, i.e.
high energies, the Maxwellian tends to zero quicker than the kappa, justifying the
use of kappa to model systems with long tails in the high energy domains. Low
values of κ correspond to longer tails and as κ increases, tails decrease also ap-
proaching the Maxwellian distribution at larger values of κ .

In the presence of a potential φ , we replace v2 by v2 + 2qφ/m where q is the
species charge and m is the mass of one particle. The presence of a potential mod-
ifies the density distribution of the particles and the zero moment gives the new
distribution as a function of the potential and equilibrium density n0 as

n = n0

(
1+

2qφ

(2κ−3)KBT

)(κ−1/2)

. (1.53)

Particles with kappa distribution have been found in different space [39–42] and
laboratory [43] environments. Subsequently different studies have used the kappa
distribution to model particle distribution with long tails [1, 15, 16, 44–46].

1.4.2 Cairns distribution

Another distribution that has been used is the Cairns distribution [47].
Cairns distribution was introduced by Cairns et al. [47] in 1995 to explain den-

sity depletions, observed by FREJA satellite in the upper ionosphere. Density de-
pletion was not expected since the KdV theory predicts the existence of solitons
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Figure 1.3: Cairns distribution as a function of V = v/vt and stretched by
√
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t

for different values of the nonthermal parameter α . The black solid line is plotted at
α = 0, and corresponds to a Maxwellian. The blue dashed line is plotted at α = 0.08
and the distribution is slightly non Maxwellian. The green dotted line is plotted at
α = 0.2 at which the distribution is strongly non-Maxwellian. The red dot dashed
line plotted at α = 0.3 (β ' 0.63) presents wings and the corresponding value of α

is beyond the acceptable range.
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with density enhancement instead of density depletion. Cairns et al. [47] were able
to show that the nature of the ion acoustic soliton can change to the opposite if the
electron distribution is non-thermal with excess energetic particles in the tail of the
distribution, like the counterstreaming electrons observed by Viking and AMPTE
satellites. The one dimensional Cairns distribution has the following form [47]

FC(v) =
n0

(3α +1)
√

2πv2
t

(
1+

αv4

v4
t

)
e
− v2

2v2
t , (1.54)

where α determines the population of nonthermal particles and varies in the inter-
val 0 < α < ∞. For α = 0, we obtain the Maxwellian distribution and therefore the
nonthermality increases with increasing α . Fig. 1.3 shows the function FC(v) for
different values of α . In the presence of a non-zero electrostatic potential, integra-
tion of the resulting distribution over the velocity space gives the charge density

n = n0
(
1+qβϕ +q2

βϕ
2)e−qϕ , (1.55)

where β = 4α/(1+ 3α). The parameter β is bounded by 0 on the lower side and
4/3 on the upper side for very large α . However as is shown by the red dot dashed
line in Fig. 1.3 plotted for α = 0.3 (β = 12/19), as α increases, the distribution
develops wings and becomes unstable [48]. Therefore the acceptable values of α

are in the range 0 6 α < 0.25 or 0 6 β < 4/7.

There have been several studies on the ion acoustic solitons in plasmas with
Cairns distributed particles [48–52, 54, 69]. It has been shown that the presence of
Cairns distributed plasma component modifies the soliton structure as compared to
the Maxwellian distribution.

1.5 Waves in plasmas

1.5.1 Definition

The equilibrium state of a plasma is characterised by uniform density of positively
and negatively charged particles and absence of charge concentration that would
lead to the presence of an electric field. When the equilibrium is perturbed, this
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perturbation can propagate. A wave is a moving disturbance in space and time,
transferring energy from one point to another. In this kind of motion, there is no
displacement of particles, but they oscillate about their position of equilibrium.
Plasmas support both longitudinal and transverse waves. A wave is longitudinal
when the particles oscillate in the direction of wave propagation. When the parti-
cles oscillate in direction perpendicular to the direction of wave propagation, the
wave is transverse. Waves in plasmas are further classified as electromagnetic or
electrostatic according to whether or not there is an oscillating magnetic field com-
ponent. Electrostatic waves are longitudinal waves in which there is no oscillating
magnetic field, and the electric field perturbation associated with the wave is par-
allel to the wave propagation direction. Such waves are accompanied with density
and potential fluctuations. Electromagnetic waves are transverse waves and their
electric and magnetic fields oscillate in a plane perpendicular to the direction of the
wave propagation.

1.5.2 Mathematical description of waves

Let u be the waving quantity. This may be the height of a plucked string, the electric
and/or the magnetic fields and so on. In absence of external forces, a wave propa-
gating with constant speed c can be described by a second order partial differential
equation

∇
2u− 1

c2
∂ 2u
∂ t2 = 0, (1.56)

where

∇
2 =

∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2 (1.57)

is the Laplacian. For a one dimensional wave moving in x direction this equation is
written as

∂ 2u
∂x2 −

1
c2

∂ 2u
∂ t2 = 0, (1.58)

Introducing the simplified notations utt = ∂ 2u/∂ t2 and uxx = ∂ 2u/∂x2, this equation
takes the form

utt− c2uxx = 0, (1.59)
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The general solution to (1.59) is called the D’Alembert’s solution:

u(x, t) = f (x− ct)+g(x+ ct). (1.60)

where f and g are arbitrary functions and each of them represents a solution to
Eq. (1.59). The solutions f (x− ct) and g(x+ ct) represent a wave moving to the
right and to the left, respectively, with speed c without change of shape. The wave
equation (1.59) can then be split into two first order partial differential equations{

ut + cux = 0
ut− cux = 0

(1.61)

The first equation describes the wave motion to the right, while the second equation
describes the wave motion to the left. In the next sections we consider only the
equation for the left to right moving one dimensional wave.

1.5.3 Linear waves

An equation or a system of equations is linear if the linear combination of any two
or more of its solutions is also a solution: u1, u2, ... un are solutions, so ∑ui is also
a solution.

The advection equation

The one dimensional linear advection equation is the equation of the form

ut + cux = 0, (1.62)

where u = u(x, t), and c is constant. It describes the transport of a scalar field
u(x, t) by a fluid flow of constant speed c. For example, this equation can de-
scribe the transport of oil dropped in a river flowing with speed c. In this case,
u(x, t) is the concentration of oil at position x at time t. The advection equation is
a linear evolution partial differential equation whose general solution is of the form
u(x, t) = f (x− ct) where f is an arbitrary function. One characteristic of this so-
lution is that it represents a perturbation that moves without deformation along the
x-axis: the value of the perturbation at point x is the same as its value at previous
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Figure 1.4: The solution u(x, t) = f (x−ct) = e−(x−ct)2
represents a perturbation that

moves along x axis without change of its shape. The solution is plotted at ct = 0
and ct = 5.

position x−4x at earlier time such that4x = ct. Fig. 1.4 shows a Gaussian plotted
at two values of ct, 0 (blue solid curve) and 5 (red dashed curve). This figure shows
that the red curve is the same as the blue curve displaced to the right by 4x = 5 in
arbitrary units.

Among the different forms of the function f (x− ct), two are interesting :

1. Plane wave solution: A plane wave solution to the equation (1.62) is the

28



CHAPTER 1. GENERAL INTRODUCTION

solution of the form
u(x, t) = Aei(kx−ωt), (1.63)

where A is the wave amplitude, k is its wave number, and ω is its angular frequency.
The ratio k/2π = 1/λ , where λ is the wave wavelength, is the number of waves per
unit length, and ω/2π = f , where f is the wave frequency, is the number of waves
per unit time. Such a wave is localised in the whole space. Differentiating (1.63)
with respect to time coordinate t and space coordinate x and replacing in (1.62), we
get a condition that the angular frequency ω and the wave number k have to satisfy
for (1.63) to be a solution:

ω = ck. (1.64)

This relation between ω and k is called the dispersion relation. The dispersion re-
lation is the functional dependence of the wave phase velocity on the wave number
k: ω = ω(k).

Because c is constant, this relation tells us that the plane wave is a solution to
the advection equation if the wave angular frequency is a linear function of the the
wave number k. The solution to equation (1.62) is then a travelling wave with wave
speed c:

u(x, t) = Aeik(x−ct). (1.65)

Using the relation (1.64), we define the wave phase velocity and the wave group
velocity. The wave phase velocity is defined as

vph =
ω

k
. (1.66)

It is the velocity of motion of a point of constant phase. The wave group velocity is
defined as

vgp =
∂ω

∂k
, (1.67)

and represents the velocity at which energy is transferred by the wave. For advec-
tion equation (1.62), we see that the phase and group velocity are equal to each
other. In general, when ω is a linear function of k, the wave phase speed and group
speed are equal to each other and we say that the wave is non dispersive. An initial
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Figure 1.5: Soliton solution. The soliton amplitude A = 1 and the wave is plotted at
ct = 0.

perturbation of the form F(x) can be decomposed in Fourier components with dif-
ferent wave numbers and the general solution of Eq. (1.62) is a linear superposition
of all Fourier components. Because for a nondispersive medium all Fourier compo-
nents move at the same phase speed, the wave retains the same shape over time.

2. Solitary wave solution: Another class of solutions to the equation (1.62) is
the solitary wave solution, commonly known as soliton solution. Analytically, this
solution has the form

u(x, t) = Asech2(x− ct), (1.68)

where A is the wave amplitude. A soliton is a travelling wave having the following
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properties:

1. It retains its shape;

2. It is localised in space;

3. Solitons pass through each other unchanged (particle like property).

We will see that soliton solutions exist for some other partial differential equa-
tions, and particularly for some nonlinear partial differential equations. A wave that
moves undeformed in space and time is however almost hypothetical. In general
waves arising naturally are damped or disperse. Dispersion means that the different
Fourier components move with different phase speeds and the wave is destroyed,
and damping means that the wave amplitude decreases and finally gets to zero.
Equation (1.62) is not able to describe such behaviour which requires to include
terms with higher derivatives.

Linear dissipative waves

Equation (1.62) describes the transport of the scalar field u due to flow of the fluid
with speed c. In natural phenomena, the transport of u is accompanied by its diffu-
sion. Diffusion is a process of motion of a physical property (concentration, heat,
etc.) as a result of the presence of a gradient of that property in the considered
medium. Examples of diffusion processes include the heat conduction (heat moves
from hot to cold places) and transport of matter from high concentration to low
concentration. Therefore the diffusion tends to smooth out differences in a phys-
ical property. The 1-D equation combining transport and diffusion is called the
advection-diffusion equation and has the form

ut + cux−Duxx = 0, (1.69)

where D is a positive constant called the coefficient of diffusion and represents the
dissipative effect of the scalar field u. Replacing the plane wave ansatz in (1.69) we
get the dispersion relation ω = ck− iDk2 and the plane wave solution has the form

u(x, t) = Ae−Dk2teik(x−ct). (1.70)
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Figure 1.6: Effect of dispersion. Image taken from internet at https://www.
semanticsholar.org.

This is a plane wave solution whose amplitude decays exponentially with time. As
the energy transported by a wave is proportional to the square of its amplitude, then
the energy of a dissipative wave decreases with time.

Linear dispersive waves

The dispersion is another physical phenomenon that tends to reduce the oscillation
in a system. In a dispersive medium, waves with different frequencies move with
different phase speeds. To model the wave dispersion we add to (1.62) a third order
spatial derivative and get

ut + cux +βuxxx = 0 (1.71)

Consideration of the plane wave solution leads to the dispersion relation ω = ck−
βk3. From this relation, the phase speed is given by

vp = c−βk2, (1.72)
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and the group speed is
vg = c−3βk2. (1.73)

For positive β , the wave phase speed is larger than the group speed and both are
quadratic functions of the wave number k. Hence the low frequency (longer wave-
length) components travel with larger phase velocities than high frequency (shorter
wavelength) components. The wave spreads out and its width increases with time.
This effect is shown in Fig. 1.6.

1.5.4 Nonlinear waves

The terms describing the dissipation and dispersion have shown to be not enough
to describe natural phenomena, most of which can be described by nonlinear equa-
tions. A nonlinear differential equation is an equation combining the function and
its derivative to an order higher than one. In this case, if two or more solutions
of that equation are known, we cannot apply the principle of superposition to find
another solution.

Inviscid Burgers equation

To understand the effects of nonlinearity, we consider a nonlinear equation in which
the wave speed c is a linear function of the wave amplitude. In the simplest case the
function c(u) = u is an increasing function of u and the wave speed increases with
the wave amplitude. Parts of the wave with larger displacement move faster than
those with smaller displacement and overtake them. Equation with such nonlinear-
ity is called the Burgers equation:

ut +uux = 0. (1.74)

The disturbance u depends on both time t and space x coordinates and the space
coordinate x is also a function of time x = x(t). A solution to Eq. (1.74) with initial
condition u(x,0) = u0(x) (Cauchy problem) is

u(x, t) = u0(x−u(x, t)t). (1.75)
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Figure 1.7: Effect of nonlinearity

The gradient of function u(x, t) is

ux =
u′0

1+u′0t
, (1.76)

where u′0 =
∂u0
∂x . For the parts of the initial disturbance for which u′0 > 0, i.e. the

propagation speed is an increasing function of x, 1+ u′0t increases with time. The
slope ux decreases with time and the wave profile flattens. For the parts of the initial
disturbance for which u′0 < 0, 1+ u′0t decreases with time, the slope ux increases
with time and the wave profile steepens. This is shown in Fig. 1.7. In this figure,
the curve to the left is the initial profile u0(x), a Gaussian pulse moving to the right
with u′0 > 0 at the trailing edge and u′0 < 0 at the leading edge. The curve in the
middle represents the same profile at time t > 0. It shows that the trailing edge is
flatter while the leading edge is steeper than at t = 0. With time this deformation
continues until the slope ux on the disturbance parts with initial negative gradient
becomes infinitely large, when 1+u′0t approaches zero at time

tb =−
1

min{u′0}
. (1.77)

This time is also called the breaking time. At t = tb, the function u(x, t) has an
infinite slope in {x,u} space and the solution u(x, t) coincides with the u−axis, be-
coming infinitely multivalued. This discontinuity is called a shock. For all t > tb
the solution u(x, t) is multivalued. Physically, multiple valued function would mean
that a physical quantity like density, pressure, velocity etc. has two or more values
at the same position. Because this is not possible, the equation (1.74) fails to de-
scribe the physical phenomenon.

While mathematically this inconsistency can be solved by assuming a weak
solution at t > tb, i.e. a solution that is not necessarily a differentiable nor continuous
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function, on the physical point of view, we go back to the problem under study and
improve the model equation (1.74). Eq. (1.74) describes the motion of a non-
viscous incompressible fluid and ignores the fluid viscosity. When the slope ux

becomes important, it is no longer possible to neglect the viscosity and including
a viscosity related term to Eq. (1.74) improves the model, leading to the viscid
Burgers equation whose solution does not break.

Nonlinear dissipative waves: the viscid Burgers’ equation

The viscid Burgers equation is an equation that associates nonlinearity and dissipa-
tion. It is of the form

ut +uux = νuxx. (1.78)

where ν , the viscosity of the compressible fluid is a positive constant. When the
right hand side term is negligible (ν → 0), we recover equation Eq. (1.74). For
small amplitude solutions, the nonlinear term can be neglected and the remaining
equation is the diffusion equation whose solution dies out as time increases. For
large amplitude solutions, the nonlinear term first dominates and the solution tends
to the shock wave. However near the breaking point, the viscosity term grows much
faster than the nonlinear term and starts playing a role of preventing the breakdown.
This way, the solution u remains smooth owe to the presence of viscosity, but the
amplitude of the solution reduces progressively and the wave dies out after some
time. Therefore the combination of nonlinearity and dissipation does not lead to a
permanent shape structure.

Nonlinear dispersive waves: KdV equation

It is thus obvious that nonlinear nondispersive wave equation (inviscid Burgers
equation) does not admit a soliton solution, rather the leading edge of the wave
profile steepens due to the nonlinearity. On the other side, the solution to the linear
dispersive wave equation spreads out with time as a result of dispersion of differ-
ent components of the wave. Although nonlinearity and dispersion have each of
them the tendency to break the wave profile, it has been proven that an equation that
combines them appropriately can result in a stable solution. This happens when the
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nonlinear steepening effects balance the dispersive spreading effects. An equation
with such a balance is called the Korteweg de Vries (KdV) equation. The KdV
equation was first derived by Diederik Johannes Korteweg together with his PhD
student Gustav de Vries while studying shallow-water gravity waves. In a fixed
frame of reference, the KdV equation has the form

ut + cux +Auux +Buxxx = 0, (1.79)

where u(x, t) is the height of the water’s surface above its quiescent position and c

is the speed of small amplitude waves. A is the nonlinear coefficient and B is the
dispersion coefficient.

Later, it was found that the KdV equation is also appropriate to describe inter-
nal waves in oceans and atmosphere, the propagation of nonlinear acoustic waves
in liquids with gas bubbles [55, 56], to model arterial pulse pressure waves and
cardiac hemodynamics [57], to describe the propagation of ion acoustic waves in
plasmas [58] etc.

The second term on the left hand side is eliminated by performing the transfor-
mation {

x′ = x− ct

t ′ = t
(1.80)

and the observer is now in a reference frame moving with velocity c. Dropping the
primes on the coordinates, the KdV equation in this moving reference frame has the
form

ut +Auux +Buxxx = 0. (1.81)

The first term ut characterises the time evolution of the wave. That is why Eq. (1.81)
is referred to as an evolution equation. The second nonlinear term arises from the
convective derivative in the Navier-Stokes equation and describes the wave steep-
ening, while the third term expresses the dispersion of the wave.

The KdV equation admits three types of solution, the soliton solution, the non-
linear periodic wave solution and the multiple soliton solution. While in general
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nonlinear partial differential equations have no exact analytical solutions, the KdV
equation is one of the rare nonlinear partial differential equations having an exact
analytical solution. Some other nonlinear partial differential equations having soli-
ton as an exact solution include
Nonlinear Schrödinger equation (NLS equation):

iut +ν |u|2u+δuxx = 0, (1.82)

where i2 =−1 is the imaginary number, δ > 0 is the dissipation coefficient and ν is
the nonlinearity coefficient. The NLS equation describes the wave propagation and
nonlinear effects in nonlinear media like in optical fibers and also in plasmas.
Nonlinear Sine-Gordon equation (NLSG equation):

utt−uxx + sin(u) = 0. (1.83)

The Sine-Gordon equation is used in different areas of research, in mechanical
transmission lines for example where u(x, t) represents an angle of rotation of the
pendulums.

1.6 Some nonlinear wave structures

The plasma fluid model is the simplest model for a qualitative and quantitative de-
scription of plasma behaviour. A plasma is a nonlinear medium, affected by electric
and magnetic fields through the Lorentz force. This complex medium of particles
and fields supports a large variety of collective wave phenomena. Identifying these
waves is useful for understanding their effects on human life and environment, ei-
ther directly or indirectly. This then justifies why the formation and propagation of
nonlinear wave structures has become one of the principal research areas in Physics
of Plasmas. Examples of such nonlinear structures are solitary waves, double layers,
shocks, sheaths and vortices.

1.6.1 Solitary waves

A solitary wave was observed and studied for the first time by a Scottish naval archi-
tect John Scott Russell in 1834 on the Union Canal in Scotland. He later described
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his observation in these words [59]: I was observing the motion of a boat which was

rapidly drawn along a narrow channel by a pair of horses, when the boat suddenly

stopped—not so the mass of water in the channel which it had put in motion; it ac-

cumulated round the prow of the vessel in a state of violent agitation; then suddenly

leaving it behind, rolled forward with great velocity, assuming the form of a large

solitary elevation, a rounded, smooth and well defined heap of water, which contin-

ued its course along the channel apparently without change of form or diminution

of speed. I followed it on horseback, and overtook it still rolling on at a rate of some

eight or nine miles an hour, preserving its original figure some thirty feet long and

a foot to foot and half in height. Its height gradually diminished, and after a chase

of one or two miles I lost it in the windings of the channel. Such, in the month of

August, 1834, was my first chance interview with that singular and beautiful phe-

nomenon which I have called the Wave of Translation.

After this discovery, Russel spent time reproducing the solitary wave phenomenon
in laboratory experiments. However most of his contemporary scientists, including
Sir George Gabriel Stokes and George Biddell Airy did not believe in Russel’s dis-
covery, arguing that waves of permanent form could not exist. The doubt persisted
until, in 1895, Korteweg and de Vries published their paper in which the nonlin-
ear partial differential KdV equation (1.79) was derived. Washimi andTaniuti [58]
have shown that KdV equation also describes a weakly nonlinear one dimensional
ion sound wave distubances in a plasma, traveling the ion sound speed.

After the publication of the paper by Korteweg and De Vries, the theory of
nonlinear waves was stored in cupboards by the mathematical community until, in
1965, Zabusky and Kruskal [60] published a seminal paper in which they showed
that when two solitary waves with different amplitudes collide, they emerge un-
changed from the collision. This is the particle property of the solitary waves that
they renamed as Solitons. The paper by Zabusky and Kruskal revived the interest in
the field of nonlinear wave theory and nowadays, generation, formation and prop-
agation of solitons is a major experimental and theoretical research area in several
branches of science, including but not limited to nonlinear optics [61], oceanogra-
phy [62], atmospheric science [63], bioscience [64, 65], plasma science etc.
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Figure 1.8: The upper panels present the potential well of a standard soliton (upper
left panel) and supersoliton (upper right panel). The middle panels present the cor-
responding electric field signatures and the lower panels their profiles. The presence
of supplementary wings on the electric signature of a supersoliton is well displayed.
As a consequence the supersoliton profile does not present a bell-shaped profile as
it is in the case of a standard soliton.
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In plasma science, electrostatic solitons have been observed in space as bipolar
electric pulses in the direction of magnetic field as shown in Fig. 1.8 middle left
panel. The upper left panel shows the potential well of a standard positive potential
soliton, and the middle and lower panels show the corresponding bipolar electric
field and soliton profiles respectively.

More complicated pulses have been observed however [66]. A supersoliton is a
nonlinear structure characterised by the presence of supplementary maxima on the
wings of the bipolar structure of a soliton [67]. Fig. 1.8 right panels illustrates the
supersoliton potential well (upper right panel), the corresponding electric field with
two auxilliary maxima superimposed on the bipolar structure (middle right panel)
and the supersoliton profile (lower right panel). Supersolitons have been introduced
by Dubinov [6] in 2012 and since then they have been found to propagate in different
plasma configurations [68–70].

1.6.2 Double layer

Double layers constitute another class of nonlinear structures that can be described
by KdV like equations. A double layer is a structure in a plasma consisting of two
layers with equal in magnitude but opposite electric charges. There is therefore an
abrupt change of the electric potential from one layer to another with a subsequent
electric field between the two layers directed from the positive layer to the negative
layer, while outside the double layer the plasma remains neutral.

Double layers are classified as strong and weak depending on the thermal en-
ergy of the plasma components. A double layer is strong when the potential drop
across the double layer is larger than the thermal potential kBT/e of the plasma
components. A positively charged particle entering the double layer region from
the higher potential will be accelerated through the DL. If it is a negatively charged
particle that enters the DL from the higher potential, it will be decelerated, and for
many particles, when their kinetic energy is less than the potential energy across
the DL, they will be reflected without crossing the DL. For particles entering the
DL region from the lower potential it is the negatively charged particles that are
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accelerated while positively charged particles are reflected.
A double layer is weak when the potential drop across the double layer is smaller

than the thermal potential of the plasma components.

On the mathematical point of view, small amplitude double layers are described
by a KdV equation with a higher order nonlinearity. Such equation is also called
mixed modified KdV equation (Eq. (1.96) in Sec. 1.7.1) and its double layer solu-
tion has the form

ϕ =
ϕm

2

[
1± tanh

(
ζ

Λ

)]
(1.84)

where the double layer amplitude ϕm is given by

ϕm =−A
C

(1.85)

and the double layer width

Λ =

[
ϕm

2

√
−C
6B

]−1

. (1.86)

Double layers have been observed in space plasma as monopolar pulses [71, 72].

1.7 Nonlinear methods

1.7.1 Reductive perturbation method

Many natural systems are modelled by nonlinear partial differential equations. The
pendulum and fluid flow are elementary examples. Nonlinear partial differential
equations describe wave phenomena in fluid mechanics, plasma physics, biophysics,
neurology, optics etc. However it is not trivial to find an exact solution to a nonlinear
partial differential equation (NL PDE). Often the non solvable NL PDE under study
is linearised and replaced by a solvable linear equation. But in this process infor-
mation contained in the nonlinearity is lost and cannot be captured by the solution
of the linear equation. The linearisation of continuity, momentum and Poisson’s
equations is developed in appendix A. To account for nonlinearity, some approx-
imations have to be used. The reductive perturbation technique (RPM) is one of
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the techniques used to determine approximate solutions to NL PDE for which exact
analytical solutions cannot be obtained. This method applies for weakly nonlinear
phenomena. It considers small deviations from equilibrium and reduces non solv-
able NL PDE to solvable NL equations such as Burgers equation, KdV equation
and NLS equation.

In the study of electrostatic waves in a plasma, the magnetic field is static. Con-
sequently the Faraday’s law of electromagnetic induction shows that the electric
field is electrostatic also and therefore it is a gradient of the scalar electric potential
field. Equations relevant for the wave propagation are therefore
the continuity equation:

∂n j

∂ t
+∇.

(
n j~u j

)
= 0, (1.87)

the momentum equation:

m jn j

[
∂~u j

∂ t
+
(
~u j.∇

)
~u j

]
= q jn j

[
~E +~u j×~B

]
−∇Pj, (1.88)

where pressure Pj and density n j of the jth plasma component species are related
by an equation of state, and the system is closed by Poisson’s equation

∇.~E =
1
ε0

ρ, (1.89)

where the net electric charge ρ is given by

ρ = ∑
j

q jn j. (1.90)

and the electrostatic field vector ~E is given by

~E =−∇.ϕ (1.91)

where ϕ is the electrostatic potential. Eqs. (1.87) and (1.88) are nonlinear. To
convert them into a tractable nonlinear partial differential equation, we use the pro-
cedure initiated by Gardner and Morikawa [73]. In a pioneering research paper,
Gardner and Morikawa have shown that it is possible to reduce a system of hydro-
magnetic equations to a KdV equation by applying the stretched coordinates. Later
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washimi and Taniuti [58] used the same technique to reduce a system of equations
similar to (1.87) and (1.88) to a KdV equation.

Following Washimi and Taniuti [58], we introduce the following stretched co-
ordinates

ξ = ε
1/2 (x− vt) ,τ = ε

3/2t (1.92)

that transform the fluid equations to a reference frame moving with velocity v. The
variable ε is a small parameter.

Next, we let a function f represents any of the system variables, plasma com-
ponent density n, its velocity u, the electrostatic potential ϕ , etc. Considering small
deviations from the equilibrium, the variable f is given as a power series of ε

f = f0 + ε f1 + ε
2 f2 + ε

3 f3 + ....., (1.93)

where the coefficients f j are functions of the plasma parameters. For a plasma at
equilibrium far from the perturbation, f0 = 0 if f represents the electrostatic poten-
tial or the flow velocity of a plasma component. Expansion (1.93) is valid provided
a small perturbation produces a small change of f (x, t).

Then substituting expansion (1.93) in Eqs. (1.87) to (1.89) along with space-
time stretched coordinates (1.92) and comparing coefficients of various powers of
ε results in a system of partial differential equations [74].

Coefficients under the zeroth power (ε0) yields the equilibrium condition (charge
neutrality) with equality between positive and negative charges.

Under the first nonzero power of the small parameter ε , we get the dispersion
relation that determines the spectrum of possible values for the speed v. The speed v

is found to coincide with the phase speed of the linear acoustic wave, also obtained
by the linearisation method.

The coefficients under the next nonzero power of ε yield the KdV equation. For
the electrostatic potential, this equation has the form
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∂ϕ1

∂τ
+Aϕ1

∂ϕ1

∂ξ
+B

∂ 3ϕ1

∂ξ 3 = 0, (1.94)

where the coefficients A and B are functions of plasma parameters. For some com-
binations of plasma parameter values, the nonlinear coefficient A and the dispersion
coefficient B can balance so that a solution to the KdV equation yields a stable
nonlinear structure. In the laboratory frame, that solution has the form

ϕ(x, t) =
3δM

A
sech2

[√
δM
4B

(x−Mt)

]
, (1.95)

where M = v+ δM is the wave phase speed in the laboratory frame and δM is
the wave phase speed as viewed from the frame, moving with velocity v. As the
dispersion constant B is a positive constant, δM > 0 for a real function ϕ(x, t).
Therefore solitary waves are super acoustic structures, meaning that they move at
speeds higher than the sound speed. and their amplitudes vanish when M = v or
δM = 0. Such solitary waves described by a KdV equation are called KdV solitary
waves[75]. However in recent years it has been shown that in some plasma config-
urations solitary waves with finite amplitude at sound speed are possible [75, 76].
These cannot be described by KdV equation and consequently are called non-KdV
solitary waves.

From Eq. (1.95) the amplitude of the solitary wave is proportional to the soli-
tary wave speed and inversely proportional to the nonlinear coefficient in the KdV
equation. Therefore the taller the solitary waves are, the faster they move. Their po-
larity is always given by the sign of the nonlinear coefficient. As the soliton width
is inversely proportional to the square root of the solitary wave speed, taller solitary
waves are thinner. The details of the derivation of KdV equation for the fast mode
in a negative ion plasma and its solution (1.95) are given in appendix B.

There may be plasma compositions under which the nonlinear coefficient A van-
ishes (A = 0). In such situations we say that the plasma composition is critical and
the KdV equation fails to describe the balance between nonlinearity and dispersion.
To solve this problem we consider the next order which yields a modified KdV
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equation (mKdV) [77]
∂ϕ

∂τ
+Cϕ

2 ∂ϕ

∂ξ
+B

∂ 3ϕ

∂ξ 3 = 0 (1.96)

whose solution is also a solitary wave, when C is positive and a double layer when
C is negative.

For near critical composition, the coefficient A is very small but not zero and
instead of the mKdV, we obtain a mixed modified KdV equation

∂ϕ

∂τ
+Aϕ

∂ϕ

∂ξ
+Cϕ

2 ∂ϕ

∂ξ
+B

∂ 3ϕ

∂ξ 3 = 0. (1.97)

For localised structures, Eq. (1.97) has soliton solutions with both polarities and
double layer solutions depending on the relative strengths of the coefficients A,B

and C. Solutions to modified and mixed modified KdV equations are also given in
appendix B.

1.7.2 Pseudopotential method

When the wave amplitude is large, the RPM is no longer a valid approximation.
The arbitrary large amplitude method, also called the Sagdeev pseudopotential [78]
method, uses the multifluid equations and reduces them to a single equation in
which the soliton is compared to a particle in a potential well. For such a parti-
cle oscillating along the x axis, the one dimensional equation has the form

m
d2x
dt2 +

dV
dx

= 0, (1.98)

where V is the potential well and the one dimensional force applied on the particle
is found as F = −dV

dx . The equation for the soliton electrostatic potential has thus
the form

d2ϕ

dx2 +
dS
dϕ

= 0. (1.99)

This equation can be transformed into an energy-like equation

1
2

(
dϕ

dx

)2

+S(ϕ) = 0 (1.100)
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where the function S(ϕ) is called the Sagdeev pseudopotential. This function de-
pends on all plasma parameters but it is analysed as a function of the electrostatic
potential.

For analogy, Eq. (1.100) describes the oscillation of a pseudo-particle with unit
mass, coordinate ϕ and time x in a potential well S(ϕ). Thus if the function S(ϕ) is
known, it is analysed for soliton existence domain the same way the potential V is
analysed for the existence of various states of the particle.

Soliton existence conditions

The conditions fulfilled by the function S(ϕ) for the Eq. (1.100) to yield soliton
solution are [32]:

1. S(0,M) = S′(0,M) = 0;

2. S′′(0,M)6 0, the origin is unstable;

3. S(ϕm,M) = 0 for some M in the soliton existence domain and ϕm 6= 0;

4. S(ϕ,M)< 0 for 0 < |ϕ|< |ϕm|; and

5. For double layers, S′(ϕm,M) = 0 for some M in addition to 1−4.

Here primes designate the derivatives of the Sagdeev potential relative to the elec-
trostatic potential. The soliton amplitude ϕm is such that there is no other root
between ϕ = 0 and ϕ = ϕm.

1.8 Motivation

Although solitons were first investigated in the context of shallow water waves,
solitons occur in many other branches of science like molecular biology [64, 65],
nonlinear optics [61, 79, 80], ocean and planetary atmospheres [81–85].

Space, astrophysical and laboratory plasmas are on the forefront of the list of
medium in which nonlinear structures have been observed. The observations in situ
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have been made possible by the use of man made space crafts and satellites orbiting
the earth at different altitudes from the earth’s center.

Solitary waves and double layers in space plasmas were reported for the first
time by Temerin et al. [86] after analysing waveform data taken by S3− 3 polar-
orbiting satellite in the auroral acceleration region at 6,000 to 8,000km of altitude.
The electric field of these structures were parallel to the background magnetic field
and were thus of electrostatic nature. Fast solitary waves travelling antiearthward
were also observed by FAST satellite in the mid altitude auroral zone [87].

Analysing also the waveform data obtained by Plasma Wave Instrument (PWI)
onboard Geotail spacecraft, Matsumoto et al. [88] reported the presence of electro-
static solitary waves in the Plasma Sheet Boundary Layer (PSBL) during the broad-
band electrostatic noise (BEN). They showed that most of the BEN in the PSBL is
made of electrostatic solitary waves characterised by bipolar electric field aligned
with the background magnetic field. Both Geotail and CLOUSTER satellites have
recorded electrostatic solitary waves associated with reconnection near the diffu-
sion region and along PSBL [90]. Recorded data have shown that the BEN waves
are not random noises, but are a series of large amplitude electric bipolar and offset
bipolar pulses.

In the outer Van Allen belts, electrostatic and electromagnetic solitary waves
and double layers have been detected by the Van Allen Probes [89]. These non-
linear structures represent the dominant element of wave activity in the Van Allen
radiation belts.

In the unperturbed solar wind at 200RE , the spacecraft WIND observed and
recorded the presence of a continuous electrostatic activity, appearing to be a mix-
ture of wave packets and weak double layers [91].

Nonlinear structures have also been found in many other space and astrophys-
ical plasmas, in the earth’s magnetosheath [92], in the earth’s magnetopause [93]
and in the planetary magnetospheres [94].
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In laboratory plasmas, fast mode ion acoustic solitary waves have been observed
in a negative ion plasma using a single ended Q machine. The plasma composition,
K+ positive ions, SF−6 negative ions and electrons was chosen as the fast mode has
a negligible damping when the ratio of negative ion mass to positive ion mass is
large. Conversely, Ichiki et al. [12] have shown that when the ratio of negative ion
mass to positive ion mass is small it is the slow mode that can be observed. The
slow mode in a negative ion plasma has been observed by Ichiki et al. [12] in a
X+

e −F− and by Handique et al. [11] in a A+
r −F−. Merlino et al. [95] have shown

experimentally that electrostatic ion acoustic solitary waves can easily be excited in
a dusty plasma with negatively charged grains.

Double layers have been also observed experimentally in a negative ion plasma
by Merlino et al. [18] in a triple-plasma device, Stenzel et al. [96, 97] in a double
plasma device.

In situ, ground-based and laboratory observations of nonlinear structures in
space and laboratory plasmas are numerous and various. This omnipresence ques-
tions about the role these waves play in the dynamics of space and laboratory plas-
mas. Observations from FAST satellite have shown field-aligned up-going electron
fluxes [87]. As solitary waves are capable of trapping charged particles, it is as-
sumed that solitary waves directed out of the ionosphere transport charged particles
to the outer magnetosphere [98]. This transport mechanism constitutes a mechanism
for charged particle loss in the radiation belts, protecting the earth from energetic
solar wind radiations [89]. Solitary waves and other wave modes play an impor-
tant role in the dynamics of magnetic reconnection [90]. They have been shown to
cause stochastic heating in the solar corona [99, 100]. In the polar regions, double
layers have been identified in regions where electric field is parallel to the magnetic
field [86]. These double layers are responsible for acceleration of electrons that
produce visible aurora.

These and many other applications of the solitary waves motivated us to under-
take research whose results are presented in this thesis.
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1.9 Problem statement

Nonlinear processes is an area of research that is expanding. Different aspects re-
lated to solitary waves such as generation, formation and propagation mechanisms
in different plasma configurations are not yet fully understood. In this study we
have focused on the study of the existence and propagation of linear and nonlinear
electrostatic solitary waves in some multispecies plasmas as encountered in space,
astrophysical and laboratory plasmas.

1.10 Contributions to the body knowledge

The base for the thesis is a collection of published papers. These papers are pre-
sented in their full length in Chapters 2, 3 and 4 respectively. In this section, we
present a summary of the results obtained in our investigations. These results con-
stitute our contributions to the body knowledge in the area of nonlinear processes
in Physics of plasmas.

1.10.1 Summary of the results of paper No1

In chapter 2, we have investigated in details the fast mode in a negative ion plasma.
A common result for the fast mode in a negative ion plasma is that only positive
(compressive) solitons are supported at low values of negative ion density and only
negative (rarefactive) solitons are supported at high values of negative ion density.
At the intermediate values of negative ion density both positive and negative soli-
tons coexist. Coexistence of compressive and rarefactive solitons in this context
means that one possibility occurs at time depending on the initial conditions. After
confirming earlier results [1, 15], we have found some new results, most of which
have been published as "Large amplitude ion-acoustic solitary waves in a warm
negative ion plasma with superthermal electrons: The fast mode revisited",
AIP Advances, 10, 065305 (2020).
https://doi.org/10.1063/1.5127199 [101].

49

https://doi.org/10.1063/1.5127199


CHAPTER 1. GENERAL INTRODUCTION

In the plasma model under investigation, the adiabatic positive ion species was
treated as the cooler ion species and the adiabatic negative ions as the hotter ion
species. The mass of the two ion species was expressed through the negative-to-
positive ion mass ratio µ = mn/mp. We have assumed that the mass of the cooler
ion species is larger than the mass of hotter ion species. Therefore the value of the
parameter µ was fixed to 0.5.

For the purpose of comparison of our results with those obtained for a two pos-
itive ion plasma model, we have introduced a parameter z that models the charge
on the lighter ion species. It takes a value of z = −1 for a negative ion plasma and
z = 1 for a two positive ion plasma. We have first studied a negative ion plasma
with z =−1 and then revisited the existence of the stop bands as reported by Nsen-
giyumva et al. [8] in a two-positive ion plasma with z = 1. Both ion species are
dynamic and we have retained their inertia in the fluid equations.

The parameters σ j = Tj/Te ( j = n, p) express the ion-to-electron temperature
ratio. They vary from very low values (we have used numerical value of 10−4) for
cold ions to values close to 1 assuming that light electrons remain hotter than ions.
In the analysis of ion thermal effects in a negative ion plasma, we have taken the
same values for ion-to-electron temperature σp = σn = σ but used different values
while analysing the thermal effects in a two-positive ion plasma.

The other plasma variables are the equilibrium negative-to-positive ion density
ratio α = nn0/np0 whose values are in the range 0 < α < 1 avoiding the extreme
values which would result in the breaching of the model.

1. In the linear approximation, we have derived the dispersion relation and have
shown that the superthermal behaviour of the electrons increases the plasma shield-
ing by reducing the electron Debye length. The linear approximation has also shown
that the ion acoustic speed decreases when the electro superthermality increases. In
the long wavelengths limit, the phase wave and the group wave speeds are equal to
each other. For large wave vectors, only standing oscillations are possible.
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2. Using the reductive perturbation method, we have derived the KdV equation
and found its solitary wave solution. It was found that the soliton amplitude is of
the order of the small expansion parameter ε while its width is inversely propor-
tional to the square root of ε . As a result the soliton width is larger for smaller
amplitudes, which justifies the balance between nonlinear steepening and disper-
sion spreading [58].

3. Using the Sagdeev pseudopotential method, we have first considered the
soliton existence domain in {α,M} space where M is the soliton Mach number
when electrons are Maxwellian (κ = 1000) and ions are cold (their temperature
σp = σn = 10−4 is very small compare to the temperature of electrons). A common
result for all studies of the fast mode is that a negative ion plasma supports the prop-
agation of only positive ion acoustic solitons at low values of negative ion density;
only negative solitons at high values of negative ion density and both polarity soli-
tons coexist for the intermediate values of negative ion density [1]. This translates
in {α,M} space by the existence of a cutoff density αp on high values for positive
solitons and a cutoff density αn on low values for negative solitons. This result
is confirmed for Maxwellian electrons and cold ion species. Under these plasma
parameter values, the positive soliton cutoff occurs at αp ' 0.45 and only nega-
tive solitons exist for α > 0.45; the negative soliton cutoff occurs at αn ' 0.028
and only positive solitons exist for α < 0.028. Both polarity solitons coexist for
0.028 < α < 0.45. On the lower side both positive and negative soliton Mach num-
ber ranges are limited by the acoustic Mach number which is the minimum Mach
number, solitons being acoustic or superacoustic [102]. On the upper side posi-
tive and negative soliton Mach number ranges are limited by their maximum Mach
numbers resulting from the occurrence of their respective sonic points.

4. When the electron superthermality increases, there is a shift of the minimum
and maximum Mach numbers to lower values. At the same time the cutoff density
ratios αp and αn also change with a significant decrease of αp towards lower val-
ues. As a result the coexistence region in {α,M} space narrows with increase of
the electron superthermality.
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5. For a given value of density ratio α , when the ion temperature expressed
through σ increases and ions are warmer, the minimum Mach numbers are shifted
to higher values but the maximum Mach numbers due to the occurrence of the pos-
itive ion sonic point are shifted to lower values, resulting in a significant decrease
of the range in Mach numbers of positive solitons. For enough large values of σ ,
positive solitons, and hence the coexistence domain, disappear and only negative
solitons survive. Alternatively, when the ion thermal effects are significant, a nega-
tive ion plasma supports negative solitons only.

6. The ion and electron superthermal effects on the maximum speed soliton
characteristics have been also explored. When the ion temperature increases the am-
plitude of the soliton of either polarity decreased, while the soliton width increased.
Furthermore, it was observed that an increase of the electron superthermality also
leads to a decrease of the soliton amplitude and increase of soliton width. Therefore,
the ion thermal and electron superthermal effects enhance each other, and when they
are combined, only small amplitude solitons can propagate in a negative ion plasma.
Such solitons can well be described by the KdV theory.

7. Rearranging our analytical work so as to get a two-positive ion plasma, our
results show the presence of stopbands in the soliton existence domains. Stop bands
were obtained as a result of different temperature of the two positive ion species,
with the more massive species being hotter than the lighter species. We have there-
fore used here as indicative values σc = 10−6 for the temperature ratio of the cooler
ion species and σh = 0.12 for the temperature ratio of hotter ion species, where sub-
scripts c and h refer to the cool and hot ion species, respectively, avoiding the as-
sumption σc = σh. With these parameter values, we recover the stopbands reported
by Nsengiyumva et al. [8]. Increasing the electron superthermality by reducing the
value of κ has an effect to shift the stopbands to higher values of density ratio α .
Considering low values of κ , typically 1.5 < κ . 10, we do not find stopbands.
Similarly reducing the gap between the two ion-to-electron temperature ratios by
increasing the value of σc while keeping a high value of κ (Maxwellian electrons)
causes the stopbands to disappear. This is in agreement with the findings of Maharaj
and Bharuthram [103].
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1.10.2 Summary of the results of paper No2

In chapter three we have analysed the slow mode in a negative ion plasma. The
results in this chapter have been published under the title "Large amplitude slow
ion-acoustic solitons, supersoltons and double layers in a warm negative ion
plasma with superthermal electrons", AIP Advances,11, 025325 (2021).
https://doi.org/10.1063/5.0039372 [104].

The slow mode exists provided at least one of the ion species has a finite tem-
perature. In our model with adiabatic positive and negative ion species, that require-
ment translates to having a cooler and a hotter ion species with the terms "cool" and
"hot" related to the thermal speeds and not to the kinetic temperature. For this mode,
we have taken advantage of the results obtained by Ichiki et al. [12] according to
which the slow mode can be observed experimentally if the mass of the negative ion
species is smaller than the mass of the positive ion species. For this reason, we have
used a value of µ = mn/mp = 0.15 for the negative to positive ion mass ratio. Then
the heavier positive ion species has been considered as the cooler ion species and the
negative ion species to be the hotter ion species. The other plasma parameters were
varied: the electron superthermal index was varied from high value (κ = 1000) ap-
propriate for Maxwellian distribution to low value (κ = 2) for strongly nonthermal
electrons. The values of the ratio of negative to positive ion equilibrium density
f = nn0/np0 were between 0 and 1 but the extreme values were excluded as they re-
duce the negative ion plasma to a two component plasma, namely to an ion-electron
plasma if f = 0 (no negative ions) or to a plasma consisting of positive and nega-
tive ions without electrons if f = 1. The positive to negative ion temperature ratio
τp and the negative ion to electron temperature ratio τn were varied from very low
values (10−4) (cold ions) up to values close to 1 (warm ions).

After a detailed analysis, we have found the following results:

1. For strongly non-Maxwellian electrons (κ = 2), cold positive ions (σp =

10−4) and warm negative ions (σn = 0.7), the negative ion plasma supports the
propagation of slow mode standard solitons and positive supersolitons for a narrow
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range of negative-to-positive ion density ratio f .

2. The soliton Mach number range is limited, on the lower side by the ion acous-
tic Mach number and, on the upper side by the occurrence of positive ion sonic point
for low to intermediate values of density ratio f , while the limiting factor is a double
layer for higher values of f .

3. Supersolitons are limited, on the lower side, either by the double layer or the
coalescence of two consecutive extrema, and on the upper side, by the coalescence
of two consecutive extrema or the occurrence of positive ion sonic point.

4. When the double layer acts as the lower limit to the supersoliton existence
range, there is a jump in the soliton amplitude between double layer amplitude and
supersoliton amplitudes as was reported for the first time by Baluku et al. [75]. In
other words there is a range of electrostatic potentials that are not accessible from
the undisturbed conditions [105]. But when the coalescence is the lower limit, the
supersoliton amplitude varies continuously.

5. The range of density ratio supporting the propagation of supersolitons ends
when a double layer occurs at the positive ion sonic point.

We note here that these results differ qualitatively with those obtained for Maxwellian
electrons while for the fast mode [101] they were qualitatively the same. This breaks
down a common belief, according to which kappa distribution does not bring any
new qualitative differences from the results with Maxwellian distribution [106].

6. For Maxwellian electrons (κ = 1000), cold positive ions (σp = 10−4) and
warm negative ions (σn = 0.7), the plasma supports the propagation of normal pos-
itive solitons only, limited on the upper side by the occurrence of positive ion sonic
point for the whole range of density ratio f .

7. As the relative temperature of the two ion species is reduced (τp is increased)
with fixed spectral index κ , the range of negative-to-positive ion density ratio f ,
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supporting the propagation of double layers as the upper limit to the soliton am-
plitude shifts to higher values of f , increasing at the same time the density range
supporting solitons, limited by the occurrence of positive ion sonic point. This
means that at high density ratio, the soliton upper limit is the double layer when
positive ions are cold, but changes to the positive ion sonic point when positive ions
are warm. Ultimately, with a further increase of τp, double layers disappear as the
negative ion density, necessary to support them tends to be larger than the limiting
value of f = 1 and from then solitons are limited by sonic point for the whole range
of f .

8. When it is the electron superthermality that increases (by virtue of decreasing
the spectral index κ) under fixed τp, the density range supporting double layers ex-
tends to lower values of f , decreasing at the same time the density range supporting
solitons, limited by the occurrence of positive ion sonic point. There is, at interme-
diate values of f the transition from the positive ion sonic point as the soliton upper
limit to double layers as the soliton limiting factor.

9. While the amplitudes of the maximum speed solitons and supersolitons de-
crease with a decrease of the relative temperature of the two ion species, an effect
that is enhanced by the superthermal behavior of the electrons, it is found that the
amplitudes of the double layers increase with a decrease of the relative temperature
of the two ion species but decrease with an increase of the electron superthermality.

1.10.3 Summary of the results of paper No3

Chapter four of this thesis was devoted to the study of the existence and propaga-
tion of solitons and double layers in a dusty plasma with adiabatic positive dust,
adiabatic positive ion species and Cairns distributed electrons. The study was moti-
vated by the existence of dust in many space, astrophysical and laboratory plasmas.
Nonthermal particle distributions have also been observed in different plasma en-
vironments. A dust in a plasma environment may be charged either by collecting
electrons from the plasma in which case it is negatively charged or by photoelectron
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and secondary electron emission in which case it is positively charged. Charged dust
become part of the plasma and modifies its collective behaviour. The existence and
experimental observation [107] of dust ion acoustic and dust acoustic wave modes
are examples of such modifications. In this chapter we have investigated the dust ion
acoustic wave mode and the results have been published under the title "Dust ion
acoustic solitons and double layers in a dusty plasma with adiabatic positive
dust, adiabatic positive ions and Cairns distributed electrons", AIP Advances
12, 015208 (2022).
https://doi.org/10.1063/5.0076894 [108].

The plasma parameters in this study were the dust to ion equilibrium density
ratio f = zdnd0/zini0, where z j( j = i,d) is the charge residing on the jth species, the
dust-to-ion charge-to-mass ratio µ = zdmi/zimd , the dust to electron temperature ra-
tio τd = Td/zdTe, the ion to electron temperature ratio τi = Ti/ziTe and the electron
superthermality β = 4α/(1+3α) where α is the Cairns nonthermal parameter. The
density ratio is bounded by 0 < f < 1, the temperature ratios are also in the range
0 6 τd,i < 1 and the electron superthermality values are in the interval 0 6 β 6 4/7,
where β = 0 corresponds to Maxwellian distribution.

The mass of a dust embedded in a plasma is normally very large compare to
its charge and its charge-to-mass ratio is very small compared to the same ratio for
positive ions. As a consequence we have kept the parameter µ to a low value, viz.

µ = 10−4 throughout this chapter. Furthermore, the dust to electron temperature ra-
tio τd enters the Sagdeev potential through the normalised dust thermal speed µτd .
Due to the small value of µ , the normalised dust thermal speed µτd remains very
small even for large values of τd and the temperature of the dust does not change
the results for a large range of τd . Thus we have kept a constant value of τd = 10−4.
The other parameters were allowed to take all possible values in their respective
ranges.

After a detailed analysis, we have found the following results:

1. When electrons are Maxwellian (β = 0), the model supports the propagation
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of positive solitons for all values of ion temperature and density ratio. This result is
reminiscent of that obtained by Baluku et al. [75, 109].

2. When electrons are strongly nonthermal (β = 0.5), in addition to positive
solitons the model supports also the propagation of negative solitons for low to in-
termediate values of the ion to electron temperature ratio but supports only positive
solitons at high values of τi.
On the lower side positive and negative soliton Mach numbers are limited by the
ion sound speed. On the upper side the positive ion Mach number range is limited
by the occurrence of the ion sonic point while that of the negative solitons is limited
by the occurrence of negative double layer.

3. When electrons are strongly nonthermal (β = 0.5) and positive ions are cold
(τi = 10−4) positive solitons exist for the whole range of density ratio f but neg-
ative solitons exist at low values of f up to fn ≈ 0.408 at which they disappear.
This means that positive and negative solitons coexist for density ratio in the range
0 < f . 0.408.

4. In the coexistence region in { f ,M} space, positive solitons are non KdV in
nature for f . fc = 0.333. This means that in this range there exist a soliton with
finite amplitude at the acoustic Mach number. Such soliton cannot be described by
the KdV equation which predicts only superacoustic nonlinear structures. In the
range f . fc = 0.333, negative solitons are superacoustic and therefore are of KdV
nature.

5. For values of f larger than the value fc but smaller than the value fn = 0.408
at which negative solitons disappear, there exist a negative soliton at the acoustic
speed, suggesting that negative solitons in the range fc < f < fn are non KdV in
nature, while positive solitons are KdV. There is thus a change of polarity for both
KdV and non KdV at density ratio fc. This special point has been named a critical
point.

6. At the critical point fc ≈ 0.333, the third derivative of the Sagdeev poten-
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tial vanishes and its sign changes from negative to positive. At point fc, there is
no soliton at acoustic speed, but for Mach number slightly larger than the acoustic
Mach number , solitons of both polarities exist. These solitons are therefore of KdV
nature. This then shows that the existence of a soliton at acoustic speed is not a pre-
requisite for the existence of a coexistence region, as was suggested by Verheest et
al. [110].

7. For 0 < f < fc, the amplitude of positive solitons at the acoustic speed de-
creases with increasing f until they vanish at f = fc. For fc < f < fn the amplitude
of negative solitons at the acoustic speed increases with increasing f until at fn there
is cutoff of negative solitons when a double layer occurs at the acoustic speed. For
values larger than fn the plasma supports only positive KdV solitons irrespective of
the ion temperature.

8. When the ion temperature increases, the critical point fc shifts to lower val-
ues of f until it vanishes. The shift of fc to lower values when the ion temperature
increases is accompanied with the shift of the whole coexistence domain to lower
values of f . Therefore upon increase of τi, there may be change of soliton polarity at
a fixed density ratio f . Thus, while there is cutoff of negative solitons at fn ≈ 0.408
when τi = 10−4, it occurs at fn≈ 0.33 when τi is 0.1 and at fn≈ 0.12 when τi = 0.5.

9. For values of density ratio smaller than the critical value fc, f = 0.1 e.g.,
there is switch of polarity from positive to negative when the ion temperature in-
creases from τi = 10−4 to a critical ion temperature τic ≈ 0.28. For larger values
of τi > τic negative solitons appear at the acoustic speed with amplitudes increasing
with increase of ion temperature until the negative soliton cutoff at τin ≈ 0.56 when
a negative polarity double layer occurs at the acoustic speed. For τi > τin only posi-
tive solitons are supported for f = 0.1. Therefore τin ≈ 0.56 terminates the range of
ion temperature supporting the coexistence of solitons of both polarities. A similar
behaviour is observed for larger values of f , e.g. at f = 0.25 but now both τic and
τin occur at lower values, 0.08 and 0.22, respectively.

10. When the density ratio is higher than the critical density ratio fc, f = 0.37
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e.g., the amplitude of the negative soliton at the acoustic speed increases with in-
creasing temperature until at τin ≈ 0.043 a double layer occurs at the acoustic speed
terminating the range of ion temperature supporting non KdV solitons at f = 0.37.
At this value, there is no switch of polarity but there is disappearance of solitons at
acoustic speed as the ion temperature increases.
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CHAPTER 2. LARGE AMPLITUDE FAST ION-ACOUSTIC SOLITARY
WAVES IN A WARM NEGATIVE ION PLASMA WITH SUPERTHERMAL

ELECTRONS: THE FAST MODE REVISITED
Abstract

Large amplitude ion-acoustic fast mode solitary waves in a neg-

ative ion plasma with superthermal electrons are revisited, using the

Sagdeev pseudopotential approach. As is well known, this plasma sup-

ports the propagation of both compressive and rarefactive solitons, and

there exists a range of parameter values in which the two type of struc-

tures coexist. This is confirmed by the present study, which is based on

well-established soliton existence domains. After investigating the ex-

istence of solitons in terms of the lower and upper Mach number limits

for broader regions in parameter space, we have found that as a result

of the ion thermal effects, the range in the allowed Mach numbers is

reduced and only small amplitude rarefactive solitons propagate in this

plasma, an effect that is enhanced by the superthermal behavior of the

electrons. Rearranging our analytical work so as to get a two-positive

ion plasma, our results show the presence of stopbands in the soliton

existence domains, as reported by Nsengiyumva et al. [Phys. Plasmas

21, 102301 (2014)] despite the use of different normalization and dif-

ferent parameter space. This suggests that the observed stopbands are

a real phenomenon, which needs consideration when studying plasma

waves.

2.1 Introduction

Negative ion plasmas have been observed in numerous physical systems [1–
15]. These observations have motivated several studies of solitary waves
propagating in a negative ion plasma [16–27]. From these studies, with fur-
ther knowledge from related studies [28–42], it is well known that a negative
ion plasma with finite temperature of at least one of the two ion species sup-
ports the propagation of two mode waves with different phase speeds. This
result holds irrespective of the electron velocity distribution.
Traditionally, a Maxwellian velocity distribution has been the basis of many
studies of plasma waves. However, under some circumstances, a Maxwellian
distribution may fail to model appropriately the velocities of plasma particles,
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and therefore a kappa velocity distribution, a model distribution function that
generalizes the Maxwellian and approaches a power law at high energies,
has been introduced [43]. This distribution has been found to be a good fit
for plasma particle velocities in various space environments [44–49]. The
three dimensional kappa velocity distribution is given by [43, 50, 51]

f (v) = N
(
πκθ

2)−3/2 Γ(κ +1)
Γ
(
κ− 1

2

) (1+
v2

κθ 2

)−(κ+1)

, (2.1)

where N is the number density, Γ is the gamma function, v is the particle
speed, and the most probable speed, θ (which may be regarded as an effective
thermal speed), is related to the usual thermal speed, vt , by
θ = [(2κ−3)/κ]1/2vt , requiring that the spectral index κ > 3/2.
To date, most studies of solitary waves supported by a negative ion plasma
have focused on cases of small amplitude KdV solitons [17–24] or large
amplitude Sagdeev cases in which the two ion species are cold [25, 26].
Very little [27] is known about the ion thermal effects on large amplitude
solitary waves propagation characteristics. The main result, that is common
to all studies of the fast mode, is that a negative ion plasma supports the
propagation of both compressive (positive) and rarefactive (negative) fast
mode solitons, which also coexist for some parameter values. Compressive
solitons are supported by low negative ion densities, while rarefactive
solitons occur at high negative ion densities. The two type of structures
coexist in an intermediate range of negative ion densities.

We recall that the slow mode wave exists only when at least one of the two
ion species has finite temperature. When the two ion species are cold, the
slow mode disappears and the fast mode reduces to the well-known ion-
acoustic wave [52]. With this in mind, the results of Rouhani and Abbasi [25]
retrieve the main feature of the fast mode solitary waves supported by warm
negative ion plasmas, namely, the coexistence of compressive and rarefactive
solitons, as discussed earlier. We recall that Rouhani and Abbasi [25]
considered cold negative and positive ion species with superthermal (kappa)
electrons and studied small and large amplitude solitary waves supported by
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this plasma, using the KdV and Sagdeev pseudopotential approaches.

An attempt to extend the work of Rouhani and Abbasi [25], by incorporat-
ing the ion thermal effects, was reported recently by Kumar and Mishra [27].
These authors considered a plasma consisting of warm negative and positive
ion species and superthermal electrons to study large amplitude ion-acoustic
solitons supported by that plasma. Some of their results are consistent with
earlier findings [25], for example, the coexistence of compressive and rar-
efactive solitons and show that an increase in the ion temperature leads to a
decrease in the amplitude of solitons of either polarity.
However, we note that there are significant gaps in the work reported by Ku-
mar and Mishra [27]. As discussed in detail by Verheest et al. [34], the density
of an adiabatic species involves the ± signs, where the upper sign must be
used when the slow mode is considered and the lower sign corresponds to
the fast mode. However, Kumar and Mishra [27] do not take account of this
very well known fact. Instead, after solving their quadratic equations (Eqs.
(12) and (13)), they consider the + sign (in their Eqs. (14) and (15)) for the
subsequent discussion of solitary waves, without mentioning that that sign
corresponds to the fast mode and do not make any comment on the existence
of the slow mode.
Furthermore, as discussed in detail in earlier studies [34, 36, 38, 39, 53, 54],
the upper limit in Mach numbers of solitons supported by the plasma under
consideration is obtained when the flow speed of the adiabatic species coin-
cides with a sonic point [34, 53, 54]. This corresponds to cases in which the
density of the adiabatic species ceases to be real. At that point, the species’
flow is choked, hence limiting the amplitude of the wave [53, 54]. Thus, the
sonic points play an important role in the determination of the soliton exis-
tence domains.
From the work of Kumar and Mishra [27], one then expects the maximum
Mach numbers due to the occurrence of the negative ion sonic point and the
maximum Mach numbers due to the occurrence of the positive ion sonic
point [34, 36, 38, 39]. However, Kumar and Mishra [27] consider the upper
limit due to the positive ions only (their Eqs. (22)-(24)), and subsequently
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do not find the well-known region [25] of coexistence of compressive
and rarefactive solitons during their numerical study of soliton existence
domains (their Figs. 1 and 2). The authors [27] discuss the compressive and
rarefactive solitons as well as their coexistence by numerical trial and error
of the Sagdeev pseudopotential plots (their Figs. 3− 12), rather than basing
the investigation on soliton existence domains.

In the study of solitary waves, soliton existence domains play an important
role because when they are well established, further study of solitary waves
is done based on a well-known parameter space, rather than relying on nu-
merical trial and error of Sagdeev pseudopotential plots. Until recently [38],
it was known that the range of Mach numbers between the lower and the
upper limits is always a passband. Surprisingly, in a recent study [38] of a
plasma composed of cold and adiabatic positive ion species with Boltzmann
electrons, Nsengiyumva et al. [38] showed that a stopband may exist
between the lower and the upper limits in soliton speeds. We recall that a
stopband means a range of Mach numbers, between two passbands of a
soliton existence domain, over which solitons do not propagate. This novel
phenomenon has been investigated further and confirmed by Maharaj and
Bharuthram [41, 42], who extended the work of Nsengiyumva et al. [38]
by incorporating the superthermal effects of the electrons [41] and the
thermal effects of the cooler ion species [42]. We note that Maharaj and
Bharuthram [41, 42] used the normalization of Nsengiyumva et al. [38]. This
then leads to a further open question. Would one find the stopbands reported
by Nsengiyumva et al. [38] by using a different normalization?

The significant gaps in the work of Kumar and Mishra [27] in conjuction
with the open question associated with stopbands in the soliton existence
domains, as mentioned above, motivate us to reconsider the study of large
amplitude fast and slow mode solitary waves supported by a negative ion
plasma with superthermal electrons. Such plasmas are numerous in space
environments [1, 2, 55–58]). While a comprehensive study of the slow mode
will be reported elsewhere, here we report on the fast mode. We show that
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there are significant new results which have never been reported before.
Inter alia, we show that when the ion thermal effects are significant, the
domain of coexistence of compressive and rarefactive solitons reported
in earlier studies [25] disappears and only rarefactive solitons propagate.
This effect is enhanced by the electron superthermal effects. Rearranging
our analytical work in order to get the two-positive ion plasma studied by
Nsengiyumva et al. [38], we are able to find the stopbands in the soliton
existence domains reported by Nsengiyumva et al. [38], despite the use of
different normalization and different parameter space, hence supporting
earlier findings [38, 41, 42]. However, no stopbands are found in the
existence domains of solitons propagating in a negative ion plasma.

The work is organized as follows. After this introduction, we derive, in Sec.
II, an analytical expression of the Sagdeev pseudopotential for the plasma
model under consideration, which is the basis for further soliton study in Sec.
III. Section IV revisits the stopbands reported by Nsengiyumva et al. [38],
and our findings are summarized in Sec. V.

2.2 Plasma densities and Sagdeev
pseudopotential

We consider a non-relativistic, unmagnetized, collisionless, plasma com-
posed of kappa-distributed electrons and warm negative and positive ion
species that are singly charged. Assuming one dimensional motion of all
species, the dimensionless basic equations governing the dynamics of this
plasma model are, respectively, the momentum and continuity equations for
the positive (p) and negative (n) ion species

∂up

∂ t
+up

∂up

∂x
=− 1

β

∂ϕ

∂x
−

3σp

β
np

∂np

∂x
, (2.2)

∂np

∂ t
+

∂ (npup)

∂x
= 0, (2.3)
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∂un

∂ t
+un

∂un

∂x
=− z

µβ

∂ϕ

∂x
− 3σn

µβ
nn

∂nn

∂x
, (2.4)

∂nn

∂ t
+

∂ (nnun)

∂x
= 0, (2.5)

and the dimensionless Poisson’s equation

∂ 2ϕ

∂x2 = ne−
αz

1+αz
nn−

1
1+αz

np, (2.6)

where ne is the dimensionless density of kappa-distributed electrons [59]

ne =

[
1− 2ϕ

2κ−3

]−κ+ 1
2

, (2.7)

np (up) and nn (un) are the densities (velocities) of the positive and negative
ion species, respectively, ϕ is the electrostatic potential, x is the space coor-
dinate, t is the time, µ = mn/mp is the negative to the positive ion mass ratio,
σ j = Tj/Te is the ion to electron temperature ratio ( j = n, p), and α = nn0/np0

is the equilibrium negative to positive ion density ratio, which must be within
the range 0 < α < 1, so as to satisfy the equilibrium charge neutrality con-
dition. In Eqs. (2.2) and (2.4), we have used the adiabatic-pressure-density
relation [34, 54] with polytropic index γ = 3, that is,

p jn−3
j = p j0n−3

j0 = constant, (2.8)

where the unperturbed pressure of the jth adiabatic species is defined as [60]
p j0 = n j0Tj.
Furthermore, for ease of comparison of our work with that of Kumar and
Mishra [27], we assume that the negative ion species are lighter. This
assumption is based on the fact that Kumar and Mishra [27] used values
of µ in the range 0 < µ < 1, in their numerical investigation. With this
assumption, and for the purpose of the organization of the work in this
paper, we have introduced in Eqs. (2.4) and (2.6) a parameter z that defines
the sign of the charge on the lighter ion species. Introducing this parameter
is particularly useful for our discussion in Sec. IV. More explicitly, we
first consider a case in which the lighter ion species are negatively charged
(z =−1) and study a negative ion plasma following Kumar and Mishra [27],
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then, in Sec. IV, we will consider a case in which the lighter ion species are
also positively charged (z =+1) and revisit the investigation of the presence
of stopbands in the existence domains of solitons supported by the two
positive ion plasma studied by [38, 41, 42].

The normalization of variables in Eqs. (2.2−2.7) has been done follow-
ing [27], as follows: The space coordinate x has been normalized by the
electron Debye length λDe = (ε0Te/ne0e2)

1
2 ; the time has been normalized

by the inverse of the effective ion plasma frequency ωpi = (ne0e2β/ε0mp)
1
2 ,

where β = µ+αz2

µ(1+αz) ; the velocities have been normalized by the ion sound ve-

locity in the mixture cs≡ωpiλDe =(Teβ/mp)
1
2 ; the electrostatic potential has

been normalized by Te/e, the densities nn, np, and ne have been normalized
by their respective equilibrium densities nn0, np0, and ne0.
With this normalization, Eqs. (2.2−2.7) are reminiscent of Eqs. (1)− (6) of
Kumar and Mishra [27], noting that there is a typographical error in the first
terms of the left hand side of their Eqs. (2) and (4). It should also be noted
that, since we are considering singly charged ions, we have not introduced
the charge multiplicity εz (εz = +1), as in Kumar and Mishra [27]; instead,
we have introduced the parameter z, discussed earlier. We follow Kumar and
Mishra [27] to obtain the density of the ion species, by assuming that all the
dependent variables depend on a single independent variable

ξ = x−Mt, (2.9)

where the Mach number M =V/cs is the speed of the solitary wave, as seen
in an inertial frame, normalized by the ion sound speed, cs. Using the trans-
formation (2.9), Eqs. (2.2)-(2.6) become, respectively,

−M
∂up

∂ξ
+up

∂up

∂ξ
=− 1

β

∂ϕ

∂ξ
−

3σp

β
np

∂np

∂ξ
, (2.10)

−M
∂np

∂ξ
+

∂ (npup)

∂ξ
= 0, (2.11)

−M
∂un

∂ξ
+un

∂un

∂ξ
=− z

µβ

∂ϕ

∂ξ
− 3σn

µβ
nn

∂nn

∂ξ
, (2.12)
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−M
∂nn

∂ξ
+

∂ (nnun)

∂ξ
= 0, (2.13)

∂ 2ϕ

∂ξ 2 = ne−
αz

1+αz
nn−

1
1+αz

np. (2.14)

Integrating Eqs. (2.10)-(2.13), using the usual boundary conditions far away
from the solitary wave where the plasma is undisturbed, i.e., np = 1, nn = 1,
up = 0, un = 0, ϕ = 0, results in biquadratic equations [27] in np and nn, as

3σp

β
n4

p−
(

M2− 2ϕ

β
+

3σp

β

)
n2

p +M2 = 0 (2.15)

and
3σn

µβ
n4

n−
(

M2− 2zϕ

µβ
+

3σn

µβ

)
n2

n +M2 = 0, (2.16)

whose solutions are, respectively,

n2
p =

β

6σp

[
M2 +

3σp

β
− 2ϕ

β
±

√(
M2 +

3σp

β
− 2ϕ

β

)2

−
12M2σp

β

 ,
(2.17)

and

n2
n =

µβ

6σn

[
M2 +

3σn

µβ
− 2zϕ

µβ
±

√(
M2 +

3σn

µβ
− 2zϕ

µβ

)2

− 12M2σn

µβ

 .
(2.18)

Equations (2.17) and (2.18) can be rewritten in an alternative form as [27]

np =

√
2M{

M2− 2ϕ

β
+

3σp
β
∓
√(

M2− 2ϕ

β
+

3σp
β

)2
− 12σpM2

β

} 1
2
, (2.19)

and

nn =

√
2M{

M2− 2zϕ

µβ
+ 3σn

µβ
∓
√(

M2− 2zϕ

µβ
+ 3σn

µβ

)2
− 12σnM2

µβ

} 1
2
. (2.20)
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Equations (2.19) and (2.20) are reminiscent of Eqs. (14) and (15) of Kumar
and Mishra [27]. The ∓ signs in front of the square root contain interest-
ing information about the slow and fast mode waves supported by the plasma
model under consideration [34]. As discussed in detail by Verheest et al. [34],
for a closely related plasma model, the upper sign has to be used for a sub-
sonic species (V < vt j) and the lower sign for a supersonic one (V > vt j)
( j = p,n), so that far away from the solitary wave where the plasma is undis-
turbed, ϕ = 0, the correct limit n j0 is obtained, and the ordering [33, 39]

vtc <Vslow < vth <Vf ast < vte, (2.21)

which can be rewritten in dimensionless form as√
3σp

β
< Mslow <

√
3σn

µβ
< M f ast <

vte

cs
, (2.22)

is satisfied, where we assume, as indicative guideline, that the lighter ions are
hotter. In Eq. (2.21), vtc,vth and vte are, respectively, the thermal speeds of
cooler (c) ions, hotter (h) ions and electrons, and Vslow and Vf ast are the phase
speeds of the slow and the fast mode waves, respectively. Perhaps the most
interesting feature of Eq. (2.22) is that the Mach numbers of the slow and fast
mode waves must satisfy M <

√
3σn/µβ and M >

√
3σn/µβ , respectively.

From Eqs. (14) and (15) of Kumar and Mishra [27], it is clear that these
authors did not take account of the upper sign, which contains important
information about the existence of the slow mode wave, and considered the
lower sign only without any comment on either of the two mode waves.
Unlike the approach of Kumar and Mishra [27], which leads to complicated
density expressions, Eqs. (2.19)− (2.20), we follow the approach of Ghosh
et al. [61], and rewrite Eqs. (2.17) and (2.18) in the form

n j = c j

[√
a±
√

b
]
, (2.23)

which results in simpler expressions for densities, where c j ( j = n, p) are√
µβ/6σn and

√
β/6σp, respectively, a and b are unknowns which must

be determined by substituting (2.23) in (2.17) and (2.18). In this way, Eqs.
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(2.17) and (2.18) are expressed as

np =
1
2

√
β

3σp
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√
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 ,
(2.24)

and
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1
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3σn


√√√√(M+

√
3σn

µβ

)2

− 2zϕ

µβ
±

√√√√(M−

√
3σn

µβ

)2

− 2zϕ

µβ

 ,
(2.25)

respectively. Since in this paper we are interested in the fast mode only, in
Eqs. (2.24) and (2.25), we consider the lower sign (−) for the subsequent
discussion.
Having obtained all density expressions, Eqs. (2.7), (2.24), and (2.25), we
introduce their coupling in Poisson’s equation, Eq. (2.14). Multiplying by
dϕ/dξ and integrating once, with the usual boundary conditions, results in
the usual energy-like equation
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+S(ϕ,M) = 0, (2.26)
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(2.27)
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is the Sagdeev pseudopotential for the fast mode solitary waves supported by
the plasma model under consideration. In the limits α→ 0, i.e. in cases where
the number of negative ions is negligible, and σp→ 0 (cold positive ions), Eq.
(2.27) reduces to Eq. (19) of Saini et al. [62], who studied a two component
plasma composed of kappa-distributed electrons and cold positive ions.

2.3 General considerations of fast mode solitary
waves in warm negative ion plasmas

2.3.1 The minimum and maximum Mach numbers

From the theory of the Sagdeev pseudopotential, it is well known that S(0) =
0 and ∂S(0,M)/∂ϕ = 0, i.e. the origin must be unstable for a soliton solution
to Eq. (2.26) to exist. This is generally expressed as

∂ 2S(ϕ,M)

∂ϕ2

∣∣∣
ϕ=0

6 0, (2.28)

often called the soliton condition, and it is verified that this is satisfied by the
pseudopotential in (2.27). It is well known that the M value determined from

∂ 2S(ϕ,M)

∂ϕ2

∣∣∣
ϕ=0

= 0, (2.29)

is the acoustic speed, Ms, which is the minimum soliton speed, for the plasma
model under consideration. Using (2.27), we obtain

− 2κ−1
2κ−3

+
αz2

µβ (1+αz)
1

M2
s −3σn/µβ

+
1

β (1+αz)
1

M2
s −3σp/β

= 0.

(2.30)
Since we are investigating the fast mode structures for which the Mach num-
bers must satisfy M >

√
3σn/µβ , from Eq. (2.30) the root Ms >

√
3σn/µβ

must be chosen. This yields
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(2.31)
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whose Taylor series expansion to the zeroth order leads to

M2
s ≈

3σp

β
+

3σn

µβ
+

2κ−3
2κ−1

. (2.32)

It is clear from Eq. (2.32) that Ms is strictly greater than
√

3σn/µβ , the ther-
mal speed of the lighter ions, as predicted by the ordering (2.22). We also
note that an increase in the temperature (expressed through σp and σn) of ei-
ther ion species results in the increased acoustic speed, Ms. The third term of
the right hand side of Eq. (2.32) reveals interesting electron superthermal ef-
fect, which will be explored numerically later considering the full expression
of Ms, Eq. (2.31). A decrease in the value of κ , i.e. an increase in the electron
superthermal effect, leads to a decrease in Ms; alternatively, the superthermal
behavior of the electrons shifts the acoustic speed to lower values.
We recall, from earlier studies [34, 36, 38, 39, 53, 54], that the upper limit in
Mach numbers of solitons supported by the plasma model under considera-
tion is obtained when the flow of the adiabatic species coincides with a sonic
point [34, 53, 54]. This corresponds to cases in which the density of the adi-
abatic species ceases to be real. From Eq. (2.24), the positive ion density
ceases to be real when the electrostatic potential exceeds

ϕl p =
β

2

(
Ml p−

√
3σp

β

)2

, (2.33)

and in that case
S(ϕl p,M) = 0, (2.34)

where Ml p is the maximum/limiting (l) Mach number associated with the
occurrence of the positive (p) ion sonic point. We use Eq. (2.34) to determine
a relation between Ml p and α (ion density ratio), which we write as

(λp + zδp)α +δp + γp = 0, (2.35)
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where
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Similarly, from Eq. (2.25) the negative ion density becomes complex beyond

ϕln =
µβ

2z

(
Mln−

√
3σn

µβ

)2

, (2.36)

satisfying
S(ϕln,M) = 0, (2.37)

from which we get a relation between the maximum/limiting Mach number
(Mln) due to the occurrence of the negative ion sonic point and α as

(λn + zδn)α +δn + γn = 0, (2.38)
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Equations (2.31), (2.35) and (2.38) will be used for the numerical determi-
nation of the soliton existence domains in {α,M} space, for fixed values
of other plasma parameters. While (2.31) will correspond to the minimum
Mach number for solitons to exist, (2.35) and (2.38) will provide the maxi-
mum Mach numbers due to the occurrence of the positive and negative ion
sonic points, respectively. Comparing this with Eqs. (21)− (24) of Kumar
and Mishra [27], it is clear that Kumar and Mishra [27] did not derive an ex-
pression for the maximum Mach numbers associated with the negative ions.
In what follows, we numerically determine the soliton existence domains for
the plasma model under consideration, with emphasis on the ion thermal and
the electron superthermal effects on the soliton Mach number (speed). Con-
sidering parameter values from well-established soliton existence domains,
we then investigate the ion thermal and the electron superthermal effects on
the soliton amplitude and width. In our numerical investigation, we will as-
sume σp = σn ≡ σ for the ion-to-electron temperature ratio, since our aim is
to get insights regarding the ion thermal effects on the solitary waves propa-
gation characteristics.
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2.3.2 The ion thermal and electron superthermal effects
on the soliton existence domains

To start our discussion, we recall that this plasma model is well known to
support both compressive (positive) and rarefactive (negative) solitons, which
also, for some parameter values, coexist [17–21, 24–27]. Here, we first show
that our calculations are able to reproduce the well-known results [25, 27],
then proceed to demonstrate that there are significant new results which have
never been reported before.
Figure 2.1 shows the soliton existence domains in {α,M} space for µ = 0.5,
κ = 1000 (left panels) and κ = 1.8 (right panels). The value µ = 0.5 means
that the mass of the positive ion species is two times that of the negative
ion species, and has been chosen for comparison of our results with those of
Kumar and Mishra [27], who used values of µ in the range 0 < µ < 1. The
value κ = 1000 means that the electrons are Maxwellian-distributed. We re-
call, from studies of plasma waves based on kappa velocity distribution, [50]
that quasi-Maxwellian behavior is already obtained for values of κ as low as
20. We have used κ = 1000 as extreme case in which the Maxwellian behav-
ior for the electrons would be fully recovered. The value κ = 1.8 represents
a case in which the electrons are strongly non-Maxwellian, a case which is
common in many space environments [44–49], recalling that acceptable val-
ues of κ must be strictly greater than 1.5. For each of these values of κ , the
effect of increasing the value of σ is shown.
The upper left panel shows the results obtained for σ = 0.0001. This value of
σ means that the ions are effectively cold. This case has been investigated in
Rouhani and Abbasi [25]. The solid line corresponds to the minimum Mach
number for solitons to exist, dot-dashes correspond to the maximum Mach
number due to the occurrence of the negative ion sonic point, whereas dashes
represent the maximum Mach number due to the occurrence of the positive
ion sonic point. The allowed Mach numbers are those between the minimum
and maximum Mach numbers. The same linestyle applies to all other panels
of this figure. The results presented in the upper left panel show that compres-
sive solitons occur at low values of the negative-to-positive ion density ratio
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Figure 2.1: (Colour online) Soliton existence domains in {α,M} space for κ = 1000
(left panels) and κ = 1.8 (right panels), showing the ion thermal effects, expressed
through σ . The upper panels are for σ = 0.0001, the middle panels are for σ = 0.2,
and the lower panels are for σ = 0.5. The value of the negative-to-positive ion
mass ratio used in all panels is µ = 0.5. In each panel, the solid line corresponds
to the minimum Mach number (Ms) for solitons to exist, dot-dashes correspond
to the maximum Mach number (Mln) due to the occurrence of the negative ion
sonic point, whereas dashes represent the maximum Mach number (Ml p) associated
with the positive ion sonic point. The allowed Mach numbers are those between the
minimum and maximum Mach numbers, shaded as explained in the text.
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Figure 2.2: (Colour online) Sagdeev pseudopotentials, based on the soliton exis-
tence domain presented in the upper left panel of Fig. 2.1, showing that compres-
sive solitons occur at low values of α (upper panel), while high values of α support
rarefactive solitons (lower panel), and the two type of structures coexist [25] in the
intermediate range of α values (middle panels).
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(vertically-shaded domain) whereas rarefactive solitons occur at high values
of α (horizontally-shaded domain). We observe, further, that intermediate
values of α (obliquely-shaded domain) support the coexistence of compres-
sive and rarefactive solitons. Confirmation of this result is illustrated in Fig.
2.2, in which we present the Sagdeev pseudopotential plots for α = 0.02 (up-
per panel), α = 0.1 (middle panel), and α = 0.46 (lower panel). This result
confirms earlier results. [25]
In the middle left panel, we show the effect of increasing the value of σ

to 0.2. The value σ = 0.2 means that the electrons are 5 times hotter than
the ions. This is physically meaningful because the inertialess electrons are
expected to be hotter than the ions for which we have retained the inertia.
It should be noted that we have plotted the results presented in this panel
considering a smaller range of values of α than that for the results in the upper
left panel for visibility of the domain in which compressive and rarefactive
solitons coexist, which reduces significantly as a result of an increase in the
ion thermal effects. We observe that as a result of this increase of σ to 0.2,
the domain in which solitons exist is reduced, and this is particularly so for
the domain that supports compressive solitons. This result will be explored
in greater detail later.
For high values of σ , the upper limiting curve associated with the positive
ion sonic point falls below the lower limit. This is illustrated in the lower left
panel for σ = 0.5. In this case, compressive solitons, hence the coexistence
domain, disappear and only rarefactive solitons survive. Alternatively, when
the ion thermal effects are significant, a negative ion plasma supports the
propagation of rarefactive solitons only. This result is important and was not
reported in the recent work of Kumar and Mishra. [27]
In the right panels of Fig. 2.1, we show the effect of reducing the value of κ

from 1000 to 1.8, i.e. increasing the electron superthermal effect. The results
presented in the upper right panel for σ = 0.0001 show features of the trend
illustrated in the upper left panel when κ = 1000. The plasma still supports
both compressive and rarefactive solitons, which also coexist in the interme-
diate values of α . However, it is observed that, as a result of this decrease
of κ , both the minimum and maximum Mach numbers are shifted to lower
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values. This is consistent with Eq. (2.32) from which we have found that Ms

decreases with decreasing κ . Furthermore, the range in α that supports the
coexistence of compressive and rarefactive solitons is narrower than for the
case κ = 1000 (upper left panel), due to the fact that the maximum Mach
numbers associated with positive ions are more significantly shifted to lower
values than the minimum Mach numbers and therefore the crossover point of
these two limiting curves is shifted to lower values of α .
These electron superthermal effects are enhanced as the value of σ is in-
creased. For values of σ as high as 0.2 (middle right panel), the limiting curve
associated with positive ions falls below the lower limiting curve, hence the
coexistence domain disappears completely and only rarefactive solitons re-
main. Results of similar trend are obtained for higher values of σ (lower right
panel). Overall, it is observed that the ion thermal effects on the soliton exis-
tence domains, as presented in the left panels for κ = 1000, are enhanced by
the electron superthermal effects.
As mentioned briefly earlier, the range of Mach numbers which supports the
existence of solitons diminishes with increasing ion-to-electron temperature
ratio, σ . We explore this result in greater detail in Fig. 2.3, in which we
present plots of the minimum Mach numbers (Ms), maximum Mach numbers
due to the occurrence of the positive ion sonic point (Ml p) and maximum
Mach numbers due to the occurrence of the negative ion sonic point (Mln)
against σ , for κ = 1000 (upper panel) and κ = 1.8 (lower panel). It is ob-
served that, for a given value of κ , Ms increases with σ for all values of σ ,
as predicted by Eq. (2.32), whereas Ml p and Mln first decrease with σ for
low values of σ , attaining minimum values from which they increase with σ .
Considering the range of σ in which the curves Ml p(σ) and Mln(σ) have pos-
itive slopes, it is observed that the increase in the lower Mach number limit is
more rapid, which explains why the lower Mach number limiting curve is en-
tirely above the curve corresponding to the positive ion sonic point, resulting
in the disappearance of positive solitons for large σ .
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Figure 2.3: (Colour online) Illustration of the ion thermal effects, expressed through
σ , on the minimum Mach numbers (solid line), maximum Mach numbers due to
the occurrence of the positive ion sonic point (dashed line), and maximum Mach
numbers due to the occurrence of the negative ion sonic point (dot-dashes), for
κ = 1000 (upper panel) and κ = 1.8 (lower panel). The values µ = 0.5 and α = 0.1
have been used to obtain the results presented in both panels.
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2.3.3 The ion thermal and electron superthermal effects
on the soliton amplitude and width

The importance of the soliton existence domains is that when they are well
established, further study of solitary waves is done based on a well-known
parameter space. In what follows, we consider parameter values from the
soliton existence domains presented in Fig. 2.1 for numerical investigation
of the ion thermal and electron superthermal effects on the soliton amplitude
and width. Figure 2.4 presents the Sagdeev pseudopotentials, in which the
ion thermal effects (upper to lower panels) and the electron superthermal ef-
fects (left to right panels) on the soliton amplitude and width are shown. In
all panels of this figure, the values of µ and α are fixed to 0.5 and 0.3, respec-
tively. We then investigate the effect of increasing the value of σ from 0.0001
to 0.2 for κ = 1000 (left panels) and for κ = 1.8 (right panels), considering
the Mach numbers ranging from the lower to the upper limit, obtained from
the respective soliton existence domains presented in Fig. 2.1.
The upper left panel shows the results obtained when the ions are cold
(σ = 0.0001) and the electrons are Maxwellian (κ = 1000). In this case,
compressive and rarefactive solitons exist together. The amplitude of a com-
pressive soliton with maximum speed (Ml p = 1.7011) is ϕl p ≈ 1.42 and the
amplitude of a rarefactive soliton with maximum speed (Mln = 2.4273) is
ϕln ≈ −1.44. As a result of the increase of the value of σ to 0.2 (lower left
panel), the amplitude of a rarefactive soliton with maximum speed decreases
from ϕln ≈ −1.44 to ϕln ≈ −0.17, recalling that in this case there are no
compressive solitons at α = 0.3, since the domain that supports compressive
solitons is shifted to lower values of α as σ is increased.
The upper right panel shows the results obtained when the ions are cold
(σ = 0.0001) and the electrons are strongly non-Maxwellian (κ = 1.8). We
recall from Fig. 2.1 that κ = 1.8 supports rarefactive solitons only at α = 0.3,
since the domain that supports compressive solitons is shifted to lower values
of α as the value of κ is decreased. As a result of this decrease of the value
of κ , the amplitude of a rarefactive soliton with maximum speed decreases
from ϕln ≈ −1.44 to ϕln ≈ −0.40. Increasing the value of σ to 0.2 (lower
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Figure 2.4: (Colour online) Sagdeev pseudopotentials, showing the ion thermal ef-
fect (upper to lower panels) and the electron superthermal effect (left to right pan-
els) on the soliton amplitude and width. The effect of increasing the value of σ

from 0.0001 (upper panels) to 0.2 (lower panels) is clearly shown. The electron
superthermal effect is shown by decreasing the value of κ from 1000 (left panels)
to 1.8 (right panels). The two effects are combined in the lower right panel. In all
panels, the values of α and µ are fixed to 0.3 and 0.5, respectively.
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right panel) results in a significant decrease of the amplitude of a rarefactive
soliton with maximum speed, from ϕln≈−0.40 to ϕln≈−0.007. This means
that when combined ion thermal and electron superthermal effects are signif-
icant, only small amplitude rarefactive solitons can propagate in a negative
ion plasma. Such solitons can well be described by the KdV theory.
We note, from our numerical results presented in Figs. 2.2 and 2.4, that
Sagdeev pseudopotential curves for larger M always lie below those for
smaller M, and do not cross, outside the common point ϕ = 0, where
S(0,M) = 0 for all M. This is not only a numerical result, but a fact
that has also been proved analytically [60, 63, 64]. Indeed, these au-
thors [60, 63, 64] have shown, analytically, that for given compositional
parameters, ∂S/∂M < 0. Thus, basing our investigation on a standard
approach [60, 63, 64] makes it easier to compare our results with those of
Kumar and Mishra [27].

Insights about the ion thermal and electron superthermal effects on the soli-
ton width can be deduced from the energy equation, Eq. (4.14). This equation
predicts that when S(ϕ,M) is vanishingly small (i.e. S(ϕ,M)→ 0), the steep-
ness of a soliton profile (dϕ/dξ ) is also vanishingly small (i.e. dϕ/dξ → 0),
implying an increased soliton width. From Fig. 2.4, we observe that when
the value of σ is increased to 0.2 (upper to lower left panels), the depth of
the pseudopotential well decreases significantly. This decrease in the depth
of the pseudopotential well is enhanced when the value of κ is reduced to 1.8
(right panels), suggesting an enhanced increase in the soliton width.
This result is explored, more explicitly, in Fig. 2.5 in which we present the
profiles of compressive and rarefactive solitons with maximum speeds for
µ = 0.5. The upper panel presents the results obtained for α = 0.02, a value
which supports compressive solitons only, showing the effect of increasing
the value of σ from 0.0001 (solid line) to 0.2 (dashed line) for κ = 1000. It is
clear that this increase in the value of σ results in a significant decrease in the
soliton amplitude, but an increased soliton width. The lower panel presents
the profile of a rarefactive soliton for α = 0.3, showing the combined ion
thermal and electron superthermal effects on the soliton amplitude and width,
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by reducing the value of κ from 1000 (solid line) to 1.8 (dashed line), keeping
the ions warm (σ = 0.2). Clearly, these combined effects lead to an enhanced
decrease in the soliton amplitude, but an enhanced increase in the soliton
width.

Up to this point, we have good information that, as a result of the ion thermal
effect, the soliton amplitude is decreased while the soliton width is increased,
and we know that this effect is enhanced by the superthermal behavior of
the electrons. For completeness, it is more informative to explore this result
considering a wider range of α . We present in Fig. 2.6 profiles of compressive
and rarefactive solitons with maximum speeds for α = 0.1, where the two
type of structures coexist, and show the effect of reducing the value of κ

from 1000 (solid line) to 1.8 (dashed line). Clearly, this decrease in the value
of κ leads to a significant decrease in the soliton amplitude, but an increase
in the soliton width, confirming our earlier results.
The effect of κ on the soliton amplitude, as shown in Figs. 2.4, 2.5 and 2.6,
contradicts the findings of Kumar and Mishra [27]. These authors reported
that an increase in the superthermal behavior of the electrons results in an in-
creased soliton amplitude. We note that their investigation of the effect of κ

on the soliton amplitude was done for fixed value of the Mach number (soli-
ton speed). This approach is physically incorrect because a variation of κ has
effect on the soliton speed, amplitude and width at the same time. For physi-
cal reasons, in this work, we fix α and investigate the effect of varying κ on
all solitary wave propagation characteristics (speed, amplitude, and width),
at the same time. Furthermore, to be more specific, we consider a soliton
with maximum Mach number (maximum speed). In this way, Figs. 2.1, 2.4,
2.5, and 2.6 clearly show that decreasing the value of κ decreases the soli-
ton Mach number and amplitude, but increases the soliton width, and this is
so for both compressive and rarefactive solitons. For completeness, we have
also investigated the effect of κ on the soliton amplitude by following the
approach of Kumar and Mishra [27], and the results obtained are presented
in Appendix A (Fig. 2.9). We then observe that our results in Appendix A
agree qualitatively with those of Kumar and Mishra, i.e., a decrease in the
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Figure 2.5: (Colour online) Profiles of solitons with maximum speeds, showing the
ion thermal effect on compressive solitons at α = 0.02 (upper panel) as well as
combined ion thermal and electron superthermal effects on rarefactive solitons at
α = 0.3 (lower panel). The value µ = 0.5 is used in both panels. The interpretation
of linestyles is clarified in the figure.
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Figure 2.6: (Colour online) Profiles of compressive and rarefactive solitons with
maximum speeds at α = 0.1 where they coexist, showing the effect of reducing
the value of κ from 1000 (solid line) to 1.8 (dashed line), keeping the ions cold
(σ = 0.0001).

value of κ leads to an increase in the soliton amplitude. We also note that the
same misconception appears in other papers [25, 62].
It is perhaps worth mentioning that although our discussion of the ion thermal
effects on the solitary wave propagation characteristics is done here assuming
that σp = σn, our numerical investigation shows that the conclusions reached
remain, qualitatively, unchanged if one varies σp for fixed σn or vice-versa.

2.4 Stopbands in soliton existence domains

The results presented in Fig. 2.1 show that, for a given value of α , the range
of Mach numbers from the lower to the upper limit is a continuous passband,
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and this has been known to be the general trend of the soliton existence do-
mains until the recent report by Nsengiyumva et al. [38]. These authors stud-
ied a plasma composed of cold and adiabatic positive ion species as well as
Boltzmann electrons and reported on the presence of stopbands in the soliton
existence domains.
Due to the novel nature of this result in the soliton study, it is important to
carry out further work to check whether the observed phenomenon may exist
in plasma models other than the one studied by Nsengiyumva et al. [38].
This has motivated the recent work by Maharaj and Bharuthram [41, 42],
who have confirmed the presence of stopbands in the soliton existence
domain reported by Nsengiyumva et al. [38]. We note that Maharaj and
Bharuthram [41, 42] were extending the work of Nsengiyumva et al. [38],
by incorporating the electron superthermal effects [41] and the cool ion
thermal effects [42], using the same normalization, recalling that the au-
thors [38, 41, 42] normalized all variables with respect to the characteristics
of the hot ion species. Would Maharaj and Bharuthram [41, 42] have found
the stopbands reported by Nsengiyumva et al. [38] had they used a different
normalization?

This is investigated in the present paper, which is based on a different but
closely related plasma model. As mentioned previously, the motivation for
this paper is based on the significant gaps found in the work of Kumar and
Mishra [27]. For this reason, we have used the normalization of Kumar and
Mishra [27] for ease of the comparison of our results with theirs. Our ana-
lytical work is organized in a way that allows one to recover a plasma with
two positive ion species in which stopbands have been observed [38, 41, 42].
This is achieved by varying the parameter z appearing in Eqs. (2.4) and (2.6),
setting it to −1 to get a negative ion plasma [27] and to +1 to get a two pos-
itive ion plasma [38, 41, 42]. Thus, instead of using the subscripts p and n to
refer to the positive and negative (lighter) ion species, in this section we use
c and h to refer to the cool and hot ion species, respectively, avoiding the as-
sumption σp = σn made in Sec. 2.3, since stopbands [38] were found when
the temperatures of the two ion species were different. Based on the equi-
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Figure 2.7: (Colour online) Soliton existence domains for z = +1, κ = 1000 (left
panels) and κ = 70 (right panels), showing the presence of stopbands [38] in the
upper panels and the effect of reducing the gap between the two ion-to-electron
temperature ratios [42]), by increasing the value of σc (middle to lower panels).
The value µ = 0.5 is used in all panels.

96



CHAPTER 2. LARGE AMPLITUDE FAST ION-ACOUSTIC SOLITARY
WAVES IN A WARM NEGATIVE ION PLASMA WITH SUPERTHERMAL

ELECTRONS: THE FAST MODE REVISITED

Figure 2.8: (Colour online) Sagdeev pseudopotentials obtained based on parameter
values from the soliton existence domains presented in the upper and middle panels
of Fig. 2.7, respectively, showing the effect of increasing the Mach number from
the acoustic speed, Ms, for α = 10.

librium charge neutrality condition, we note that when both ion constituents
are positively charged, the equilibrium hot-to-cool ion density ratio, α , can
exceed 1.
Figure 2.7 illustrates the soliton existence domains obtained for κ = 1000
(left panels) and κ = 70 (right panels). In the upper left panel, we show the
results obtained for σc = 10−6 (cold ions) and σh = 0.12 (hot ions). The
value σh = 0.12 has been chosen for numerical reasons, and another value
could have been used without changing the insights. With these parameter
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values, we recover the stopbands reported by Nsengiyumva et al. [38]. In the
upper right panel, we show the effect of reducing the value of κ from 1000
to 70. In this case, we still observe stopbands, but these are shifted to high
values of α . Considering low values of κ , typically 1.5 < κ . 10, we do
not find stopbands. This is in agreement with the findings of Maharaj and
Bharuthram [41].
Reducing the gap between the two ion-to-electron temperature ratios by
increasing the value of σc from 10−6 to 0.006 for κ = 1000 (middle left
panel) results in a significant decrease in the range of α that supports stop-
bands. Results of similar trend are obtained when the value of κ is reduced
to 70 (middle right panel). The soliton existence domains obtained for
σc = 10−2 (not shown here) do not show any stopbands, but the maximum
Mach numbers are still associated with both limiting factors (hot and cool
ion sonic points) with the maximum Mach numbers associated with the hot
ion sonic point shifted to very low values of α . The results presented in the
lower panels, obtained for σc = 0.1, illustrate a typical case in which the
upper limiting curve is entirely associated with the cool ion sonic point. This
is in agreement with the recent result of Maharaj and Bharuthram [42], who
reported that the observed stopbands [38] are very sensitive to the cool ion
temperature.

A simple way to check whether a soliton existence domain is accurate is
to plot the Sagdeev pseudopotentials for Mach numbers ranging from the
lower to the upper limit. We present in Fig. 2.8 the pseudopotential plots for
α = 10, based on the soliton existence domains presented in the upper and
middle panels of Fig. 2.7, respectively, showing the effect of increasing the
Mach number. The results presented in the upper left panel are reminiscent of
Fig. 3 of Nsengiyumva et al. (2014), which is discussed in detail in that paper.
Similar results are, qualitatively, obtained for κ = 70 (upper right panel). The
point of the present discussion is that we are able to find the stopbands re-
ported by Nsengiyumva et al. [38] using different normalization and different
parameter space, hence supporting earlier findings.
On the other hand, it is clear from the pseudopotential plots presented in the
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lower panels for the same value of α (i.e. α = 10) that the findings are real
positive solitons, with a continuous range of Mach numbers, from the acous-
tic speed (lower limit) to the upper limit, because stopbands are significantly
shifted to lower values of α as σc is slightly increased to a higher value.
Pseudopotential plots (not shown here) of similar trend are obtained based
on the soliton existence domains presented in the lower panels of Fig. 2.7.
This supports the recent results of Maharaj and Bharuthram [42].

2.5 Summary and conclusions

In this paper, we have revisited the study of large amplitude ion-acoustic fast
mode solitary waves in a negative ion plasma with superthermal electrons,
using the Sagdeev pseudopotential approach. The overall objective of the
study was to investigate the ion thermal and electron superthermal effects on
fast mode solitary wave propagation characteristics, closing the gaps found
in earlier results [27].
The study was done based on well-established soliton existence domains,
which recover the well-known three regions [25, 27] of parameter space
that support solitary waves propagating in this plasma. Low values of the
negative-to-positive ion density ratio, α , support compressive solitons,
whereas high values of α support rarefactive solitons. The two type of
structures coexist in the intermediate range of α values [25, 27]). After
confirming the earlier findings [25, 27] and closing the observed gaps [27],
we have found that there are significant new results, as follows.

1. As a result of the ion thermal effects, expressed through σ , the range in the
allowed Mach numbers is reduced, for a given value of α . For large values of
σ , compressive solitons, hence the coexistence domain, disappear and only
rarefactive solitons survive. Alternatively, when the ion thermal effects are
significant, a negative ion plasma supports rarefactive solitons only, and this
effect is enhanced by the superthermal behavior of the electrons. This result is
important and was not reported in the recent work of Kumar and Mishra [27].

99



CHAPTER 2. LARGE AMPLITUDE FAST ION-ACOUSTIC SOLITARY
WAVES IN A WARM NEGATIVE ION PLASMA WITH SUPERTHERMAL

ELECTRONS: THE FAST MODE REVISITED

2. For a fixed value of σ , increasing electron superthermal effect shifts the
Mach numbers to lower values.

3. Due to the ion thermal effects, the soliton amplitude is decreased, while
the soliton width is increased, and this is enhanced by the superthermal
behavior of the electrons. When combined ion thermal and electron su-
perthermal effects are significant, only small amplitude rarefactive solitons
can propagate in a negative ion plasma. Such solitons can well be described
by the KdV theory.

4. Rearranging our analytical work so as to get a two-positive ion plasma, our
results show the presence of stopbands in the soliton existence domains, as
reported by Nsengiyumva et al. [38], despite the use of different normaliza-
tion and different parameter space. This suggests that the observed stopbands
are a real phenomenon, which needs consideration when studying plasma
waves.
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Appendix: The electron superthermal effect on the soliton ampli-
tude for M = 1.18

Figure 2.9: (Colour online) Sagdeev pseudopotential (upper panel) and the corre-
sponding soliton profile (lower panel) for µ = 0.5, α = 0.1, and σ = 10−4, showing
the effect of reducing the value of κ from 10 to 5 on the soliton amplitude and width,
when the Mach number M is fixed to 1.18 [27].
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Abstract

The pseudopotential approach is used to investigate the ion thermal

and electron superthermal effects on the slow mode solitary wave prop-

agation characteristics in a negative ion plasma, comprising warm pos-

itive and negative ions and kappa-distributed electrons. The Sagdeev

pseudopotential for the plasma model is derived and analysed in a sys-

tematic way. While it is well known that a negative ion plasma supports

the propagation of the fast mode normal solitons, it is found that it sup-

ports, in addition to the slow mode normal solitons, the propagation of

the slow mode supersolitons and double layers for high values of the

negative ion density. The double layers occur as the lower limit to the

supersoliton existence range and as the limiting factor for the propaga-

tion of normal solitons. When the relative temperature of the two ion

species decreases, it is found that the Mach number range supporting

the propagation of the nonlinear structures reduces, while the ampli-

tudes of solitons and supersolitons decrease, and these effects are en-

hanced by the superthermal behaviour of the electrons. The amplitudes

of the double layers increase with a decrease in the relative tempera-

ture of the two ion species but decrease with an increase in the electron

superthermality.

3.1 Introduction

Theoretical and experimental investigations of the propagation of electro-
static waves in negative ion plasmas have been of interest in the recent years.
The interest in negative ion plasmas has been motivated, on one hand, by
observations of negative ions in naturally occurring space plasmas. They
have been observed in D and F regions of the Earth’s ionosphere [1], in
Halley’s cometary comae [2], in the interstellar medium [3, 4], and in the
solar wind [5]. Recently, negative ions have been found in the ionosphere of
Saturn’s moons Titan [6–11], and Enceladus [8] by the electron spectrometer
on board Cassini spacecraft. On the other hand, these investigations were
motivated by the importance of negative ions in human made technology.
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The neutral beam injection based on negative ion sources is one of the most
promising heating system for plasma heating in fusion reactors [12], and
negative ion plasmas are used in the area of material processing such as
plasma surface etching and ion implantation [13] to cite only a few examples.

Experimental [14–18] and theoretical [19–34] studies have revealed that in
any two ion species plasma with finite temperature of at least one of the
ion species, two wave modes with different phase speeds propagate, the fast
mode and the slow mode. The differentiation between these two modes is
made on the basis of the range of their phase speeds [35] vis à vis the ion
thermal speeds, viz.,

vtc < vslow < vth < v f ast < vte, (3.1)

where vtc,vth,vte are the thermal speeds of colder ion species, hotter ion
species and electrons, vslow and v f ast being the phase speeds of the slow and
the fast wave modes, respectively.

An important parameter in the study of negative ion plasmas is the ratio of
negative-to-positive ion density that shows the percentage of the negative
ions in the plasma. Theoretical [36] and experimental [16] investigations
have shown that as the negative-to-positive density ratio increases, the slow
mode increasingly damps, while the fast mode is less and less damped,
making it the dominant mode. However, in a numerical analysis of the dis-
persion relation, Ichiki et al. [37] have shown that the slow mode dominates
the fast mode whenever the negative ion species is much lighter than the
positive ion species. Subsequently, Ichiki et al. [18] observed, in the low
temperature regime, the slow mode in X+

e − F−− e negative ion plasma,
having negative-to-positive ion mass ratio µ = 0.15. The propagation of the
slow mode waves has also been observed experimentally by Handique et
al. [17] in an experiment with A+

r −F−− e plasma. In space plasmas, the
propagation of the slow mode waves has been observed in the Earth’s plasma
sheet boundary layer (PSBL) by the Cluster multispacecraft as reported by
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Norgren et al. [38] and Kakad et al. [39].

Most of the theoretical studies on the slow mode have focused on the small
amplitude solitons based on the KdV theory [21, 25–28, 40–43]. However,
it is well known that negative ion plasmas can support nonlinear structures
which cannot be described by KdV theory [44, 45]. An example of such
a structure is the supersoliton [46]. A supersoliton is a nonlinear struc-
ture, characterised by its unusual Sagdeev potential and distorted electric
field [47, 48]. Such distorted electric fields have already been observed in
space plasmas [49]. Supersolitons have been predicted in multi-component
plasmas [46, 47, 50–54]. A two component plasma cannot, however, support
supersolitons as has been shown by Verheest et al. [55]. We note here that
Sagdeev pseudopotentials yielding supersolitons had been reported [56, 57]
before the name supersoliton was coined by Dubinov and Kolotkov [46], but
they were not recognised as new nonlinear structures.

In most cases [21, 41, 43], studies of the propagation of the slow mode elec-
trostatic solitary waves supported by negative ion plasmas was based on a
Maxwellian distribution of electrons. However, observations and measure-
ments by satellites in different space environments have shown the presence
of particle distributions with a high energy tail, following a power law in-
stead of the Maxwellian distribution [58]. Among non-Maxwellian distribu-
tion functions that have been utilised to model such particles, the so-called
generalised Lorentzian or kappa distribution [58] has been found to be ap-
propriate in many cases. The three-dimensional isotropic kappa velocity dis-
tribution function fκ(v) for any particle species is given by [59]

fκ(v) =
N

(πκθ 2)
3/2

Γ(κ +1)
Γ
(
κ− 1

2

) (1+
v2

κθ 2

)−(κ+1)

, (3.2)

where κ is a parameter showing the departure from the Maxwellian distribu-
tion and is called the spectral index, v is the particle speed, N is the species
particle density, Γ is the gamma function and θ is the effective thermal speed
modified by the spectral index and is related to the normal thermal speed,
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vt , by θ = [(2κ − 3)/κ]1/2vt , provided that the spectral index κ > 3/2. For
large values of κ (κ → ∞), the function fκ(v) approaches the Maxwellian
distribution while low values of κ indicate the presence of a large fraction
of particles with speeds greater than the thermal speed. Kappa-distributed
particles with 2 < κ < 6 have been observed in the solar wind [60], Saturn’s
magnetosphere [61] and in Titan’s upper atmosphere [62]. A more complete
review of regions in space environments where kappa-distributed particles
are present can be found in Pierrard and Lazar [63].

Based on the kappa velocity distribution for the electrons and the fluid theory
for both ion species, we, inter alia, show that a negative ion plasma supports
the propagation of the slow mode supersolitons and double layers. The pa-
per is organised as follows. After this introductory section, we derive from
the fluid equations an expression for the Sagdeev pseudopotential in Sec. II.
We then discuss in this same section the lower and upper limits of the soli-
ton existence domain in terms of Mach number range. Sec. III specialises
to the ion thermal and electron superthermal effects on the soliton existence
domain, amplitude and width for low-to-intermediate values of negative-to-
positive ion density ratio. These same effects are also discussed in Sec. IV
for higher values of the negative-to-positive ion density ratio, for which the
plasma supports the propagation of slow mode supersolitons and double lay-
ers. A summary of the results is presented in Sec. V.

3.2 Basic formalism

3.2.1 Plasma densities and Sagdeev pseudopotential

We consider a one dimensional, collisionless, unmagnetized negative ion
plasma comprising singly charged adiabatic positive (label p) and negative
(label n) ion species, as well as nonthermal electrons (label e), distributed
according to kappa distribution, and investigate the slow mode arbitrary am-
plitude ion-acoustic electrostatic waves using the Sagdeev pseudopotential
method. In light of Eq. (3.1), the slow mode exists provided the thermal
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speeds of the ion species are different. Accordingly, we treat the positive ion
species to be the colder component and the negative ion species to be the
hotter component. Both ion species are dynamic and the nonlinear behav-
ior of the ion acoustic waves obeys the following set of normalised partial
differential equations in the fluid description

∂np

∂ t
+

∂ (npup)

∂x
= 0, (3.3)

∂up

∂ t
+up

∂up

∂x
=−µ

∂ϕ

∂x
− f 2

µτpnp
∂np

∂x
, (3.4)

∂nn

∂ t
+

∂ (nnun)

∂x
= 0, (3.5)

∂un

∂ t
+un

∂un

∂x
=

∂ϕ

∂x
−nn

∂nn

∂x
, (3.6)

where x is the space coordinate, t is the time coordinate, ϕ is the electrostatic
potential, np, up and nn, un are the densities and fluid flow velocities of posi-
tive and negative ion species, respectively. The parameter µ = mn/mp is the
negative to positive ion mass ratio, τp = Tp/Tn is the positive to negative ion
temperature ratio and τn = Tn/Te is the ratio of the negative ion temperature
to the electron temperature. The variable f = nn0/np0 is the ratio of negative
ion equilibrium density nn0 to positive ion species equilibrium density np0

and expresses the percentage of the negative ions in the plasma. Its values
are in the range 0 < f < 1, where f = 0 corresponds to the absence of neg-
ative ions and f = 1 corresponds to the absence of electrons. We will skip
these extreme values in our analysis. Positive ion, negative ion and electron
densities are coupled through the Poisson’s equation

∂ 2ϕ

∂x2 = ne +nn−np, (3.7)

where the density of the inertialess electrons ne in an electrostatic potential
ϕ , obtained by integrating expression (3.2) over velocity space is given by

ne =
1− f

f

(
1− 2τnϕ

2κ−3

)−κ+1/2

. (3.8)
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The system is closed by the equation of state. We have assumed the ion flow
to be adiabatic with the relation between the jth ( j = p,n) ion species pres-
sure and its density to be

p jn
−γ

j = constant, (3.9)

where γ = 3 is the polytropic index and the unperturbed pressure of the
jth adiabatic species is defined as [64] p j0 = n j0Tj/3. The variables have
been normalized as following: the space coordinate x is normalised by
λDn = (ε0Tn/nn0e2)1/2, the time by the inverse of ωpn = (nn0e2/ε0mn)

1/2, the
flow velocities by the negative ion species thermal velocity vtn = (Tn/mn)

1/2,
the electrostatic potential by the thermal potential Te/e and densities are nor-
malised by the negative ion species equilibrium density. With this normaliza-
tion, the thermal speeds of positive and negative ions are µτp and 1, respec-
tively, and the boundary conditions far away from the perturbation, where the
plasma is undisturbed, are

np(∞) = 1
f , nn(∞) = 1,

up(∞) = 0, un(∞) = 0,

ϕ(∞) = dϕ

dξ
(∞) = d2ϕ

dξ 2 (∞) = 0.

(3.10)

To find the ion densities np and nn in Eq. (3.7), the fluid Eqs. (3.3)-(3.6)
are written in a frame where the nonlinear structure is stationary, by as-
suming that all dependent variables depend on a single independent variable
ξ = x−Mt, where the Mach number M = V/vtn is the speed V of the non-
linear structure in the inertial frame, normalized by the negative ion thermal
speed. Using this transformation and going through the necessary algebra,
Eqs. (3.3)-(3.7) become

−M
dnp

dξ
+

d (npup)

dξ
= 0, (3.11)

−M
dup

dξ
+up

dup

dξ
=−µ

dϕ

dξ
− f 2

µτpnp
dnp

dξ
, (3.12)

−M
dnn

dξ
+

d (nnun)

dξ
= 0, (3.13)
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−M
dun

dξ
+un

dun

dξ
=−dϕ

dξ
−nn

dnn

dξ
, (3.14)

d2ϕ

dξ 2 = ne +nn−np. (3.15)

After integrating the pairs of equations (3.11) and (3.12) and (3.13) and
(3.14) with the boundary conditions (3.10), we get a biquadratic equation
for each of the ion species density,

µτp f 4n4
p−
(
M2−2µϕ +µτp

)
f 2n2

p +M2 = 0, (3.16)

for the positive ion density and

n4
n−
(
M2 +2ϕ +1

)
n2

n +M2 = 0, (3.17)

for the negative ion density. The solutions to these equations are, respectively,

n2
p =

1
2 f 2µτp

[
M2−2µϕ +µτp±

√
(M2−2µϕ +µτp)

2−4M2µτp

]
,

(3.18)
and

n2
n =

1
2

[
M2 +2ϕ +1±

√
(M2 +2ϕ +1)2−4M2

]
. (3.19)

According to Eq. (3.1), the colder positive ion species is supersonic and
V > vt p or M >

√
µτp in normalized variables. Therefore, far from the per-

turbation, where ϕ = 0,
√
(M2−µτp)2 = M2−µτp and we choose the neg-

ative sign in front of the square root of Eq. (3.18) to get the correct limit
np(∞) = 1/ f . For similar reason, we have to choose the positive sign in front
of the square root in Eq. (3.19) for the hotter subsonic negative ion species
(V < vtn). With this choice of signs, Eqs. (3.18) and (3.19) can be rewritten
following the approach of Ghosh et al. [65] as

n j = c j

[√
a±
√

b
]
, (3.20)

where c j ( j = p,n) are cp = 1/2 f
√

µτp and cn = 1/2, a and b are unknowns
which are determined by substituting (3.20) in (3.18) and (3.19). This results
in the simplified expressions for the ion densities as

np =
1

2 f
√

µτp

[√(
M+
√

µτp
)2−2µϕ−

√(
M−√µτp

)2−2µϕ

]
,

(3.21)
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for the positive ion species and

nn =
1
2

[√
(1+M)2 +2ϕ +

√
(1−M)2 +2ϕ

]
, (3.22)

for the negative ion species. After introducing density expressions (3.8),
(3.21) and (3.22) in Poisson’s equation (3.7), we multiply it by dϕ/dξ and
integrate with the boundary conditions (3.10) and get an energy-like equation

1
2

(
dϕ

dξ

)2

+S(ϕ) = 0, (3.23)

where −dϕ/dξ is the electric field associated with the electrostatic potential
ϕ and

S (ϕ,M) = 1− f
f τn

[
1−
(

1− 2τnϕ

2κ−3

)−κ+3/2
]

+
τp

6 f (µτp)3/2

{
2(µτp)

3/2 +6M2(µτp)
1/2

−
[(

M+
√

µτp
)2−2µϕ

]3/2
+
[(

M−√µτp
)2−2µϕ

]3/2
}

+1
6

{
2+6M2−

[
(1+M)2 +2ϕ

]3/2
−
[
(1−M)2 +2ϕ

]3/2
}

(3.24)

is the Sagdeev pseudopotential.

As is well known, Eq. (3.23) has solitary wave solutions if the Sagdeev pseu-
dopotential satisfies the following conditions [66]

(i) S(0,M) = S′(0,M) = 0;

(ii) S′′(0,M)6 0, the origin is unstable;

(iii) S(ϕm,M) = 0 for some M in the soliton existence domain and ϕm 6= 0;

(iv) S(ϕ,M)< 0 for 0 < |ϕ|< |ϕm|; and

(v) For double layers, S(ϕm,M) = S′(ϕm,M) = 0 for some M in addition to
(i)− (iv).
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Here primes denote the derivatives of the Sagdeev pseudopotential with re-
spect to the electrostatic potential and ϕm is the soliton amplitude.

3.2.2 Minimum and maximum Mach numbers

One of the advantages of using the Sagdeev pseudopotential method is that
the function S(ϕ,M), and its derivatives determine the conditions under
which nonlinear structures exist in the plasma model it represents, going as
far as determining the minimum and the maximum Mach numbers of these
structures. Generally, the slow mode Mach number is constrained by Eq.
(3.1), which fixes the smallest Mach number to the thermal speed of the
colder ion species (positive ion species in our case), and the largest Mach
number to the thermal speed of the hotter ion species (negative ion species in
our case). Normalising Eq. (3.1) by the negative ion thermal speed vtn, and
considering the interval containing only the slow mode Mach number Mslow,
it is found that

√
µτp < Mslow < 1. (3.25)

These limits do not account for other physical constraints that may bring
in some modifications, such as an ion species reaching its sonic point or
the occurrence of a double layer. These supplementary constraints reduce
further the interval (3.25) of admissible Mach numbers, making it narrower.
A closer look shows that the Sagdeev pseudopotential (3.24) already satisfies
conditions (i). Application of condition (ii), often referred to as the soliton
condition yields the constraint

− (1− f )(2κ−1)τn

2κ−3
+

f
M2−1

+
µ

M2−µτp
6 0, (3.26)

where the equality has been addressed by [64] and [44]. Physically, the con-
straint (3.26) means that the nonlinear structures corresponding to S(ϕ,M)

are acoustic or super-acoustic [64], by fixing the minimum Mach number Ms
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for their existence, viz.,

M2 > M2
s = 2κ−3

2(1− f )(2κ−1)τn

{
(1− f )(2κ−1)τn

2κ−3 (1+µτp)+ f +µ

±
[(

(1− f )(2κ−1)τn
2κ−3 (1−µτp)+ f −µ

)2
+4 f µ

]1/2
}
,

(3.27)
where Ms is the ion acoustic speed, normalised by the negative ion thermal
speed vtn and satisfies the equation S′′(0,Ms) = 0. The + and − signs in
Eq. (3.27) correspond to the fast and the slow wave modes, respectively,
and for our study of the slow mode, we choose the negative sign. For most
of plasma parameter values, the second term under the square root is much
smaller than the first and we can expand (3.27) in Taylor series, resulting in
an approximate value of the slow mode acoustic speed as

M2
s ≈ µτp +

µ(2κ−3)
(1− f )(2κ−1)τn

. (3.28)

This equation shows that Ms >
√

µτp as required by (3.25). Furthermore,
Eq. (3.28) shows that the ion acoustic speed of the slow mode waves
increases with increasing colder-to-hotter temperature ratio τp, or, in other
words, Ms increases when the relative temperature of the two ion species
decreases. As of the dependence of Ms on the electron superthermality, Eq.
(3.28) shows that when the electron superthermality increases (the spectral
index decreases) with other plasma parameters fixed, Ms decreases.

Having found the soliton minimum mach number from the physical con-
straint that the origin be unstable, the maximum Mach number is found from
the constraint that the ion densities remain real valued functions. As is well
known [21–23], the polarity of the slow mode soliton in any two ion species
plasma is the same as the sign of the charge of the colder ion species. As a
consequence only positive solitons are encountered in the model with colder
positive ion species under study. This means that the negative ion species
density (see Eq. (3.22)) remains real for all possible values of the electro-
static potential ϕ . But to remain real valued function, the positive ion species
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density (see Eq. (3.21)) requires that

ϕ 6 ϕl p =
1

2µ

(
M−√µτp

)2
, (3.29)

where ϕl p is the limiting electrostatic potential. Putting this limiting value of
ϕl p in S(ϕl p,M) = 0, we find the solution of this equation which gives M =

Ml p. This allows us to determine a relation between Ml p and the negative-to-
positive density ratio f in the form

(α−β ) f +β +δ = 0, (3.30)

where

α =
1
6

{
2+6M2

l p−
[
(1+Ml p)

2 +
1
µ
(Ml p−

√
µτp)

2
]3/2

−
[
(1−Ml p)

2 +
1
µ
(Ml p−

√
µτp)

2
]3/2

}
,

β =
1
τn

1−

(
1−

τn(Ml p−
√

µτp)
2

µ(2κ−3)

)−κ+3/2
 ,

and

δ =
τp

6(µτp)3/2

[
2(µτp)

3/2 +6M2
l p(µτp)

1/2−
(
4Ml p

√
µτp
)3/2

]
.

The solution to Eq. (3.30), Ml p as a function of f is the Mach number of the
slow mode if it satisfies simultaneously the conditions (3.25) and (3.27).
Because the positive ion density becomes complex valued for electrostatic
potentials larger than ϕl p, ϕl p is the largest real root of Eq. (3.30). When this
root is accessible from the undisturbed condition ϕ = 0, the corresponding
Mach number Ml p is the upper limit to the soliton Mach number range for
corresponding plasma parameter values. There are situations in which the
root ϕl p is not accessible from the undisturbed condition ϕ = 0 because there
is another root or more in between [67]. In this case, it is a double layer that
occurs as a limiting factor to the soliton amplitude before the sonic point is
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reached, and the corresponding Mach number is the upper limit to the soliton
Mach number range. We recall here that the double layer Mach number and
corresponding amplitude are calculated from the system of equations [23]{

S(ϕ,M) = 0
S′(ϕ,M) = 0.

(3.31)

In addition to the occurrence of double layers as the limiting factor to
the soliton Mach number range, double layers have been shown also to
occur as the lower limit to a set of supersolitons in different plasma mod-
els [45, 47, 48, 57, 68]. As is now known [47], the supersoliton existence
domain in Mach number range and in compositional parameter space is
limited, on the lower side, either by double layers, if they exist, or by other
boundaries, arising from the merging of consecutive extrema. This will be
illustrated in Sec. 3.4.2.

Anticipating our results, we have found that standard slow mode solitons
are found to propagate at low to intermediate values of negative-to-positive
density ratio, while supersolitons and double layers are possible at higher
values. For a complete analysis, we consider each region separately, starting
by the region of low to intermediate values of f .

3.3 Solitary waves supported by low to
intermediate values of the negative-to-positive ion
density ratio

3.3.1 Soliton existence domains

In negative ion plasmas, the replacement of light electrons by heavy negative
ions reduces the electron shielding effect, an effect that increases with
increase of negative-to-positive ion density ratio f [69]. This implies that
the negative-to-positive ion density ratio plays an important role in the study
of negative ion plasmas. In the following analysis, we use Eq. (3.27) and
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solve numerically Eqs. (3.30) and (3.31) for different plasma parameter
values to delineate the soliton existence domains in { f ,M} space, where
M is the soliton Mach number. The soliton existence domains are depicted
in Fig. 3.1 for different plasma parameter values. In this figure, we show
the ion thermal effects on the soliton existence domains from the upper to
lower panels and the electron superthermal effects are shown from left to
right panels. To study the effects of the relative temperature of the two ion
species, we fix the ratio of the negative ion species temperature to electron
temperature to τn = 0.7 and vary τp. With fixed τn, an increase of τp implies
the increase of the positive ion temperature at fixed negative ion temperature,
which means that the ions relative temperature decreases with increasing
values of τp. The negative-to-positive mass ratio is also fixed to a value of
µ = 0.15, corresponding to a X+

e −F−− e plasma used by Ichiki et al. [18]
in their experiments.

In the upper left panel, the positive-to-negative ion temperature τp = 10−6

models effectively cold positive ions, whereas the spectral index value κ =

1000 shows that electrons are Maxwellian. For these parameter values, the
slow mode supersonic limit is≈ 0.4×10−3 while the subsonic limit is 1. The
solid line (black colour online) represents the minimum Mach number Ms for
the existence of solitons. It lies well above the supersonic limit for the whole
range of the negative-to-positive ion density ratio f . The dashed line (red
colour online) represents the upper limit Ml p due to occurrence of positive
ion sonic point, where Ml p is determined numerically from Eq. (3.30).
We see that this limit remains well below the subsonic limit 1. Solitons
may propagate if their Mach numbers are between the minimum Ms and the
maximum Ml p. Therefore, for the plasma parameter values in the upper left
panel, positive solitons, limited by the occurrence of positive ion sonic point
exist for all values of the negative-to-positive ion density ratio f .

The lower left panel presents the soliton existence domain when τp is
increased to 0.7, shifting the supersonic limit to ≈ 0.32. As a result of this
increase, the minimum Mach number Ms at a fixed density ratio f also
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Figure 3.1: (Colour online) Existence domain of ion acoustic solitary waves and
double layers in { f ,M} space. The left panels show the effects of increasing the
positive ion temperature when electrons are Maxwellian (κ = 1000) and the right
panels show the same effects when electrons are strongly non-Maxwellian (κ = 2).
The fixed plasma parameters are µ = 0.15 and τn = 0.7.

increases to a higher value. This result is consistent with Eq. (3.28) which
shows that Ms increases with increasing τp. The maximum Mach number
Ml p has a different behaviour when τp is increased. At low values of τp, Ml p

decreases very quickly with an increase of τp and the Mach number range
supporting the propagation of solitary waves narrows. With further increase
of τp, the values of Ml p go through a minimum before they start increasing
with increasing τp, but the soliton Mach number range continues to narrow
due to a faster growing of the acoustic Mach number. This result is shown
in detail in Fig. 3.2, where the Mach number difference δM = Ml p−Ms,
calculated at a fixed value of negative-to-positive ion density ratio f = 0.5,
is plotted as a function of τp for two values of the spectral index, κ = 1000
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Figure 3.2: Soliton existence domain in {τp,δM} space, where δM = Ml p−Ms
at density ratio f = 0.5 for κ = 1000 (dashed line) and κ = 2 (dash-dotted line).
In both cases, the soliton Mach number range δM, supporting the propagation of
solitons, decreases with increasing τp.

(Maxwellian electrons) and κ = 2 (strongly non-Maxwellian electrons). This
figure shows clearly that δM decreases with increasing τp, meaning that
the values of Ms and Ml p get closer as τp increases. We recall that with the
adopted normalisation by hotter negative ion characteristics, increasing τp

means that the temperature of the colder positive ion species is increased and
the supersonic limit moves towards the subsonic limit, therefore reducing the
possible slow mode Mach number range as given by (3.25). A continuous
increase of τp moves the supersonic limit to higher values towards the
subsonic limit so that at τp ≈ 6.7, both limits coincide. At values of τp & 6.7,
the colder (positive) ion thermal speed √µτp is larger than the hotter
(negative) ion thermal speed 1 and the inequality (3.25) is breached.

The right panels of Fig. 3.1 shed light on the effects of increasing the
electron superthermality by reducing the spectral index κ from 1000 to 2.
In the upper right panel, positive ions are still cold with negative-to-positive
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ion temperature ratio τp = 10−6. Comparison with the upper left panel
shows that an increase of the electron superthermality causes both the
minimum Ms and the maximum Ml p Mach numbers to shift to lower values,
but Ml p undergoes a more significant shift. As a result, the Mach number
range supporting the soliton propagation at a fixed density ratio f narrows
with an increase of the superthermal behavior of the electron. This result,
obtained by considering extreme values of the parameter κ , is also valid for
intermediate values. The decrease of Ms as κ decreases is also consistent
with Eq. (3.28).

Fig. 3.1 upper right panel also shows that there are two other effects on the
soliton existence domain which arise due to the increase of the electron su-
perthermality. On one hand, it is observed that when the spectral index de-
creases from κ = 1000 to κ = 2, the upper limit to the soliton Mach number
range is still the maximum Mach number Ml p at low-to-intermediate values
of density ratio, but at higher values of f , double layers arise as the limiting
factor. Double layers are discussed further in the next section.
On the other hand, while the minimum Mach numbers decrease with in-
creasing negative-to-positive density ratio f when electrons are Maxwellian
(κ = 1000) (left panels), they increase when electrons are strongly non-
Maxwellian (κ = 2) (right panels). This means that when κ is varied with
other parameters held fixed, there is a critical value κc of the spectral index at
which the acoustic Mach number Ms is constant for all values of the density
ratio f , κc being a function of other plasma parameters. The Ms curve as a
function of the density ratio f decreases for values of κ > κc and increases
when κ < κc. When µ , τn and/or τp are changed, the value of κc follows. As
an example, for fixed values of µ = 0.15 and τn = 0.7, numerical simulations
have shown that the values of κc are between κc ≈ 3.1 when τp = 10−6 and
κc ≈ 2.57 when τp = 1. This explains why, e. g., the minimum Mach number
Ms decreases as a function of density ratio f in the upper left panel, where
the spectral index κ = 1000 is larger than the critical value κc = 3.1, while in
the upper right panel, where κ = 2 is smaller than the critical value κc = 3.1
and Ms is an increasing function f .
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Figure 3.3: (Colour online) Sagdeev pseudopotentials with parameter values taken
in the soliton existence domain. Fixed plasma parameters are f = 0.5, µ = 0.15,
τn = 0.7. The upper to lower panels show the ion thermal effects, while the left to
right panels show the electron superthermal effects on the soliton amplitude and
width.

Fig. 3.1 lower right panel shows a combined effect of reducing the relative
ion temperature by increasing τp and increasing the superthermal behavior of
the electrons by decreasing the spectral index κ . In this panel, τp = 0.7 and
κ = 2. As a result of increasing τp and decreasing κ , the soliton Mach num-
ber range is significantly reduced. This means that the superthermal behavior
of the electrons and the ion thermal effect enhance each other.
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3.3.2 The ion thermal and electron superthermal effects
on the soliton amplitude and width

For low-to-intermediate values of negative-to-positive density ratio f , we
take an indicative value of f = 0.5. At this value of f , we present in Fig. 3.3
the pseudopotentials for parameter values taken from the soliton existence
domains presented in Fig. 3.1. From the upper to lower panel, we show the
effects of reducing the relative ion temperature for Maxwellian electrons
(κ = 1000) (left panels) , and strongly non-Maxwellian electrons (κ = 2)
(right panels). The effects of increasing the electron superthermality are
presented from left to right panels.

In the upper left panel, positive ions are cold with τp = 10−6 and electrons are
Maxwell-distributed with κ = 1000. With these plasma parameter values, the
plasma supports slow mode normal solitons, propagating with Mach num-
bers in the range Ms < M 6 Ml p, where Ms = 0.39847 and Ml p = 0.75812.
The amplitude of the maximum speed soliton (dash-dotted line, red colour
online) is ϕl p ≈ 1.91. As τp increases, the amplitude of the positive solitons
with maximum speed decreases and, at τi = 0.7 (lower left panel), ϕl p≈ 0.21.
This decrease in amplitude is all the more important as the electron superther-
mality is higher. So, in the lower right panel with other plasma parameters
set to the same values, the maximum speed soliton amplitude decreases from
ϕl p ≈ 0.21 for κ = 1000 (lower left panel) to ϕl p ≈ 0.07 (lower right panel).
Therefore, reducing the relative ion temperature has an effect of decreas-
ing the maximum speed soliton amplitude, and this effect is enhanced by
the electron superthermality. When the relative ion temperature increases to
such a value that the ion thermal speeds of both ion species are equal, the
slow mode vanishes.
This result is presented more explicitly in Fig. 3.4, in which we have plotted
the soliton profiles for plasma parameters as considered in Fig. 3.3. More-
over, this figure shows that when the soliton amplitude decreases, its width
increases.
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Figure 3.4: (Colour online) Profiles of solitons with maximum speeds, showing
the effects of positive ion thermal effects on the soliton amplitude and width for
Maxwellian (κ = 1000) (upper panel) and strongly non-Maxwellian (κ = 2) (lower
panel). In both panels, µ = 0.15, τn = 0.7, f = 0.5.
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3.4 Solitary waves supported by high values of
the negative-to-positive ion density ratio

In Fig. 3.1 upper panels, positive ions are effectively cold with τp = 10−6.
While in the left upper panel the soliton wave amplitude is limited by
the occurrence of the positive ion sonic point for the whole density ratio
range 0 < f < 1, in the right panel, in which electrons are strongly non-
Maxwellian, the occurrence of positive ion sonic point acts as the upper limit
to soliton amplitude for low to intermediate values of f , but at higher values
of f , the limiting factor is a double layer. The soliton existence domain
at high values of f has been blown up and replotted in Fig. 3.5, omitting
the curve for the acoustic Mach numbers for clarity. The dashed line (red
colour online) represents the occurrence of positive ion sonic point as found
from Eq. (3.30) and the dash-dotted line (blue colour online) represents
the double layer as solution to the set of Eqs. (3.31). Fig. 3.5 shows that
the double layer and positive ion sonic point curves cross over at a critical
density ratio fc ≈ 0.918 with the same Mach number Mdl = Ml p = 0.45459.

For f < fc, there is a range of ion density ratio values 0.88 . f . 0.92 sup-
porting the existence of double layers, that do not represent the soliton upper
limit, but occur as the lower limit to a set of supersolitons, with the posi-
tive ion sonic point as the upper limiting factor. For this range, the limiting
electrostatic potential ϕl p is the largest solution to Eq. (3.30), and there is no
other solution between ϕ = 0 and ϕ = ϕl p.
The double layer curve for this case lies below the positive ion sonic point
curve. The region of { f ,M} space admitting supersolitons with double layer
as the lower limit is shaded horizontally in Fig. 3.5. Starting from fc, double
layers occur as the upper limiting factor to the soliton amplitude, and the
corresponding curve in { f ,M} space lies above the positive ion sonic point
curve. For this range, the limiting electrostatic potential ϕl p is also the largest
solution to Eq. (3.30), but there are other solutions between ϕ = 0 and ϕ =

ϕl p so that ϕl p is not accessible from the origin. This region, plotted between
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Figure 3.5: (Colour online) Double layer and supersoliton existence domains in
{ f ,M} space: Blow up of Fig. 3.1 upper right panel at high values of f . Supersoli-
tons with double layers as the lower limit exist in the region shaded horizontally.
In the region shaded vertically, normal solitons exist with Mach number larger than
Ml p and double layer as the upper limit.

Ml p and Mdl curves up to f = 0.94 for clarity is shaded vertically. In the
following discussion, we analyse the nonlinear structures characteristics in
each region separately.

3.4.1 Existence domain of double layers as the soliton
limiting factor

We start our discussion by first considering the range of density ratio f ,
supporting the occurrence of double layer as the upper limit to the soliton
Mach number range. The pseudopotential at the critical negative-to-positive
density ratio fc, at which a double layer occurs at the positive ion sonic
point with Mach number Mdl = Ml p = 0.45459 is shown in Fig. 3.6 upper
panel. At this point, the double layer with amplitude ϕdl ≈ 0.63 signals the
end of the soliton Mach number range before the sonic point with limiting
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Figure 3.6: (Colour online) Upper panel: The pseudopotentials plotted at the critical
negative-to-positive density ratio fc = 0.918. A double layer exists at the positive
ion sonic point. Lower panel: the pseudopotentials are plotted at a slightly higher
value f = 0.919. The positive ion sonic curve presents two roots before the limiting
potential is reached. In both panels, other plasma parameters are µ = 0.15,τn =
0.7,τp = 10−6 and κ = 2.
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electrostatic potential ϕl p ≈ 0.68 is reached [23].

In Fig. 3.6 lower panel, the pseudopotential curves are plotted at negative-
to-positive density ratio f = 0.919, slightly larger than fc, from the mini-
mum Mach number Ms. At Mach number Ml p = 0.45477 corresponding to
the sonic point, the pseudopotential curve (dash-dotted line, red colour on-
line) presents 2 roots, ϕ1 ≈ 0.60 and ϕ2 ≈ 0.65 before the maximum root
ϕl p ≈ 0.69 is reached. Therefore ϕl p is not accessible from the undisturbed
condition ϕ = 0, and only the first encountered root ϕ1 yields a normal soli-
ton. Because ϕ1 is smaller than ϕl p, the positive ion density is a real valued
function at ϕ1. It is thus possible to increase the Mach number M beyond
the value of Ml p without rendering the positive ion density a complex val-
ued function. Therefore, the occurrence at Ml p of the two roots before the
sonic point opens a window beyond Ml p, in which ordinary solitons exist
with Mach numbers M > Ml p, but with amplitudes, smaller than the limiting
amplitude ϕl p. A continuous increase of Mach number M beyond Ml p yields
normal solitons with increasing amplitudes until, at Mdl = 0.45507 > Ml p, a
double layer occurs with amplitude ϕdl ≈ 0.62, also smaller than the limiting
amplitude ϕl p. No solitons are found to exist for Mach numbers M larger than
Mdl , which means that the soliton Mach number range is terminated by the
occurrence of the double layer. This situation repeats itself for all values of
f > 0.918 but less than the limiting value f = 1, at which the model breaks
down.

3.4.2 Existence domain of supersolitons

Fig. 3.5 shows that double layers exist also in a narrow range of values of f ,
smaller than fc, but in this case they do not signal the end of the soliton Mach
number range, rather they signal the lower boundary of a set of supersolitons
that terminates when the sonic point is reached (horizontally shaded region).
In the region below fc, the double layer curve lies below the positive ion
sonic point curve in { f ,M} space and the Mach number Ml p corresponding
to the maximum amplitude ϕl p is still the limiting Mach number to the soliton
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Figure 3.7: (Colour online) Pseudopotentials plotted at f = 0.91 from the min-
imum Ms up to the maximum Ml p. The dashed line (blue colour online) repre-
sents a normal soliton , the dash-double-dotted line (blue colour online) repre-
sents a double layer and both the dotted (blue colour online) and dash-dotted (red
colour online) lines represent supersolitons. Other plasma parameters are µ = 0.15,
κ = 2,τi = 10−6, τe = 0.7.

Mach number range.
Figure. 3.7 is a plot of the pseudopotentials at f = 0.91, slightly smaller than
fc, for different values of Mach number M, ranging from the acoustic speed
Ms = 0.3498 up to the maximum Mach number Ml p = 0.45339 due to oc-
currence of positive ion sonic point. The dashed line (blue colour online) is
plotted at M = 0.435 and represents the normal soliton pseudopotential curve.
The dash-double-dotted line (blue colour online) is plotted at M = 0.45196
and represents a double layer. The pseudopotential curve plotted at a slightly
larger Mach number M = 0.4523 (dotted line, blue colour online) presents
three subsidiary extrema between the undisturbed conditions ϕ = 0 and the
nonlinear structure amplitude. As is well known, such curve with two sub-
wells represents a supersoliton [48]. When the Mach number is increased
further, we observe that the corresponding pseudopotentials represent super-
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solitons even at the maximum Mach number due to the occurrence of the
positive ion sonic point (dash-dotted line, red colour online). At Mach num-
bers greater than the maximum, no more supersolitons exist in the plasma as
is the case for normal solitons.

Supersolitons found in this case are part of a set of solitons and the transition
route from normal soliton to supersoliton is through the occurrence of a
double layer. Normal solitons exist for Mach numbers between Ms and Mdl

while supersolitons are encountered for Mach numbers between Mdl and
Ml p. The double layer is thus the lower boundary to this set of supersolitons.
Double layers also occur as the lower boundary for the supersoliton sets for
other values of f , ranging from ∼ 0.908 up to ∼ 0.918. At f = 0.918, the
lower limit (double layer) and the upper limit (sonic point) occur with the
same Mach number, signalling the end of the supersoliton domain on the
high value of f . This range and corresponding upper limits form a region in
{ f ,M} space that is shaded horizontally in Fig. 3.5.

For values of f lower than 0.908, supersolitons exist with different limita-
tions, arising from the merging of consecutive extrema. This case is illus-
trated in Fig. 3.8. In both panels, the three subsidiary extrema are labeled A,
B, and C.
The upper panel is plotted at f = 0.894. The pseudopotential curve repre-
senting a supersoliton (dashed line, blue colour online) is found between
two pseudopotential curves, the solid line (black colour online) and the
dash-dotted line (red colour online). The dash-dotted line is plotted at
the maximum Mach number Ml p and corresponds to the maximum speed
supersoliton. The solid line (black colour online), plotted at Mach number
M = 0.44905 results from the merging of rightmost extrema B and C so that
it has a single well, appropriate for a normal soliton. Verheest et al. [47]
used the terminology "coalescence" to designate the merging between two
consecutive extrema, and the corresponding curve is designed as the curve
of coalescence or the curve of inflection [51, 52], because it is defined such
that it has a point of inflection between the undisturbed conditions. To find
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Figure 3.8: (Colour online) Upper panel: Pseudopotentials yielding supersolitons
with the coalescence of rightmost extrema B and C as the lower limit to the super-
soliton Mach number range and a supersoliton occuring at the sonic point. Lower
panel: Pseudopotentials yielding supersolitons lying between two normal solitons,
resulting from the coalescence of the two rightmost extrema B and C (solid line)
and the two leftmost extrema A and B (dash-dotted line).

134



CHAPTER 3. LARGE AMPLITUDE SLOW ION-ACOUSTIC SOLITONS,
SUPERSOLITONS, AND DOUBLE LAYERS IN A WARM NEGATIVE ION

PLASMA WITH SUPERTHERMAL ELECTRONS

 0.446

 0.447

 0.448

 0.449

 0.45

 0.451

 0.452

 0.453

 0.454

 0.455

 0.88  0.885  0.89  0.895  0.9  0.905  0.91  0.915  0.92

M

f

µ = 0.15

κ = 2

τp = 10
-6

τn = 0.7a

b

c

d

Figure 3.9: (Colour online) Supersoliton existence domain. Plasma parameter val-
ues are µ = 0.15, κ = 2, τp = 10−6, τn = 0.7. At a fixed density ratio f , supersoli-
tons exist for Mach numbers between the lower and the upper curves. From a to b,
supersoliton lower limit is a coalescence and from b to c it is a double layer. On the
upper side, the supersoliton Mach number ends by the coalescence between a and
d and by the positive ion sonic point between d and c.

the Mach number and the corresponding potential at which a coalescence
occurs, one has to solve the system of equations S′(ϕ) = S′′(ϕ) = 0. [47]
Supersolitons limited on the lower side by the coalescence of two subsidiary
extrema and the sonic point on the upper side are found in the interval
0.889 . f . 0.908.

Fig. 3.8 lower panel is plotted at f = 0.884. For this case, the supersoliton is
sandwiched between two normal solitons resulting from the coalescence of
the two rightmost extrema B and C (solid line, black color online) and the
two leftmost A and B (dash-dotted line, red color online). Such supersolitons
are found in the interval 0.88 . f . 0.889. At f ≈ 0.88, the upper and lower
limits coincide, signalling the end of the supersoliton existence domain on
the lower side of f . The supersoliton domain in { f ,M} space is plotted in
Fig. 3.9.
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Figure 3.10: (Colour online) Phase diagrams, plotting dϕ/dξ as a function of ϕ .
The upper panel is plotted at f = 0.916 at which the lower boundary to the set
of supersolitons is a double layer. The dashed grey curve delineates the potential
range,which is not accessible from the undisturbed condition. The lower panel is
plotted at f = 0.888 at which the lower boundary to the set of supersolitons is the
coalescence of two consecutive extrema. Other parameter values are µ = 0.15,τn =
0.7,τp = 10−6 and κ = 2.
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Based on the lower limit to the supersoliton set, Steffy and Ghosh [51, 52]
classified as Type I supersolitons with a double layer as the lower limit,
and as Type II those for which the lower limit is the coalescence of two
subsidiary extrema. While in principle there is no difference between these
two types, they can however be identified based on the variation of the
amplitude when there is transition from normal soliton to supersoliton. This
identification is easily seen from Fig. 3.10 showing the phase diagrams for
the two routes. While the Type I transition (upper panel) is accompanied
by the existence of a range of electrostatic potentials that are not accessible
from the undisturbed conditions (the range limited by the dashed curve,
grey colour online) [48], the amplitude varies continuously from soliton to
supersoliton for Type II transition (lower panel).

3.4.3 Ion thermal and electron superthermal effects on the
range of the density ratio f , supporting supersolitons and
double layers

In Secs. 3.4.1 and 3.4.2, it was observed that supersolitons and double layers
exist when the negative ion density is high (low density of electrons). Thus in
Fig. 3.1 upper right panel, when the positive to negative ion temperature ratio
is τp = 10−6 and the spectral index κ = 2, the negative-to-positive density
ratio range supporting supersolitons extends from f ≈ 0.88 up to f ≈ 0.918,
and the double layers as the limiting factor to the soliton propagation occur
for f & 0.918. When the relative ion temperature is reduced, or, equivalently
when τp is increased, these two ranges shift to higher values of f and at the
same time narrow. So, at τp = 2× 10−3 e.g., supersolitons exist for density
ratio ranging from f ≈ 0.926 up to f ≈ 0.931, while double layers occur for
f & 0.931. When τp is continuously increased further, these ranges narrow
more and shift to higher values of f until they vanish at τp ≈ 0.2. For larger
values of τp, only positive ion sonic point occurs as the limiting factor to the
soliton amplitude for all values of negative-to-positive density ratio f . Fig.
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3.1 lower right panel which is plotted at τp = 0.7 larger than 0.2 shows that
only normal solitons limited by the occurrence of positive ion sonic point
exist for the whole range of f .

Keeping τp fixed at 10−6 and reducing the spectral index (increasing the
superthermal behavior of electrons), it is found that the negative-to-positive
ion density ranges supporting the supersolitons and double layers shift to
lower values of f , and become larger. For example, if the spectral index
decreases from 2 to 1.8, these ranges shift from 0.88 . f . 0.918 and
0.918 . f . 1 to 0.77 . f . 0.813 and 0.813 . f . 1, respectively. When,
on the contrary, the spectral index is increased (decreasing the superthermal
behavior of electrons), the density ratio ranges supporting supersolitons and
double layers propagation shift to higher values of f , and become narrower.
For values of κ & 2.5, supersolitons and double layers disappear and only
normal solitons, limited by positive ion sonic points are encountered. This
analysis shows that in the model under study, supersolitons and double
layers exist when the gap between the ion temperatures is large and electrons
are strongly non-Maxwellian.

3.4.4 The ion thermal and electron superthermal effects
on the double layer amplitude and width

Fig. 3.11 shows the ion thermal effects (left panels) and electron superthermal
effects (right panels) on the double layer amplitude and width. The plasma
parameter values µ = 0.15, τn = 0.7 and f = 0.95 are the same for all panels
in this figure. The value of the density ratio f = 0.95 has been chosen so that
the soliton upper limiting factor is a double layer when τp = 10−6 and κ = 2.
The left panels show the effects of increasing the negative to positive ion
temperature from τp = 10−6 to τp = 5×10−3 when the spectral index value
is κ = 2. As a result of this increase, the double layer amplitude increases
from ϕdl ≈ 0.62 (solid line, blue colour online) to ϕdl ≈ 0.64 (dash-dotted
line, red colour online) and its width decreases as is seen in the lower left
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panel. At the same time, the range of the density ratio supporting the double
layers as the upper limit to the soliton amplitude shifts to higher values of
f as discussed in Sec. 3.4.3. This means that with sufficiently high value of
τp, the double layer gives way to the occurrence of sonic point as the upper
limiting factor. This is what happens when τp increases to τp = 7×10−3. At
this value, the soliton upper limit is a normal soliton with soliton amplitude
ϕl p = 0.65, occurring at the positive ion sonic point. With this new limit, a
further increase of τp leads to the decrease of the soliton amplitude as it was
observed for a plasma with low-to-intermediate values of f .

The electron superthermal effects on the double layer amplitude and width
are shown in Fig. 3.11 right panels, where positive to negative ion temper-
ature ratio is τp = 10−6. The double layer amplitude, which is ϕdl ≈ 0.62
when the spectral index κ = 2 (solid line, blue colour online) decreases to
ϕdl ≈ 0.33 when κ decreases to 1.8 (dash-dotted line, red color online).
Therefore, when the electron superthermality increases, the double layer
amplitude decreases and its width increases. We have shown in Sec. 3.3.1
that for Maxwellian electrons, only normal solitons are found. This means
that as the spectral index increases, the upper limit changes. Thus while the
upper limit is the double layer when κ = 2, at κ = 2.2 the upper limit is a
supersoliton and it is a normal soliton when κ exceedes a value of 2.3.

3.4.5 The ion thermal and electron superthermal effects
on the supersoliton amplitude and width

For some plasma parameter values, supersolitons occur at the positive ion
sonic point with maximum speed. For a fixed density ratio f , the amplitude
and width of a maximum speed supersoliton vary similar to the same
characteristics of the maximum speed normal soliton when the relative
temperature of the two ion species is reduced by increasing τp, and when
the electron superthermality is increased by decreasing the value of the
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Figure 3.11: (Colour online) The ion thermal effects (left panels) and electron su-
perthermal behavior effects (right panels) on the double layer amplitude and width.
The fixed parameter values taken in the double layer existence domain are µ = 0.15,
τn = 0.7 and f = 0.95. The left panels are plotted at τp = 10−6 (solid line, blue
colour online) and 5× 10−3 (dash-dotted line, red colour online) at fixed spectral
index κ = 2. The right panels are plotted at κ = 2 (solid line, blue colour online)
and 1.8 (dash-dotted line, red colour online) at fixed τp = 10−6.

spectral index κ . Namely, the supersoliton amplitude decreases and its width
increases with an increase of τp and this effect is enhanced by the electron
superthermality. However, it is important to emphasise that a continuous
increase of τp and a continuous decrease of κ lead, ultimately, to the change
of the soliton amplitude upper limit. This transition is shown in Fig. 3.12 in
which we have plotted the pseudopotentials (upper panels) of the maximum
amplitude structures and the corresponding profiles (lower panels). The
values of the plasma parameters µ = 0.15, τn = 0.7 and f = 0.91 are the
same for all panels. The left panels, where the spectral index κ = 2, show
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Figure 3.12: (Colour online) The transition from a supersoliton to a normal soli-
ton as the positive ion temperature increases (left panels) and to a double layer
as the superthermal behavior of electrons increases (right panels). The fixed pa-
rameter values parameter values taken from the supersoliton existence domain are
µ = 0.15,τn = 0.7 and f = 0.91. The left panels are plotted at τp = 10−6 (solid line,
blue colour online) and 0.1 (dash-dotted line, red colour online) at fixed spectral in-
dex κ = 2. The right panels are plotted at κ = 2 (solid line, blue colour online),
1.8 (dash-dotted line, red colour online) and 2.1 (dashed line, black online) at fixed
τp = 10−6.
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the ion thermal effect on the soliton upper limit transition. As is shown
in both upper and lower left panels, when τp = 10−6 (solid blue line),
the soliton upper limit to the soliton range is a supersoliton, occurring at
the positive ion sonic point with amplitude ϕl p = 0.68. When the relative
temperature of the two ion species decreases to τp = 0.1 (dashed red line),
the negative-to-positive density ratio range supporting the propagation of
supersolitons shifts to higher values as discussed in Sec. 3.4.3, and there is
transition from supersoliton upper limit to normal soliton upper limit with
lower amplitude ϕl p = 0.35.

In the upper right panels we show the transition process when the electron
superthermality is increased by decreasing the spectral index κ while keep-
ing the positive to negative ion temperature fixed to τp = 10−6. In this case,
the negative-to-positive ion density ratio range supporting the propagation
of supersolitons shifts to lower values of f with an extension of the double
layer existence range to lower values of f . It is thus possible that the super-
soliton upper limit gives way to a double layer upper limit if the decrease of
κ is sufficiently large. Thus in Fig. 3.12 right panels where κ = 2 (solid line,
blue colour online), the soliton upper limit is the occurrence of a supersoli-
ton with amplitude ϕl p = 0.68. When the spectral index decreases to κ = 1.8
(dash-dotted line, red colour online), there is transition of the upper limit to
a double layer with a lower amplitude ϕdl = 0.31. On the other side, for a
sufficiently large increase of the parameter κ , there is transition of the upper
limit to a normal soliton in agreement with Fig. 3.1 upper panels. This tran-
sition is clear in Fig. 3.12 upper right panel, in which the dashed line (black
line online) has been plotted at κ = 2.1. This curve has one potential well
and represents a normal soliton as is confirmed by the corresponding soliton
profile in the lower right panel. For values of κ > 2.1, only normal solitons
limited by the occurrence of positive ion sonic points occur. We note here
that, despite the transition, the amplitude of the limiting structure decreases
continuously whether the relative ion temperature is continuously decreased
or the electron superthermality is continuously increased.
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3.5 Summary and conclusions

In this paper, we have used the Sagdeev pseudopotential method to inves-
tigate the ion thermal and electron superthermal effects on the slow mode
ion-acoustic nonlinear waves in a negative ion plasma, comprising adiabatic
positive and negative ions and kappa-distributed electrons. It is well known
that in a two ion component plasma, the slow mode exists provided the
thermal speeds of both ion species are different, with the polarity of the slow
mode nonlinear structures being determined by the sign of the colder ion
species [23]. In the present study, we have considered positive ion species to
be colder, and negative ion species to be hotter and only positive potential
nonlinear structures were found. The ion thermal effects are investigated
through the parameter τp = Tp/Tn, the positive to negative ion temperature
ratio at fixed τn = Tn/Te, the negative ion temperature to electron temperature
ratio. Thus increasing τp signifies increasing the temperature of positive ions
at fixed temperature of negative ions, and the relative temperature of the two
ion species is reduced. Having normalised the flow and nonlinear structures
speeds by the negative ion thermal speed vtn, the values of τp are limited by
the condition µτp < 1, where µ is the negative to positive ion mass ratio. The
electron superthermal effects, on the other hand, are studied by considering
different values of the spectral index κ of the kappa distributed electrons.
The main results from this study are summarised as follows:

1. For Maxwellian electrons, cold positive ions and warm negative ions, the
plasma supports the propagation of normal positive solitons, limited on the
upper side by the occurrence of positive ion sonic point. As τp increases, i.e.
as the relative temperature between the two ion species reduces, the range
of the allowed Mach numbers also reduces, but shifts to higher values. This
result differs significantly from that obtained for the fast mode, [34] viz. that
at low temperature, a negative ion plasma supports both negative and positive
potential fast mode solitary waves, and at high temperature, only negative
fast mode solitons are found. The increase of τp is not however arbitrary,
being limited by the slow mode Mach number range√µτp < Mslow < 1.
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2. When the electron superthermality increases with other plasma parameters
held fixed, the soliton Mach number shifts to lower value and the Mach
number range supporting the soliton propagation narrows. For strongly
non-Maxwellian electrons, cold positive ions and warm negative ions, the
plasma support, in addition to normal solitons, the propagation of slow
mode positive supersolitons for a narrow range of negative-to-positive ion
density ratio f . The soliton amplitude is limited, on the upper side, by the
occurrence of positive ion sonic point for low to intermediate values of
density ratio f , while the limiting factor is a double layer for higher values
of f . As for the supersolitons, they are limited, on the lower side, either by
the double layer or the coalescence of two consecutive extrema, and on the
upper side, by the coalescence of two consecutive extrema or the occurrence
of positive ion sonic point. When the double layer acts as the lower limit to
the supersoliton existence range, there is a range of electrostatic potentials
that are not accessible from the undisturbed conditions as was reported
for the first time by Baluku et al. [57]; But when the coalescence is the
lower limit, the supersoliton amplitude varies continuously. We note here
that these results differ qualitatively with those obtained for Maxwellian
electrons while for the fast mode [34] they were qualitatively the same. This
breaks down a common belief, according to which kappa distribution does
not bring any new qualitative differences from the results with Maxwellian
distribution [64].

3. As the relative temperature of the two ion species is reduced (τp is
increased) with fixed spectral index kappa, the range of negative-to-positive
ion density ratio f supporting the propagation of double layers as the upper
limit to the soliton amplitude shifts to higher values of f , increasing at the
same time the density range supporting solitons limited by the occurrence
of positive ion sonic point. This means that at high density ratio, the soliton
upper limit is the double layer when positive ions are cold, but changes
to the positive ion sonic point when positive ions are warm. Ultimately,
with a further increase of τp double layers disappear as the negative ion
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density, necessary to support them tend to be larger than the limiting value of
f = 1 and from then solitons are limited by sonic point for the whole range
of f . When it is the electron superthermality that increases (by virtue of
decreasing the spectral index κ) under fixed τp, the density range supporting
double layers extends to lower values of f , decreasing at the same time
the density range supporting solitons limited by the occurrence of positive
ion sonic point. There is, at intermediate values of f the transition from
the positive ion sonic point as the soliton upper limit to double layer as the
soliton limiting factor.

4. The range of negative-to-positive ion density ratio f supporting the prop-
agation of double layers is preceded by a range supporting the propagation
of supersolitons, the two being separated at point where a positive potential
double layer occurs at the positive ion sonic point. Similar to the range
supporting the propagation of double layers, the density range supporting
the propagation of supersolitons shifts to higher values of f and narrows as
the relative temperature of the two ions is reduced (τp is increased), and
it shifts to lower values of f and becomes larger when it is the electron
superthermality that increases (decreasing the spectral index κ). It is thus
obvious that in the case under study, the existence of supersolitons and
double layers is favoured by a combination of cold positive ions, warm
negative ions and strongly non-Maxwellian electrons.

5. While the amplitudes of solitons and supersolitons decrease with a de-
crease of the relative temperature of the two ion species, an effect that is
enhanced by the superthermal behavior of the electrons, it is found that the
amplitudes of the double layers increase with a decrease of the relative tem-
perature of the two ion species but decrease with an increase of the electron
superthermality.
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Abstract

The propagation of dust ion acoustic solitary waves and double lay-

ers is studied in a dusty plasma with heavy adiabatic positively charged

dust grains and lighter adiabatic positive ions with Cairns-distributed

electrons, using the arbitrary amplitude Sagdeev pseudopotential ap-

proach. The analysis of the Sagdeev pseudopotential shows that this

plasma model supports the propagation of positive solitons limited by

the occurrence of the ion sonic point and negative solitons limited by

the occurrence of double layers. Solitons of both polarities coexist for

a range of some plasma parameters. We have shown that at a critical

dust-to-ion density ratio, f , at which the third derivative of the Sagdeev

pseudopotential vanishes, positive and negative solitons coexist with-

out a soliton with finite amplitude at the acoustic speed, contrary to

an earlier study. This suggests that the existence of a soliton with fi-

nite amplitude at the acoustic speed is not always a pre-requisite for

the coexistence of nonlinear structures of both polarities. Positive and

negative solitons coexist when the electrons are strongly nonthermal,

with moderate ion thermal effects. Increasing ion thermal effect shifts

the coexistence region to lower values of f and when the ion thermal

effects become important negative solitons disappear and only posi-

tive solitons survive. The effects of different plasma parameters on the

characteristics of the nonlinear structures have also been discussed in

detail.

4.1 Introduction

The propagation of nonlinear waves in plasmas containing dust grains
in addition to positive ions and electrons has been an important research
focus in recent years. [1–27] Dust particles embedded in a plasma are
charged via different mechanisms and acquire a negative and/or a positive
charge. [17, 18, 28, 29] Specifically a dust may be charged by collecting
electrons and ions from the plasma. Due to the difference in the electron
and ion speeds it becomes negatively charged. [11, 30] For less dense
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plasma as observed in most astrophysical plasmas, photoelectron and
secondary electron emissions are the dominant charging processes leading
to positively charged dust. [15, 31–36] When charged dust grains become
part of the plasma, they modify its collective behaviour. [28] Studies of
dusty plasmas are motivated by the existence of charged dust in many space
and astrophysical plasmas such as Earth’s ionosphere and mesosphere,
cometary tails, planetary rings and interstellar clouds, [1, 8, 9, 14, 18, 28] as
well as in laboratory plasma experiments and industrial plasma processing
units. [11, 14, 33, 35]

Theoretical [2, 3] and experimental [4–6] studies have shown that the
presence of charged dust in a plasma not only modifies the propagation
properties of the existing plasma wave modes, but also introduces new
modes. Shukla and Silin [3] predicted the existence of a modified ion
acoustic mode, called the dust ion acoustic (DIA) wave mode which
was observed later by Barkan et al.[5] and Merlino et al.. [6] Rao et
al. [2] predicted the existence of a new mode arising from the collective
motion of negatively charged dust in a background of positive ions and
electrons in thermodynamic equilibrium. This new mode was named as
the dust acoustic (DA) wave mode and was observed later by Barkan et al. [4]

The DIA waves have been investigated in different plasma configura-
tions. [3, 21, 22, 37, 38] The reductive perturbation method [21, 38] was used
to derive the KdV equation, a nonlinear differential equation that describes
the propagation of small amplitude solitary waves. These small amplitude
waves are always found to be superacoustic with amplitude vanishing when
the wave speed approaches the acoustic speed. Solitary waves with ampli-
tudes vanishing at the acoustic speed are also termed KdV-like [39] solitons.
The Sagdeev pseudopotential method [40] was used to describe the arbitrary
amplitude solitary wave propagation. [15, 21, 22] In this method, the fluid
equations are reduced to an energy-like equation involving a pseudopotential
energy function, the Sagdeev pseudopotential, which is analysed in the same
manner as the analysis of the potential energy for an oscillating particle in
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classical mechanics. With this method, nonKdV [39] solitary waves with
finite amplitude at the acoustic speed have been found in different plasma
models. [21, 22, 39, 41]

Baluku et al. [21] have investigated the propagation of the dust ion acoustic
solitons in a plasma with kappa-distributed electrons, positive ions and
negatively or positively charged dust using both KdV and Sagdeev pseu-
dopotential methods. They showed that when the dust is positively charged,
only positive solitons are supported. Existence of only positive solitons was
also confirmed by Baluku et al. [19] in an investigation of the existence of
solitons in dusty plasma with positive dust grains using the fluid dynamics
method.

Verheest et al. [41] investigated a model involving two cold positive ion
species and Cairns-distributed [42] electrons. In this model, both positive
and negative dust ion acoustic solitons have been found to coexist for a large
range of parameter values. Verheest et al. [41] pointed out that the occurrence
of solitons with finite amplitudes at the acoustic speed is a necessary and suf-
ficient condition for the nonlinear structures of both polarities to coexist. In
this paper, we investigate the existence of dust ion acoustic solitons and dou-
ble layers in a dusty plasma consisting of adiabatic positively charged dust,
adiabatic positive ions and Cairns distributed electrons, and present a case in
which nonlinear structures of both polarities coexist without having a soliton
with finite amplitude at the acoustic speed. This suggests that the conclusion
reached by Verheest et al. [41] is not applicable to all plasma models and
ranges of parameter values. The paper is organised as follows. After this in-
troductory section, we derive, from the fluid equations, an expression for the
Sagdeev pseudopotential in Sec. II, which we use to discuss the nonlinear
structures in Sec. III. A summary of the results is presented in Sec. IV.
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4.2 Model equations and Sagdeev
pseudopotential

The propagation of the low frequency dust ion acoustic (DIA) wave mode in
a dusty plasma with positively charged adiabatic dust, adiabatic positive ions
and Cairns-distributed electrons is considered. The dust is more massive than
the ion species but both dust and ions are supersonic (cool) in the sense that
the speed of the nonlinear structures being investigated is larger than the ther-
mal speed of either species. The number of charges residing on the dust and
the ions is respectively zd and zi. To compare our results with those obtained
elsewhere, [22] we introduce a variable s with value s = 1 when the dust
is positively charged as is the case in the present study while s = −1 when
the dust is negatively charged. After integrating the Cairns distribution func-
tion in phase space over velocity space, the density of inertialess electrons is
found as [42]

ne = ne0
(
1−βϕ +βϕ

2)exp(ϕ), (4.1)

where neo is the equilibrium electron density, ϕ is the electrostatic potential
and the variable β = 4α/(1+3α), where α is the Cairns nonthermal param-
eter, showing the departure of the Cairns distribution from the Maxwellian.
For α = 0 the Maxwell distribution is recovered and α increases to ∞ as the
degree of nonthermality increases. The values of β are then in the interval
[0,4/3], but it is normally limited to 4/7 on the upper side to avoid the range
in which the distribution develops beam instabilities. [22] For the dust and
ion species, we retain the inertia of each of them and the dynamics of the
electrostatic perturbation is governed by the fluid continuity and momentum
equations for both species as

∂nd

∂ t
+

∂ (ndud)

∂x
= 0, (4.2)

∂ud

∂ t
+ud

∂ud

∂x
=−sµ

∂ϕ

∂x
−µτdnd

∂nd

∂x
, (4.3)

∂ni

∂ t
+

∂ (niui)

∂x
= 0, (4.4)
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∂ui

∂ t
+ui

∂ui

∂x
=−∂ϕ

∂x
− τini

∂ni

∂x
. (4.5)

where nd(ud) and ni(ui) are the densities (velocities) of the dust and ion
species, respectively, x is the space coordinate and t is the time coordi-
nate. The parameter µ = zdmi/zimd is the dust to ion charge-to-mass ratio,
τd = Td/zdTe is the dust to electron temperature ratio and τi = Ti/ziTe is the
ratio of the ion temperature to the electron temperature. The plasma compo-
nent densities are coupled by Poisson’s equation

∂ 2ϕ

∂x2 = (1+ s f )ne− s f nd−ni, (4.6)

where the variable f = zdnd0/zini0 is the ratio of the dust equilibrium charge
density zdnd0 to ion species equilibrium charge density zini0. Without loss of
generality, we will consider f < 1. The system of equations is closed by the
Poisson’s equation. In this study we have assumed the dust and ion species
to be adiabatic with polytropic index γ = 3, and the unperturbed pressure of
the jth adiabatic species is defined as p j0 = n j0Tj/3. [43]
In Equations (4.2) to (4.6), the space coordinate x is normalised by
λDi = (ε0Te/ni0zie2)1/2, the time by the inverse of ωi = (ni0z2

i e2/ε0mi)
1/2,

the flow velocities by cti = (ziTe/mi)
1/2, the electrostatic potential by the

electron thermal potential Te/e and the densities are normalised by their
equilibrium values. With this normalisation, the thermal speeds of ion and
dust speciers are

√
τi and

√
µτd , respectively.

Equations (4.2) to (4.6) are used to describe the propagation of a perturba-
tion in a plasma otherwise at rest. A commonly used frame to describe this
propagation is the comoving frame in which the wave structure is stationary,
introduced via the transformation ξ = x−Mt where M is the velocity V of the
wave normalised by cti and is yet to be determined. This transformation con-
verts the partial differential equations (4.2) to (4.6) into ordinary differential
equations in ξ as

−M
dnd

dξ
+

d (ndud)

dξ
= 0, (4.7)
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−M
dud

dξ
+ud

dud

dξ
=−sµ

dϕ

dξ
−µτdnd

dnd

dξ
, (4.8)

−M
dni

dξ
+

d (niui)

dξ
= 0, (4.9)

−M
dui

dξ
+ui

dui

dξ
=−dϕ

dξ
− τini

dni

dξ
. (4.10)

d2ϕ

dξ 2 = (1+ s f )ne− s f nd−ni, (4.11)

This system can be integrated with appropriate boundary conditions. The
boundary conditions are born in the nature of the solution in view, a localised
solution in our case. Thus far from the perturbation where the plasma is
undisturbed nd = 1,ni = 1,ud = 0,ui = 0 and ϕ = 0. With these boundary
conditions, integration of Eqs. (4.7) and (4.8) yields the dust density as

nd =
1

2
√

µτd

[√
(M+

√
µτd)

2−2sµϕ±
√
(M−

√
µτd)

2−2sµϕ

]
,

(4.12)
and integration of Eqs. (4.9) and (4.10) yields the ion density as

ni =
1

2
√

τi

[√
(M+

√
τi)

2−2ϕ±
√
(M−

√
τi)

2−2ϕ

]
. (4.13)

The ± signs in expressions (4.12) and (4.13) serve to differentiate between
the dust ion acoustic mode and the dust acoustic mode. In the DIA mode,
both dust and ion species are supersonic (cool) and therefore their thermal
speeds are smaller than the speeds of the nonlinear structures being inves-

tigated. This means that for this case
√(

M−√µτd
)2

= M −√µτd and√
(M−√τi)

2 = M −√τi and the lower signs are to be used in order to
satisfy the boundary conditions. The upper signs would be used when inves-
tigating the DA mode for which one inertial species is supersonic while the
other is subsonic i.e. its thermal speed is larger than the nonlinear structure
speed. For the subsonic species we would then choose the upper sign to

satisfy the boundary conditions as in this case
√(

M−√τ j
)2

=
√

τ j−M.
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After substituting density expressions (4.1),(4.12) and (4.13) in Eq. (4.11)
and multiplying it by dϕ/dξ , it can be integrated with the boundary condi-
tions, a process that results in an energy-like equation

1
2

(
dϕ

dξ

)2

+S(ϕ) = 0 (4.14)

similar to the energy equation for a particle oscillating in a potential well,
where

S (ϕ,M) = (1+ s f )
[
1+3β − (1+3β −3βϕ +βϕ2)eϕ

]
+ f

6µ
√

µτd

{
2(µτd)

3/2 +6M2 (µτd)
1/2

−
[(

M+
√

µτd
)2−2sµϕ

]3/2
+
[(

M−√µτd
)2−2sµϕ

]3/2
}

+ 1
6
√

τi

{
2(τi)

3/2 +6M2 (τi)
1/2

−
[
(M+

√
τi)

2−2ϕ

]3/2
+
[
(M−√τi)

2−2ϕ

]3/2
}

(4.15)
is the Sagdeev pseudopotential. The first term of S(ϕ,M) is the electron
contribution. The second term is the contribution of the dust in the Sagdeev
pseudopotential. When the dust is negatively charged (s = −1) and cold
as considered by Verheest et al., [22] it reduces to the second term in their
Eq. (9). If, in addition, the dust is much heavier than the ion, it reduces
to the second term in their Eq. (5). Similarly, the third term which is the
contribution of the ions reduces to their third term when the ions are cold.

The Sagdeev pseudopotential can be analysed by finding plasma parameter
ranges, supporting the existence and propagation of solitons and double lay-
ers, the same way the potential energy function is analysed in the case of an
oscillating particle by plotting the curve S(ϕ) as a function of ϕ for different
plasma parameter values. We have chosen, however, not to follow this trial
and error method, rather we will first determine the existence domain for
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nonlinear structures before plotting the curve for well known parameter val-
ues in the existence domain. This way, the Sagdeev potential curves serve to
show that the function S satisfies the necessary conditions to represent a non-
linear structure. Such conditions for the existence of the nonlinear structures
are [39, 44]

1. S(0,M) = S′(0,M) = 0;

2. S′′(0,M)6 0, the origin is unstable;

3. S(ϕm,M) = 0 for some M in the soliton existence domain and ϕm 6= 0;

4. S(ϕ,M)< 0 for 0 < |ϕ|< |ϕm|; and

5. For double layers, S(ϕm,M) = S′(ϕm,M) = 0 for some M in addition to
(i)− (iv).

Here primes denote the derivatives of the Sagdeev pseudopotential with re-
spect to the electrostatic potential, and ϕm is the amplitude of the nonlinear
structure.

4.3 Solitary waves and double layers

4.3.1 Existence domains for solitons and double layers

The model under discussion involves s,µ,τd,τi,β and the density ratio f as
plasma parameters that can be varied to study their effects on the solitary
wave propagation characteristics. In the remainder of the discussion, we
consider positively charged dust, therefore the value of the parameter s

is fixed to 1. The charge to mass ratio of the dust is normally very small
as compared to the same ratio for positive ions. [31] This means that the
value of µ has to be kept very small. In our numerical analysis, we will
use a value of µ = 10−4. Furthermore, Eq. (4.19) shows that when either
the dust temperature or the ion temperature increases, the acoustic speed
also increases. However, due to the small value of µ , the contribution of
the dust remains insignificant even at a high value of τd . Subsequently,
we will keep a constant value of τd = 10−4 throughout the remaining
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sections. We remain with three parameters to be varied, the positive ion tem-
perature ratio τi, the electron nonthermal parameter β and the density ratio f .

A direct verification shows that the function (4.15) satisfies the condition
(i) for any wave speed M. The condition (ii) often referred to as the soliton
condition leads to the inequality

M > Ms, (4.16)

where Ms satisfies the equation

d2S(ϕ)
dϕ2 = 0, (4.17)

and is given by

M2
s = 1

2δ
{δ (τi +µτd)+1+ f µ

±
√

[δ (τi +µτd)+1+ f µ]2−4δ [δ µτiτd +µτd + f τi]

}
,

(4.18)
where δ = (1+ f )(1−β ). It is well known that the solution of Eq. (4.17)
yields the minimum Mach number for solitons to exist. The condition (4.16)
expresses then the fact that nonlinear structures are acoustic or superacoustic
in nature. [45]

We are investigating the existence of nonlinear structures when both dust
and ion species are supersonic, a condition that is satisfied if we choose the
positive sign in front of the square root in expression (B.28). This can be
verified by expanding (B.28) in Taylor series up to the zeroth order. This
gives

M2
s ≈ τi +µτd +

1+ s2 f µ

(1+ s f )(1−β )
, (4.19)

showing that the DIA Mach number Ms is larger than the thermal speeds
of both dust and ion species,

√
µτd and

√
τi, respectively as expected.

Furthermore, Eq. (4.19) shows that when either the dust temperature or the
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ion temperature increases, the acoustic speed also increases.

While the condition (ii) determines the lower limit in Mach number Ms for
solitary waves to exist, the condition (iii) determines the upper limit. Indeed
the condition (iii) means that Eq. (4.14) has solitary wave solutions only if
the Sagdeev pseudopotential S(ϕ,M) admits at least one root ϕ = ϕm differ-
ent from the root ϕ = 0 for some M > Ms. However, the constraint that the
dust and ion densities remain real-valued functions of the electrostatic poten-
tial puts a limit to the possible highest value of ϕm, which is the amplitude
of the nonlinear structure. For the model at hand, the ion and dust densities
become complex-valued when the electrostatic potential ϕ exceeds the ion
and dust sonic points  ϕli =

(M−√τi)
2

2 ,

ϕld =
(M−√µτd)

2

2µ
.

(4.20)

Both of them are positive and represent the upper limit to the positive poten-
tial electrostatic structure amplitudes. This means that for compatibility, the
positive potential solitons are limited by the electrostatic potential with the
smallest value among ϕli and ϕld . For very small values of µ as considered
here, ϕld � ϕli and the positive solitons are limited by the positive ion sonic
point.

On the negative side of the electrostatic potential, the Sagdeev pseudopoten-
tial function S(ϕ)→−∞ for ϕ →−∞. This means that negative roots can
exist in pairs with a double root counted as two roots. This then predicts the
possible existence of negative solitons whose upper limit is the occurrence of
a double layer. This prediction can be further refined by analysing the third
derivative calculated at the acoustic speed

S′′′(0,Ms) =−(1+ f )+ f µ
2 3M2

s +µτd

(M2
s −µτd)3 +

3M2
s + τi

(M2
s − τi)3 . (4.21)

The sign of S′′′(ϕ) determines the sign of the KdV-like solitons, that is
to say, solitons whose amplitudes vanish at the acoustic speed. Positive
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Figure 4.1: (Color online) The third derivative of the Sagdeev potential plotted
against the density ratio f for different values of the ion temperature τi when elec-
trons are Maxwellian with β = 0 (left panel) and when they are strongly non-
Maxwellian with β = 0.5 (right panel). The other plasma parameter values are
µ = 10−4 and τd = 10−4.

(negative) solitons are supported when S′′′(ϕ)> (<)0.[21]

There is also the possibility of the existence of nonKdV-like solitons, which
are solitons with finite amplitude at the acoustic speed, having the sign
opposite to the sign of the KdV-like solitons for a fixed set of plasma
parameter values. The existence of nonKdV-like solitons is not predicted
by the third derivative of the pseudopotential, but if they are present a
coexistence region may also exist. [41] By coexistence region we mean
a set of plasma parameter values that admits solitons with either polarity
depending on the initial conditions. This can be determined by a proper plot
of the Sagdeev potential for these plasma parameter values.

Fig. 4.1 is a plot of S′′′(ϕ) as a function of the density ratio f . In the left
panel, electrons are Maxwellian with the parameter β taking a value of 0.
The ion temperature ratio is varied with τi = 10−4 (solid line), τi = 0.1
(dashed line) and τi = 0.5 (dotted line). For all these values, the third
derivative remains positive, suggesting that for these plasma parameter
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values, the model supports KdV-like positive solitons whose amplitude is
limited by the occurrence of the ion sonic point.

The right panel of Fig. 4.1 shows a plot of the third derivative of the pseu-
dopotential for strongly nonthermal electrons with nonthermal parameter
β = 0.5 and the same values of τi as in the left panel. The third derivative
of the pseudopotential takes now negative and positive values depending on
the combination of density ratio f and ion temperature τi. For τi = 10−4,
S′′′(ϕ) is negative for low values of f up to a critical value f = fc ≈ 0.333,
but changes sign and becomes positive for f > fc. Negative KdV-like solitons
are supported for f < fc and positive KdV solitons are supported for f > fc.

To understand better this configuration, we have plotted the soliton existence
domain in { f ,M} space in Fig. 4.2. Electrons are Maxwellian (β = 0) in the
left panels (a),(c) and (e) and strongly nonthermal (β = 0.5) in the right
panels (b),(d) and ( f ). We have limited the plots at f = 0.5 for clarity but
the trend of the curves remains the same for f > 0.5. In each panel of this
figure, the blue solid line represents the minimum Mach number for solitons
to exist. The dot-dashed red line represents the upper limit in Mach number
due to the occurrence of the positive ion sonic point. Positive solitons may
propagate if their Mach number is between Ms and Mli for a fixed density
ratio, f . Panels (a),(c) and (e) clearly show that when the electrons are
Maxwellian, only positive solitons are supported by the model irrespective
of the ion temperature. This result is reminiscent of that obtained by Baluku
et al. [19, 21]

When the electrons are strongly nonthermal (panels (b) and (d)) negative
solitons are also supported in addition to the existence of positive solitons.
But in the absence of any physical fluid limit, their ranges are limited by
the occurrence of negative double layers. The dashed green line in panels
(b) and (d) represents such a limit. Panel (b) shows that negative solitons
are supported for low density ratio up to f = fn ≈ 0.408 at which value
there is a cutoff of negative solitons whereas positive solitons exist for even
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Figure 4.2: (Color online) Existence domains of dust ion acoustic solitary waves
and double layers in { f ,M} space. The left panels (a),(c) and (e) show the effect of
increasing the positive ion temperature when the electrons are Maxwellian (β = 0),
and the right panels (b),(d) and ( f ) show the same effect when the electrons are
strongly non-Maxwellian (β = 0.5). The fixed plasma parameters are µ = 10−4 and
τd = 10−4.
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Figure 4.3: (Color online) The variation of the amplitude of the solitons at the
acoustic speed ϕmin as a function of density ratio f for different values of the ion
temperature. As the ion temperature τi increases, both the critical density fc at which
there is change of polarity and the density fn at which there is cutoff of negative
solitons shift to lower values.

much higher values of f . There is therefore a coexistence of solitons of both
polarities within the range 0 < f . 0.408.

We note that negative solitons exist for values of the density ratio f beyond
the limit fc predicted by the third derivative of the Sagdeev pseudopotential,
and similarly positive solitons exist for the range f < fc not predicted by
the third derivative. This suggests that negative solitons in the range fc <

f < fn and positive solitons in the range 0 < f < fc are nonKdV in nature.
We will show in Section 4.3.2 that for f < fc there exist positive solitons
at the acoustic speed while negative solitons exist at the acoustic speed for
fc < f < fn.

The results presented in panel (d) show that the coexistence region is sen-
sitive to the ion temperature. Also shown in the right panel of Fig. 4.1, this
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sensitivity is emphasized in Fig. 4.3, where the amplitude of the soliton at the
acoustic speed ϕmin is plotted against the density ratio f for different values
of the ion temperature ratio τi. In this figure, the value of f corresponding
to ϕmin = 0 is the critical density fc, and the value of f corresponding to the
largest negative value of ϕmin is the negative soliton cutoff density fn.
When τi = 10−4, the critical density fc ≈ 0.333 and the negative soliton cut-
off density fn ≈ 0.408 (solid blue line). As τi is increased to 0.1, fc and fn

shift to lower values, 0.23 and 0.33, respectively (dot dashed blue line). With
a further increase of τi up to τi ≈ 0.5, the critical density vanishes ( fc = 0)
while the negative soliton cutoff remains finite ( fn = 0.12) (dotted blue line).
This means that from the value of τi ≈ 0.5 and larger, nonKdV negative soli-
tons coexist with KdV positive solitons without change of polarity ( fc = 0).
As τi approaches 1 the cutoff density ratio fn goes also to zero and the co-
existence region disappears completely (panel ( f ) of Fig. 4.2). Alternatively,
the density range supporting the propagation of negative solitons is reduced
with an increase in the ion temperature, and only positive solitons survive
when the ion thermal effects are significant.

4.3.2 Amplitudes of solitons and double layers

A simple way to check whether the soliton existence domains presented in
Fig. 4.2 are free of errors is to plot the pseudopotential for Mach numbers
ranging from the minimum value to the maximum value, and for a fixed value
of the density ratio. This is illustrated in Fig. 4.4 in which the pseudopoten-
tial plots are presented for the case of β = 0.5, τi = 10−4 (left panels) and
τi = 0.5 (right panels), corresponding to different values of density ratio, f :
f = 0.1 (upper panels), f = 0.4 (middle panels), and f = 0.5 (bottom panels).

Clearly, the results show solitons of both polarities, with their coexistence
at low values of f ( f . 0.4) when the ion thermal effects are moderate
(upper and middle panels). The results in panels (a) and (b), obtained for
f = 0.1 (low value of f ), show the existence of a positive soliton with finite
amplitude at the acoustic speed Ms = 1.3484 (panel (a), blue solid line),
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Figure 4.4: (Color online) Sagdeev pseudopotentials for plasma parameter values
obtained from the right panels of the existence domains presented in Fig. 4.2 (case
β = 0.5). Moving from the left to right panels, the effect of increasing the value of
τi is shown considering three different values of the density ratio, f , namely f = 0.1
((a) and (b)), f = 0.4 ((c) and (d)), and f = 0.5 ((e) and ( f )). The values of the
Mach numbers used to obtain the plots presented in each panel are discussed in the
text.
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with a switch of polarity (panel (b), blue solid line plotted at acoustic speed
Ms = 1.5226) due to an increase in the value of τi (i.e. an increase in the ion
thermal effects). The coexistence of solitons of both polarities is also shown
(dotted cyan lines), limited by the occurrence of a double layer (dashed green
lines), as predicted by the corresponding soliton existence domains (panels
(b) and (d) of Fig. 4.2). This is in agreement with the conclusion of Verheest
et al. [41] who pointed out that the occurrence of a soliton with finite
amplitude at the acoustic speed is a pre-requisite for nonlinear structures
of both polarities to coexist. However, as we will demonstrate in Section
4.3.3, there are special cases in which nonlinear structures of both polar-
ities may coexist without a soliton with finite amplitude at the acoustic speed.

The results presented in panels (c) and (d) of Fig. 4.4 have been obtained
considering a higher value of the density ratio, f , namely f = 0.4. For this
value of the density ratio, nonlinear structures coexist when the ion species
are cold (panel (c)) with a negative soliton at the acoustic speed Ms = 1.1953.
An increase in the value of τi to 0.5 (panel (d)) results in the disappearance of
the negative solitons at f = 0.4, hence the disappearance of the coexistence
region. This suggests that the coexistence of nonlinear structures supported
by the plasma model under consideration is possible when the electrons are
strongly nonthermal and when the ion thermal effects are low or moderate.
The lower panels (e) and ( f ) of Fig. 4.4 show KdV-like positive solitons
obtained for f = 0.5, as predicted by the soliton existence domains (Fig.
4.2). We note a significant decrease in the soliton amplitudes due to an
increase in the ion thermal effects.

The ion thermal effects on the soliton amplitudes are further explored in Fig.
4.5. This is a continuation of the interpretation of Fig. 4.1. From the right
panel of Fig. 4.1, the case for ion temperature τi = 10−4 gives the critical
density ratio fc = 0.333. In Fig. 4.5 we discuss ion thermal effects (variation
of τi) on the amplitudes of solitons at the acoustic speed for values of f < fc

and values of f > fc.
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Figure 4.5: (Color online) Soliton amplitude ϕmin at the acoustic speed versus ion
temperature for different values of density ratio f , 0.1 (solid line), 0.25 (dashed
line), 0.333 (dot dashed line) and 0.37 (dotted line). ϕmin vanishes at the critical
temperature τic and the negative soliton cutoff temperature τin corresponds to the
largest negative value of ϕmin.

The solid blue line is obtained at f = 0.1 smaller than fc = 0.333 when
τi = 10−4. At these values of plasma parameters, a positive soliton exists at
the acoustic speed with amplitude ϕmin = 0.59. When the ion temperature
increases, this amplitude decreases until it vanishes at a critical ion tempera-
ture of τic ≈ 0.28. For larger values of the ion temperature a negative soliton
exists at the acoustic speed and its amplitude increases with increasing ion
temperature until at τin ≈ 0.56 a double layer occurs at the acoustic speed,
terminating the range of ion temperature supporting nonKdV solitons. When
τi is larger than τin, only positive solitons are supported. The same trend
is observed for a value of f = 0.25 (blue dashed line) larger than 0.1 but
smaller than 0.333. However, in this case the vanishing of the positive
soliton amplitude and the cutoff of the negative soliton amplitude occur at
smaller values of τic and τin, 0.08 and 0.22, respectively. The shift of τic and
τin towards lower values continues until at fc = 0.333 (blue dot dashed line)
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and τi = 10−4 there is no soliton at acoustic speed. For this value, a negative
soliton appears at the acoustic speed as τi increases beyond 10−4 until a
cutoff occurs at τin = 0.09.

For values larger than fc we have taken the value f = 0.37 between
fc = 0.333 and fn = 0.4. For τi = 10−4, there is a negative soliton with
amplitude |ϕmin| = 0.15. This amplitude increases with increasing ion
temperature until at τin ≈ 0.043, a double layer occurs at the acoustic speed
terminating the range of ion temperature supporting nonKdV solitons at
f = 0.37.

Overall, the amplitudes of positive (negative) solitons at the acoustic speed
decrease (increase) with increasing ion temperature. The positive soliton am-
plitudes vanish at a critical ion temperature τic while there is a cutoff of neg-
ative soliton amplitudes at τin at which a double layer occurs at the acoustic
speed. For τi > τin, only positive solitons are supported for the corresponding
value of the density ratio f .

4.3.3 Nonlinear structures at the critical density ratio

Having analysed the general features of the nonlinear structures supported
by the plasma model under investigation, we now focus on these structures
at the critical value of the density ratio, fc ≈ 0.333. We present in the left
panel of Fig. 4.6 the plots of the pseudopotential obtained for fc ≈ 0.333
and Mach numbers ranging from the acoustic speed Ms = 1.2248 to the
Mach number Mdl = 1.23697 of the negative double layer. The limiting
positive potential associated with the ions is omitted for clarity reasons.
This figure clearly shows that the Sagdeev potential at the acoustic speed
(blue solid line) does not have the required convexity and does not yield
soliton formation. The green dotted line plotted at M = 1.23 > Ms shows
the possibility of having solitons of both polarities subjected to the initial
conditions. At M = Mdl = 1.23697 the negative soliton Mach number range
is terminated by the occurrence of a double layer (red dashed line). At the
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Figure 4.6: (Color online) Left panel: The Sagdeev pseudopotentials at the critical
density ratio fc = 0.333 plotted for Mach numbers ranging from the acoustic speed
Ms (solid blue line) up to the double layer Mach number Mdl (dashed red line).
The green doted line is plotted for Mach number M = 1.23 larger than Ms and
shows the coexistence of solitons of both polarities. The curve corresponding to the
limitation associated with the ions is not shown for clarity reasons. Right panel:
The Sagdeev pseudopotential at the acoustic speed plotted for different values of
the density ratio f : At critical density ratio fc = 0.333 where Ms = 1.2248 (solid
blue line), at f = 0.25 smaller than the critical value fc with Ms = 1.265 (dashed
green line) and at f = 0.4 larger than the critical value fc where Ms = 1.1953 (dot
dashed red line).

critical density ratio fc, solitons of both polarities coexist, but both are of
KdV-like in nature, that is to say, no soliton propagates at the acoustic speed.

For the values of the density ratio, f , that are close to the critical value fc,
positive and negative solitons exist at the acoustic speed. This is shown in
the right panel of Fig. 4.6. The dashed line (green colour online) shows a
plot of the pseudopotential obtained for f = 0.25, a value that is smaller than
the critical value fc. For this value, there is a finite amplitude positive soliton
at the acoustic speed with amplitude ϕmin ≈ 0.24. The figure shows that
the soliton amplitude at Ms increases from ϕmin ≈ 0 at the critical density
fc ≈ 0.333, to ϕmin ≈ 0.24 at f= 0.25 and finally to ϕmin ≈ 0.59 at f = 0.1
(not shown in the figure).
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Figure 4.7: (Color online) The Sagdeev pseudopotentials at the negative soliton
cutoff density ratio fn = 0.408 when τi = 10−4. A double layer occurs at the acoustic
speed Ms = 1.1918 with amplitude |ϕdl| ≈ 0.534 (solid blue line). At a slightly
larger Mach number value M = 1.1919 (black dashed line) no negative soliton but a
positive soliton with small amplitude. The dot dashed red line represents a positive
soliton at M = 1.2 > Ms.

Considering values of the density ratio, f , greater than fc we find negative
solitons at the acoustic speed, Ms, whose amplitudes increase with increas-
ing f . For f = 0.34 the soliton amplitude is |ϕmin| ≈ 0.037, increasing up to
|ϕmin| ≈ 0.358 for f = 0.4. The range of these nonKdV-like negative solitons
is ended by the occurrence of a double layer at f ≡ fn = 0.408. This double
layer occurs at the acoustic speed, with finite amplitude |ϕdl| ≈ 0.534 as is
shown in Fig. 4.7 (solid blue line). For Mach number larger than Ms negative
solitons do not occur (dashed black line) while positive solitons are supported
(dot dashed red line). For f > fn, only positive solitons are supported. This
shows that the amplitude of positive solitons at the acoustic speed increases
with decreasing density ratio as you move from the critical density ratio (i.e.,
for f < fc). Similarly, for values of f > fc, amplitudes of negative solitons at
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the acoustic speed increase as we increase f . In summary, the soliton ampli-
tude at Ms increases away from the critical density ratio, fc.

4.4 Summary and conclusion

Using the arbitrary amplitude pseudopotential approach, we have investi-
gated dust ion acoustic solitary waves and double layers in a dusty plasma
with adiabatic positive dust, adiabatic positive ion species and Cairns-
distributed electrons. While some of our results are qualitatively similar to
those found in earlier studies, for example Verheest et al., [41] who studied
a plasma composed of two cold positive ion species and Cairns-distributed
electrons, there are also some interesting results.
1. This plasma model supports the coexistence of nonlinear structures of
both polarities for a range of parameter values, in agreement with earlier
findings, [41] for closely related plasma configurations. Results from earlier
studies [41] show that the existence of a soliton with finite amplitude at the
acoustic speed is a prerequisite for the coexistence of nonlinear structures of
both polarities. However, we have found a case in which nonlinear structures
of both polarities coexist without a soliton with finite amplitude at the acous-
tic speed. This occurs at the critical value of the density ratio, at which the
third derivative of the Sagdeev pseudopotential changes the sign;.
2. When the electrons are strongly nonthermal with moderate ion tempera-
ture, positive nonKdV and negative KdV solitons coexist at low values of
density ratio f with switch of polarities at a critical density ratio fc, at which
the third derivative of the Sagdeev pseudopotential vanishes. While positive
solitons exist for the whole range of density ratio 0 < f < 1, negative solitons
are cutoff at density ratio fn at which a double layer occurs at the acoustic
speed. Increasing ion thermal effect shifts the coexistence region to lower
values of the density ratio, f , leading first to the vanishing of the critical
point fc and therefore to the coexistence of both types of solitons without
switch of polarities, and when the ion thermal effects become important,
negative solitons disappear and only positive solitons survive.
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3. The amplitude of positive solitons at the acoustic speed increases with
decreasing density ratio as you move from the critical density ratio (i.e., for
f < fc). Similarly, for values of f > fc, amplitudes of negative solitons at
the acoustic speed increase as we increase f until a negative soliton cutoff
occurs at fn. Overall the soliton amplitude at Ms increases away from the
critical density ratio, fc.

4. When the ion temperature increases, the amplitude of positive soliton at the
acoustic speed decreases at a fixed density ratio until it vanishes at a critical
ion temperature τic. For larger values of τi there are negative solitons at the
acoustic speed whose amplitudes increase with increasing ion temperature
until at the cutoff of negative solitons, a double layer at the acoustic speed
occurs.
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5.1 Summary

The PhD thesis aimed to investigate the existence and propagation of linear
and nonlinear ion acoustic waves in some multispecies plasmas, viz. in a
negative ion plasma (Chap. 2 & 3), and in a dusty plasma (Chap. 4).

We have first considered a negative ion plasma, composed of adiabatic
positive and adiabatic negative ions and nonthermal electrons distributed
according to kappa distribution. Also called the generalised Lorentzian
distribution, the kappa distributiopn is characterised by the spectral index
κ that shows the departure from the Maxwellian distribution. Its values
range from κ = 3/2 up to very large (∞). Very large values indicate an
almost Maxwellian distribution. As the spectral index decreases, the amount
of nonthermal particles in the distribution increases and values larger but
close to 3/2 indicate a strongly non Maxwellian distribution. Negative ion
plasmas are numerous in space, astrophysical and laboratory conditions.
Nonthermal distributions of particles have also been identified in many
natural environments.

The plasma was treated using the multifluid approach, retaining the ion iner-
tia while electrons contribute via their thermal motion. It is well known that
a plasma composed of electrons and two ion species with at least one of them
having a finite temperature supports two ion acoustic modes, the fast and the
slow modes with the ordering

vtc < vslow < vth < v f ast < vte (5.1)

where vtc,vth and vte are the thermal speeds of cooler ions, hotter ions and
electrons respectively while v f ast and vslow are the phase speeds of the fast
and the slow modes, respectively. We have investigated in details both the
fast and the slow modes.

In the linear approximation, the dispersion relation has been derived. This
relation determines the possible plane wave phase speed as a function of
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plasma parameters. However linearisation does not account for nonlinear
behaviour of the plasma which is nonetheless an important aspect. Details of
the derivation of the linear dispersion relation are given in appendix A.

Using the reductive perturbation method, we have also derived the KdV
equation and obtained the nonlinear and dispersion coefficients as functions
of the plasma parameters. The polarity of the KdV solitons is determined
by the sign of the nonlinear coefficient, while the dispersion coefficient was
found to remain positive for all values of the plasma parameters.

Another important method in the study of nonlinear waves is the Sagdeev
pseudopotential method. Using this method, one can investigate the exis-
tence and propagation of small and large amplitude nonlinear structures.
Furthermore, this method offers the possibility to determine the possible
range of phase speeds supporting the propagation of those nonlinear
structures. The lower limit of this range coincides with the linear phase
speed determined from the linear method or from the reductive perturbation
method. The upper limit of the phase speed range arises from the condition
that density of inertial species remains real valued function. This condition
is equivalent to the requirement that the inertial species reaches its sonic
point, at which the flow is choked.

The fast mode is known to support the propagation of only positive solitons
when the negative ion density is low, the propagation of negative solitons
when the negative ion density is high, and it supports both polarity solitons in
what is known as the coexistence region for intermediate values of negative
ion density. After confirming this result for cold ions, we have investigated
the ion thermal and electron superthermal effects on these soliton existence
domains. In particular we have found that when ion thermal effects are
important, a negative ion plasma with strongly non Maxwellian electrons
supports only negative solitons.

We have based the slow mode on the results obtained by Ichiki et al., viz. that
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the slow mode can be experimentally observed in a negative ion plasma, if
the negative ions are lighter than positive ions. We have found that the slow
mode in a negative ion plasma supports three types of nonlinear structures.
Standard solitons are supported from low to high values of negative ion
density. They are limited by the occurrence of positive ion sonic point for
low to intermediate negative ion density, and by double layer for high values
of negative ion density. Double layers do not occur only as the limiting factor
to the standard soliton amplitude, they appear also as the lower limit to a set
of supersolitons for a narrow range of negative ion density. Supersolitons are
limited on the lower side either by double layer or the coalescence of two
consecutive extrema, and on the upper side by the occurrence of positive
ion sonic point or by the coalescence of two consecutive extrema. We have
carried out a comprehensive analysis of the effects of ion temperature and
electron superthermality on the existence and propagation of these nonlinear
structures.

Another multispecies plasma model that has been thoroughly investigated
for the existence and propagation of nonlinear structures is a dusty plasma
with positively charged cold dust, adiabatic positive ion species and Cairns
distributed electrons. Although in many situations the dust in a dusty plasma
is negatively charged, It is well known that it can be positively charged by
photoionisation mechanism. This plasma configuration supports the propa-
gation and the coexistence of positive and negative dust ion acoustic solitons
when electrons are strongly non thermal. Positive solitons are limited by the
occurrence of positive ion sonic point while negative solitons are limited by
the occurrence of double layer. Coexistence exists at low to intermediate val-
ues of dust-to-positive ion equilibrium density ratio f . Non KdV positive and
KdV negative solitons coexist up to a critical dust-to-positive ion equilibrium
density ratio fc, at which there is switch of polarity with KdV positive and
non KdV negative soliton coexistence for f > fC. There is a density ration
fn such that fc < fn at which the coexistence vanishes and only positive soli-
tons are supported. In many situations, the coexistence of opposite polarity
solitons is accompanied by the existence of a solitary wave at the acoustic
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speed. We have shown that at the critical density ratio fc, solitons of both po-
larities coexist although there is no soliton at the acoustic speed. The effects
of the dust-to-positive ion density ratio f and ion temperature on the soliton
existence domain, amplitude and width have been investigated and reported.

5.2 Future work

Negative ion plasmas are very common in space, laboratory and industrial
conditions. The investigation of the wave propagation in theses plasmas is
thus vital to human technology to be used in space and on Earth. We have in-
vestigated in detail the propagation of the fast and slow ion acoustic electro-
static waves in an unmagnetized negative ion plasma with kappa distributed
electrons. However most of space plasmas are magnetised. A further develop-
ment of our study can therefore focus on the propagation of electromagnetic
waves in a negative ion plasmas with superthermal electrons. Furthermore,
different other mechanisms like collisions between plasma particles and fluid
viscosity leading to the energy dissipation could be considered. Considera-
tion of these and other different aspects can improve our results and bring
more light on the nonlinear wave propagation in a negative ion plasma. Re-
garding the dusty plasmas, our work can be extended by considering the low
frequency dust acoustic mode without and in the presence of a magnetic field.
Inclusion of the charging currents would also bring new effects that are not
studied up to date.
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A.1 Linear approximation

The fluid equations that describe the behaviour of the plasma are nonlinear
and their analytical solutions are not easy if not impossible to find. However,
information on the plasma behaviour can be found by linearising those
nonlinear equation, in which case an analytical solution can be found, or by
considering small amplitude waves in which case the system can be reduced
to a nonlinear partial differential equation with an exact analytical solution.
In appendices A, B and C, we discuss successively the linearised fluid equa-
tion, then the small amplitude approximation resulting in KdV equation, and
small amplitude approximation from the Sagdeev pseudopotential point of
view. For this we consider the fast mode in a negative ion plasma considered
in chapter 2. The plasma model consists of a one dimensional (x direction)
unmagnetized, collisionless negative ion plasma comprising singly charged
negative ions, positive ions and electrons distributed according to kappa
distribution [1]. The plasma is treated in the fluid approach, in which it is
made of three interpenetrating fluids, a fluid of electrons, a fluid of negative
ions and a fluid of positive ions.

We neglect the electron inertial effects and their contribution comes from
their thermal motion. Therefore the density of electrons in a electrostatic po-
tential Φ is given by

Ne = ne0

[
1− 2eΦ

(2κ−3)Te

]−(κ−1/2)

, (A.1)

where ne0 is the electron equilibrium density, Te is the electron temperature,
expressed in units of energy, Φ is the electrostatic potential, and e is the ele-
mentary charge. For the ion species, we retain their inertia and the dynamics
of the model is governed by the one dimensional fluid equations of continuity
and momentum for both ion species,

∂Nn

∂ t
+

∂ (NnUn)

∂x
= 0, (A.2)

Nnmn

[
∂Un

∂ t
+Un

∂Un

∂x

]
=−zeNn

∂Φ

∂x
− ∂ pn

∂x
, (A.3)
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∂Np

∂ t
+

∂ (NpUp)

∂x
= 0, (A.4)

Npmp

[
∂Up

∂ t
+Up

∂Up

∂x

]
=−eNp

∂Φ

∂x
−

∂ pp

∂x
, (A.5)

and the electron and ion densities are coupled by Poisson’s equation

ε0
∂ 2Φ

∂x2 = eNe− ezNn− eNp. (A.6)

In these equations, x and t are spatial and time coordinates respectively,
Un,Up,Tn,Tp, Nn,Np,nn0,np0 are the speed, temperature, density and
equilibrium density of negative and positive ion species, respectively, and p j

(j = negative, positive) is the jth ion species thermal pressure. The parameter
z introduced in these equations can have values ±1. When z =−1, equations
(A.2) to (A.6) model a negative ion plasma, which is the subject of study
in chapters 2 and 3. When z = +1, equations (A.2) to (A.6) model a two
positive ion plasma as studied by Nsengiyumva et al. [2].

The system of equations (A.2) to (A.6) is closed by an equation of state,
relating the jth ion species thermal pressure to the corresponding ion species
density. We have assumed, in Eq.(A.3) and (A.5), negative and positive ions
to be adiabatic with polytropic index γ = 3, and the relation between the fluid
thermal pressure of the jth ion species and its density to be of the form

p j ∝ N3
j . (A.7)

With this relation, the compression of the jth plasma component in Eqs. (A.3)
and (A.5) has the form [3]

∇.p j

p j
= γ

∇.N j

N j
, (A.8)

where the unperturbed pressure is defined as p j0 = n j0Tj.

Equations (A.2) to (A.6) constitute a system of nonlinear partial differential
equations. A first insight in the properties of its solution can be obtained by
studying the behaviour of small perturbations in the linear approximation. In

188



APPENDIX A. LINEAR APPROXIMATION

this approximation, we first assume that far from the perturbation, the plasma
is neutral and in equilibrium. Then near the perturbation, plasma variables
can be written in the linear approximation as

N j = n j0 + N j1,

U j = U j1,

E = E1,

Φ = Φ1,

(A.9)

where N j1,U j1,E1 and Φ1 are small perturbations of density, velocity, electric
field and electrostatic potential, respectively. After replacing (A.9) into (A.2)
to (A.6) and restricting to the first order of the perturbation, the system takes
the form

∂Nn1

∂ t
+nn0

∂Un1

∂x
= 0, (A.10)

Nn0mn
∂Un1

∂ t
=−zenn0

∂Φ1

∂x
−Tn

∂Nn1

∂x
, (A.11)

∂Np1

∂ t
+Np0

∂Up1

∂x
= 0, (A.12)

Np0mp
∂Up1

∂ t
=−eNp0

∂Φ1

∂x
−Tp

∂Np1

∂x
, (A.13)

ε0
∂ 2Φ1

∂x2 = e(ne0 +Ne1)− ez(nn0 +Nn1)− e(np0 +Np1). (A.14)

We also assume that these small perturbations are in the form of the plane
waves,

Fj1 = F̂j1ei(kx−ωt), (A.15)

where Fj1 is any of the perturbed quantities, F̂j1 is the corresponding am-
plitude, k is the wave vector, ω is the wave angular frequency and i is the
imaginary unit such that i2 =−1. The plane wave assumption has the advan-
tage of converting the system of differential equations (A.10) to (A.14) into
a system of algebraic equations by the replacements ∂Fj1/∂ t =−iωFj1 and
∂Fj1/∂x = ikFj1. The negative ion continuity equation (A.10) thus becomes

− iωN̂n1 + iknn0Ûn1 = 0, (A.16)
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from which the amplitude of the flow velocity is

Ûn1 =
ω

knn0
N̂n1. (A.17)

Replacement of the plane wave ansatz in the negative ion momentum equa-
tion (A.11) yields the equation

− iωÛn1 =−
ze
mn

ikΦ̂1−
Tn

nn0mn
ikN̂n1, (A.18)

Solving for N̂n1 in (A.18) with Ûn1 given by (A.17) we get

N̂n1 =
zenn0

mn

Φ̂1

V 2− v2
tn
, (A.19)

where vtn = Tn/mn is the negative ion thermal speed and V =ω/k is the wave
phase speed. Similarly from equations (A.4) and (A.5), we get the amplitude
of the positive ion density oscillations as a function of the amplitude of the
electrostatic potential as

N̂p1 =
enp0

mp

Φ̂1

V 2− v2
t p
, (A.20)

where vt p = Tp/mp is the positive ion thermal speed. To solve the Poisson’s
equation (A.6), we first expand the electron density (A.1) in powers of the
electrostatic potential up to the first order:

N̂e = ne0

[
1+

2κ−1
2κ−3

e
Te

Φ̂1

]
. (A.21)

Now replacing (A.19),(A.20) and (A.21) in Eq. (A.6), we arrive at the
following expression:

ε0mnmp

(
k2 + 2κ−1

2κ−3
1

λ 2
De

)
ω4

k4 − ω2

k2

[
e2mnnp0

+z2e2mpnn0 + ε0

(
k2 + 2κ−1

2κ−3
1

λ 2
De

)
(mnTp +mpTn)

]
+ε0

[
k2 + 2κ−1

2κ−3
1

λ 2
De

]
TnTp + e2Tnnp0 + z2e2Tpnn0 = 0,

(A.22)
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Figure A.1: The ratio λDe,κ/λDe (vertical axis) versus κ (horizontal axis). As the
electron superthermality increases, i.e. as κ decreases, the modified electron Debye
length approaches the electron Debye length.

where λDe =
(
ε0Te/e2ne0

)1/2 is the electron Debye length, and

λDe,κ =
2κ−3
2κ−1

λDe (A.23)

is the electron Debye length, modified by the electron superthermality. It
shows that the superthermal behaviour of electrons increases the plasma
shielding by reducing the electron Debye length. Fig. A.1 shows the ratio
of the modified Debye length to the electron Debye length as a function of
the spectral index κ . It shows that when κ → ∞, λDe,κ → λDe.

Equation (A.22) is the linear dispersion relation for low-frequency ion-
acoustic wave, propagating on a background of uniformly distributed elec-
trons. For κ→ ∞ (Maxwell distributed electrons) and z = 1, it is the same as
equation (3.6) of Nsengiyumva et al. [2]. In the superhot approximation, the
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electron temperature is much larger than the ion temperatures Te � Tj and
we can neglect the ion temperatures Tn = Tp = 0. In this case the ion acoustic
phase speed is found as

ω2

k2 =
Te

[
np0
ne0

1
mp

+ nn0
ne0

z2

mn

]
2κ−1
2κ−3 + k2λ 2

De
. (A.24)

Eq. (A.24) shows that the ion acoustic speed decreases when the electron
superthermality increases. The modification of the Debye length by the
electron superthermality has thus a direct effect on the propagation of
the ion acoustic waves. We note here that in the absence of the electron
superthermality (κ → ∞), the decrease of the Debye length leads to an
increase of the wave phase speed. In the long wavelength limit, kλDe,κ � 1
and the phase wave speed equals the group wave speed

ω

k
=

∂ω

∂k
=

√√√√Te

[
np0
ne0

1
mp

+ nn0
ne0

z2

mn

]
2κ−1
2κ−3

. (A.25)

On the other hand, in the limit of large wave vectors, kλDe,κ � 1, and only
standing wave oscillations are possible with frequencies

ωpi =
√

ω2
p + z2ω2

n , (A.26)

where ω2
p = e2npo/ε0mp and ω2

n = z2e2nno/ε0mn are the positive and neg-
ative ion plasma oscillation frequency, respectively. This frequency, which
is different from the electron plasma frequency determines the simultaneous
oscillations of negative and positive ions in the negative ion plasma.
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B.1 Derivation of KdV equation

B.1.1 Normalisation of the basic equations

The linear theory ignores the non-linear terms in the linearised equa-
tions and therefore does not describe the plasma behaviour aris-
ing due to non-linearity. A first step in accounting for non-linearity
in fluid equations is to use reductive perturbation theory to study
the small amplitude nonlinear structure solution of the model equa-
tions. This is better done by considering dimensionless variables. Ac-
cordingly Eqs. (A.2)-(A.6) have been normalised as follows: The
space coordinate x has been normalised by the electron Debye length
λDe = (ε0Te/ne0e2)

1
2 ; the time has been normalised by the inverse

of the effective ion plasma frequency ωpi = (ne0e2β/ε0mp)
1
2 , where

β = µ+αz2

µ(1+αz) ; the velocities have been normalised by the ion sound ve-

locity in the mixture cs ≡ ωpiλDe = (Teβ/mp)
1
2 ; the electrostatic po-

tential has been normalised by the thermal potential Te/e, the densities
Nn, Np, and Ne have been normalised by their respective equilibrium
densities nn0, np0, and ne0. We have also introduced the dimensionless
variables: µ = mn/mp is the the negative ion to positive ion mass ra-
tio, σ j = Tj/Te is the ion-to-electron temperature ratio ( j = n, p), and
the variable α = nn0/np0 is the negative to positive ion equilibrium
density ratio. For a negative ion plasma, 0 < α < 1. The relation be-
tween the variables and their dimensionless counterparts are therefore
as following: 

x = λDex
′,

t = t ′
ωp
,

U j = csu j,

Φ = Te
e ϕ,

N j = n j0n j.

(B.1)

Space and time derivatives become

∂

∂x = ∂

∂x′
∂x′
∂x = 1

λDe

∂

∂x′ ,
∂

∂ t = ∂

∂ t ′
∂ t
∂x = ωp

∂

∂ t ′ .
(B.2)
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With this normalisation and dropping the primes on the space and time
coordinates, the fluid equations take the form

∂nn

∂ t
+

∂ (nnun)

∂x
= 0, (B.3)

∂un

∂ t
+un

∂un

∂x
=− z

µβ

∂ϕ

∂x
− 3σn

µβ
nn

∂nn

∂x
, (B.4)

∂np

∂ t
+

∂ (npup)

∂x
= 0, (B.5)

∂up

∂ t
+up

∂up

∂x
=− 1

β

∂ϕ

∂x
−

3σp

β
np

∂np

∂x
, (B.6)

and the dimensionless Poisson’s equation

∂ 2ϕ

∂x2 = ne−
αz

1+αz
nn−

1
1+αz

np, (B.7)

where ne is the dimensionless density of kappa-distributed elec-
trons [1]

ne =

[
1− 2ϕ

2κ−3

]−κ+ 1
2

. (B.8)

In Eqs. (B.4) and (B.6), we have used the adiabatic pressure density
relation with polytropic index γ = 3, that is,

p jn−3
j = p j0n−3

j0 = constant, (B.9)

where the unperturbed pressure of the jth adiabatic species is defined
as [2] p j0 = n j0Tj and the normalised boundary conditions for lo-
calised structures are

un(∞) = un0 = 0; up(∞) = up0 = 0;
nn(∞) = nn0 = 1; np(∞) = np0 = 1;
ϕ(∞) = dϕ

dx (∞) = φ0 = 0.

(B.10)
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B.1.2 Reductive perturbation

To solve the system of equations (B.3) to (B.7), we follow Washimi
and Taniuti [3] and introduce the stretched coordinates:{

ξ = ε
1
2 (x−Mst),

τ = ε
3
2 t,

(B.11)

where Ms is the sound speed in the plasma, normalised by the positive
ion sound speed cs = (Teβ/mp)

1
2 , ε is a small expansion parameter

proportional to the amplitude of the perturbation. The derivative rela-
tive to these new coordinates are obtained using the chain rule:

∂

∂x = +ε1/2 ∂

∂ξ
,

∂

∂ t = −ε1/2Ms
∂

∂ξ
+ ε3/2 ∂

∂τ
.

(B.12)

In the reductive perturbation method, the variables in Eq. (B.3) to
(B.7) are expressed as power series of ε as

nn = 1 +εnn1 +ε2nn2 +ε3nn3 + · · · ,
np = 1 +εnp1 +ε2np2 +ε3np3 + · · · ,
un = εun1 +ε2un2 +ε3un3 + · · · ,
up = εup1 +ε2up2 +ε3up3 + · · · ,
ϕ = εϕ1 +ε2ϕ2 +ε3ϕ3 + · · · .

(B.13)

and the electron density ne, found after expanding Eq. (B.8) in Taylor
series up to the third order of perturbation has the form

ne = 1+
2κ−1
2κ−3

ϕ+
(2κ−1)(2κ +1)

2(2κ−3)2 ϕ
2+

(2κ−1)(2κ +1)(2κ +3)
6(2κ−3)3 ϕ

3.

(B.14)

We now introduce the stretched coordinates (B.11) and derivatives rel-
ative to stretched coordinates (B.12) as well the the expansions (B.13)
and (B.14) in normalised equations (B.3) to (B.7). After collecting the
coefficients under the same power of the small parameter ε we get the
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next system of equations:
The negative ion continuity equation

ε3/2
[
−Ms

∂nn1
∂ξ

+ ∂un1
∂ξ

]
+ε5/2

[
∂nn1
∂τ

+ ∂nn1un1
∂ξ

−Ms
∂nn2
∂ξ

+ ∂un2
∂ξ

]
+ε7/2

[
∂nn1un2

∂ξ
+ ∂nn2un1

∂ξ
+ ∂nn2

∂ξ
−Ms

∂nn3
∂ξ

+ ∂un3
∂ξ

]
+ · · · = 0.

(B.15)
The negative ion momentum equation

ε3/2
[
−Ms

∂un1
∂ξ

+ z
µβ

∂ϕ1
∂ξ

+3σn
µβ

∂nn1
∂ξ

]
+ ε5/2

[
∂un1
∂τ

+un1
∂un1
∂ξ

+3σn
µβ

nn1
∂nn1
∂ξ
−Ms

∂un2
∂ξ

+ z
µβ

∂ϕ2
∂ξ

+ 3σn
µβ

∂nn2
∂ξ

]
+ε7/2

[
3σn
µβ

nn1
∂nn2
∂ξ

+3σn
µβ

nn2
∂nn1
∂ξ

+un1
∂un2
∂ξ

+un2
∂un1
∂ξ

+ ∂un2
∂τ
−Ms

∂un3
∂ξ

+ z
µβ

∂ϕ3
∂ξ

+3σn
µβ

∂nn3
∂ξ

]
+ · · · = 0.

(B.16)
The positive ion continuity equation

ε3/2
[
−Ms

∂np1
∂ξ

+
∂up1
∂ξ

]
+ε5/2

[
∂np1
∂τ

+
∂np1up1

∂ξ
−Ms

∂np2
∂ξ

+
∂up2
∂ξ

]
+ε7/2

[
∂np1up2

∂ξ
+

∂np2up1
∂ξ

+
∂np2
∂ξ
−Ms

∂np3
∂ξ

+
∂up3
∂ξ

]
+ · · · = 0.

(B.17)
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The positive ion momentum equation

ε3/2
[
−Ms

∂up1
∂ξ

+ 1
β

∂ϕ1
∂ξ

+
3σp
µβ

∂np1
∂ξ

]
+ ε5/2

[
∂up1
∂τ

+up1
∂up1
∂ξ

+
3σp
µβ

np1
∂np1
∂ξ
−Ms

∂up2
∂ξ

+ 1
β

∂ϕ2
∂ξ

+
3σp
µβ

∂np2
∂ξ

]
+ε7/2

[
3σn
µβ

nn1
∂nn2
∂ξ

+
3σp
µβ

np2
∂np1
∂ξ

+up1
∂up2
∂ξ

+up2
∂up1
∂ξ

+
∂up2
∂τ
−Ms

∂up3
∂ξ

+ 1
β

∂ϕ3
∂ξ

+
3σp
µβ

∂np3
∂ξ

]
+ · · · = 0.

(B.18)
The Poisson’s equation

ε0 [1− αz
1+αz −

1
1+αz

]
+ ε1 [2κ−1

2κ−3ϕ1− αz
1+αznn1− 1

1+αznp1
]

+ε2 [2κ−1
2κ−3ϕ2 + (2κ−1)(2κ+1)

2(2κ−3)2 ϕ2
1 −

αz
1+αznn2− 1

1+αznp2− ∂ 2ϕ1
∂ξ 2

]
+ε3

[
2κ−1
2κ−3ϕ3 +

(2κ−1)(2κ+1)
(2κ−3)2 ϕ1ϕ2 + (2κ−1)(2κ+1)(2κ+3)

6(2κ−3)3 ϕ3
1

− αz
1+αznn3− 1

1+αznp3− ∂ 2ϕ2
∂ξ 2

]
+ · · · = 0.

(B.19)
It s worth mentioning that in Eqs. (B.15) to (B.19), the coefficient
of the lowest power of ε , i.e the coefficient of ε0 = 1 contains only
the equilibrium quantities; the coefficient of the first non-zero power
of ε contains only first order perturbed quantities, e.g. n j1, u j1 and
ϕ1. Example: the lowest non-zero power of ε is 3/2 in continuity
and momentum equations. The corresponding coefficients for negative
ions are successively

−Ms
∂nn1
∂ξ

+ ∂un1
∂ξ

,

−Ms
∂un1
∂ξ

+ z
µβ

∂ϕ1
∂ξ

+ 3σn
µβ

∂nn1
∂ξ

.

(B.20)

Only first perturbed quantities enter in these coefficients. The coeffi-
cients of the second non-zero power of ε contains both second order
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and first order perturbed quantities, that of the third non-zero power of
ε contains the first, the second, the third and a combination of the first
and second order perturbations. The same applies for higher power
of ε . Because ε is a non-zero expansion coefficient, Eqs. (B.15) to
(B.19) are verified only if the coefficients under the different powers
of ε vanish. Under these cicumstances we can solve successively for
the perturbed quantities by first solving for the equilibrium quantities,
which enable to solve for the first perturbed quantities under the first
non-zero power of ε and so on.

B.1.3 KdV equation derivation

To derive the KdV equation for the negative ion plasma, we succes-
sively solve for the perturbed quantities, starting by the zero order
perturbation. From the boundary conditions (B.10) and expansion
(B.13), it is evident that far from the perturbation n jk(∞) = 0
( j = n, p;k = 1,2,3, ...), u jk(∞) = 0 and ϕk(∞) = 0.

From the zeroth power of ε present only in the Poisson’s equation, we
get the relation

1− αz
1+αz

− 1
1+αz

= 0. (B.21)

This is the charge neutrality condition and tells us that when the
plasma is unperturbed the overall charge density is zero.

At the first non-zero power of ε in the continuity equations for nega-
tive and positive ions, equating their coefficients to zero results in two
partial differential equations in first order perturbed velocities u j1 and
first order perturbed densities n j1. Integration of these equations to-
gether with boundary conditions yields a relation between u j1 and n j1.
We then use these relations in equations resulting from consideration
of the first non-zero power of ε in the momentum equations for neg-
ative and positive ions and obtain partial differential equations whose
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solutions yield a dependence of n j1 and u j1 on the perturbed electro-
static potential ϕ1 as

nn1 =
z

µβ

ϕ1

M2
s − 3σn

µβ

, (B.22)

un1 =
z

µβ

Mϕ1

M2
s − 3σn

µβ

, (B.23)

np1 =
1
β

ϕ1

M2
s −

3σp
β

, (B.24)

up1 =
1
β

Mϕ1

M2
s −

3σp
β

. (B.25)

Insertion of (B.22) and (B.24) in the equation resulting from the first
non-zero power of ε in Poisson’s equation yields the dispersion rela-
tion

2κ−1
2κ−3

− αz2

µβ (1+αz)
1

M2
s − 3σn

µβ

− 1
β (1+αz)

1

M2
s −

3σp
β

= 0. (B.26)

This equation is valid provided the acoustic speed Ms is different
from the thermal speeds of positive and negative ions,

√
3σp/β and√

3σn/µβ , respectively. Excluding these values, Eq. (B.26) can be
rewritten as

M4
s −M2

s

[
3σp

β
+

3σn

µβ
+

2κ−3
2κ−1

]
+

9σpσn

µβ 2 +
2κ−3
2κ−1

(3αz2σp +3σn)

µβ 2(1+αz)
= 0.

(B.27)
This is a quadratic equation in M2

s and can be solved to yield

M2
s,± =

3σp
2β

+ 3σn
2µβ

+ 2κ−3
2(2κ−1) ±

1
2

{[
3σp
β

+ 3σn
µβ

+ 2κ−3
2κ−1

]2

−4
[

9σpσn
µβ 2 + 2κ−3

2κ−1
(3σpαz2+3σn)

µβ 2(1+αz)

]}1/2
,

(B.28)

where in M2
s,± the plus sign corresponds to the fast mode and the minus

sign corresponds to the slow mode. When the negative ion species is
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negligible α → 0, the slow mode disappears and the fast mode Mach
number reduces to

M2
s = 3σp +

2κ−3
2κ−1

. (B.29)

This is the ion acoustic dispersion relation for a two component
plasma with adiabatic positive ions and superthermal electrons, having
a generalised Lorentzian distribution. When electrons are Maxwellian,
equation (B.29) in dimensional quantities has the form:

ω2

k2 =
Tp +Te

mp
, (B.30)

which is the usual form of ion acoustic Mach number of a two compo-
nent plasma.
When positive ions are cold equation (B.29) recovers Eq. (21) of
Saini2009 et al. [4]

M2
s =

2κ−3
2κ−1

, (B.31)

who investigated the ion acoustic waves in a two component plasma
with cold ions and superthermal electrons.

Equations obtained from the second non-zero power of ε contain
second and first order perturbations. For the negative ions continuity
and momentum equations, we obtain

∂nn1

∂τ
+

∂nn1un1

∂ξ
−Ms

∂nn2

∂ξ
+

∂un2

∂ξ
, (B.32)

and

∂un1

∂τ
+un1

∂un1

∂ξ
+

3σn

µβ
nn1

∂nn1

∂ξ
−Ms

∂un2

∂ξ
+

z
µβ

∂ϕ2

∂ξ
+

3σn

µβ

∂nn2

∂ξ
.

(B.33)
These two equations contain three unknown second order perturba-
tions nn2, un2 and ϕ2 in addition to known first order perturbations nn1

and un1. As a first step, we eliminate the second order velocity pertur-
bation un2 by multiplying (B.32) by Ms and adding the result to Eq.
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(B.33). We obtain an equation with unknown nn2 and ϕ2:

M ∂nn1
∂τ

+ ∂un1
∂τ

+ 1
2

∂u2
n1

∂ξ
+ 3σn

2µβ

∂n2
n1

∂ξ
+M ∂ (nn1un1)

∂ξ

+
[

3σn
2µβ
−M2

]
∂nn2
∂ξ

+ z
µβ

∂ϕ2
∂ξ

= 0.

(B.34)

This is a partial differential equation in unknown second order per-
turbations nn2 and ϕ2. We can eliminate ∂ϕ2/∂ξ by considering the
equation from the second non-zero power of ε in the Poison’s equation

2κ−1
2κ−3

ϕ2 +
(2κ−1)(2κ +1)

2(2κ−3)2 ϕ
2
1 −

αz
1+αz

nn2−
1

1+αz
np2−

∂ 2ϕ1

∂ξ 2 .

(B.35)
After differentiating (B.35) relative to space coordinate x, we find that

∂ϕ2
∂x = 2κ−3

2κ−1
∂ 3ϕ1
∂ξ 3 − 2κ+1

2κ−3ϕ1
∂ϕ1
∂ξ

+ αz(2κ−3)
(1+αz)(2κ−1)

∂nn2
∂ξ

+ 2κ−3
(1+αz)(2κ−1)

∂np2
∂ξ

= 0.

(B.36)

Plugging (B.36) into (B.34) we get

αn−
[

M2
s −

2σn

µβ
− αz2(2κ−3)

µβ (1+αz)(2κ−1)

]
∂nn2

∂ξ
+

z(2κ−3)
µβ (1+αz)(2κ−1)

∂np2

∂ξ
= 0.

(B.37)
where αn depends only on first order perturbation quantities that are
known in terms of the first order potential perturbation ϕ1. The final
expression for αn has the form

αn = 2Msz
µβ (M2

s− 3σn
µβ

)

∂ϕ1
∂τ

+ (2κ−3)z
µβ (2κ−1)

∂ 3ϕ1
∂ξ 3

+

[
3M2

s z2+ 3σnz2
µβ

µ2β 2(M2
s− 3σn

µβ )2
− (2κ+1)z

µβ (2κ−3)

]
ϕ1

∂ϕ1
∂ξ

.

(B.38)

Repeating the same process for the positive ion continuity and mo-
mentum equations obtained from the second non-zero power of ε , we
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get the equation

αp−
[

M2
s −

2σ

β
− 2κ−3

β (1+αz)(2κ−1)

]
∂np2

∂ξ
+

αz(2κ−3)
β (1+αz)(2κ−1)

∂nn2

∂ξ
= 0.

(B.39)
where

αp = 2Ms

β (M2
s−

3σp
β

)

∂ϕ1
∂τ

+ (2κ−3)
β (2κ−1)

∂ 3ϕ1
∂ξ 3

+

[
3M2

s +
3σp

β

β 2(M2
s−

3σp
β )2

− (2κ+1)
β (2κ−3)

]
ϕ1

∂ϕ1
∂ξ

.

(B.40)

At this level we observe that the dispersion relation can also be written
as [

M2
s − 3σn

µβ
− αz2(2κ−3)

µβ (1+αz)(2κ−1)

][
M2

s − 2σ

β
− 2κ−3

β (1+αz)(2κ−1)

]
− αz2(2κ−3)2

µβ 2(1+αz)2(2κ−1)2 = 0.
(B.41)

This allows to eliminate at the same time the second order perturba-
tions nn2 and np2. This is achieved by adding Eqs. (B.39) and (B.37)
after multiplying them respectively by

M2
s −

3σn

µβ
− αz2(2κ−3)

µβ (1+αz)(2κ−1)
,

and
αz(2κ−3)

β (1+αz)(2κ−1)
.

The final equation then has the form

αp

[
M2

s −
3σn

µβ
− αz2(2κ−3)

aµβ (1+αz)(2κ−1)

]
+αn

[
αz(2κ−3)

β (1+αz)(2κ−1)

]
= 0.

(B.42)

Replacing the expressions of αn (B.38) and αp (B.40) in Eq. (B.42)
we get a KdV equation
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∂ϕ1

∂τ
+Aϕ1

∂ϕ1

∂ξ
+B

∂ 3ϕ1

∂ξ 3 = 0, (B.43)

where A is the nonlinear coefficient and B is the dispersion coefficient
with

A =
a
b
,B =

1
b
, (B.44)

and

a=
1

β 2(1+αz)

 3M2
s +

3σp
β(

M2
s −

3σp
β

)3 +
αz3

µ2

3M2
s +

3σn
µβ(

M2
s −

3σ3
µβ

)3

− (2κ−1)(2κ +1)
(2κ−3)2 ,

(B.45)

b =
2Ms

β (1+αz)

 1(
M2

s −
3σp
β

)2 +
αz2

µ

(
M2

s − 3σn
µβ

)2

 . (B.46)

Equation (B.43) is an evolution nonlinear partial differential equation,
describing the propagation of weakly nonlinear solitary waves [3]. The
existence of a solitary wave solution to the equation (B.43) is a result
of balance between the steepening expressed through the nonlinear co-
efficient A and the dispersion expressed through the coefficient B. Both
coefficients A and B are functions of plasma parameters and change
with them.
However, while the dispersion coefficient B is positive for any combi-
nation of the plasma parameter values, the nonlinear coefficient A can
be negative, zero or positive for some plasma parameter values. The
case of vanishing of the nonlinear coefficient A is interesting in that
A = 0 means equation (B.43) does not account for nonlinear effects,
and there is an imbalance between the nonlinear and dispersive ef-
fects. To account for nonlinear effects when A = 0, we consider higher
power of ε , which leads to the modified KdV equation.
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B.2 Solutions to the KdV equations

B.2.1 General solution to KdV equation

One of the most important solutions to the KdV equation is the trav-
eling wave solution. To find this solution, we assume that the electro-
static potential ϕ depends on a combination of variables ξ and τ rather
than on each variable separately through the relation

ζ = ξ −λτ, (B.47)

where λ is normalised speed of the solitary wave in a frame co-moving
with the ion acoustic wave. This transformation converts the PDE
(B.43) into an ODE with one variable ζ . The time and space derivates
have now the form

∂

∂ξ
=

∂ζ

∂τ

d
dζ

=
d

dζ
, (B.48)

and
∂

∂τ
=

∂ζ

∂ξ

d
dζ

=−λ
d

dζ
. (B.49)

With the new variable, Eq. B.43) takes the form

−λ
dϕ1

dζ
+Aϕ1

dϕ1

dζ
+B

d3ϕ1

dζ 3 = 0. (B.50)

The last equation can also be written as

d
dζ

{
B

d2ϕ1

dζ 2 +
A
2

ϕ
2
1 −λϕ1

}
= 0. (B.51)

This shows that the quantity

B
d2ϕ1

dζ 2 +
A
2

ϕ
2
1 −λϕ1 = c1, (B.52)

in which c1 is a constant of integration, is a first integral of the KdV
equation in the moving frame. The value of the constant of integration
c1 is found from the boundary conditions. To integrate Eq. (B.52),
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we multiply it by the integrating factor dϕ1
dζ

and integrate the resulting
equation to get

B
2

(
dϕ1

dζ

)2

+
A
6

ϕ
3
1 −

λ

2
ϕ

2
1 = c1ϕ1 + c2, (B.53)

where c2 is another constant of integration. This equation can be writ-
ten as (

dϕ1

dζ

)2

=
A

3B
G(ϕ1), (B.54)

where G(ϕ1) is given by

G(ϕ1) =−ϕ
3
1 +

3λ

A
ϕ

2
1 +C1ϕ1 +C2, (B.55)

where C1 and C2 are constants related to c1 and c2 by C1 = 6c1/A and
C2 = 6c2/A respectively. This is an equation with separable variables
and integration yields

∫ dϕ1√
G(ϕ1)

=±
√

A
3B

ζ . (B.56)

The evaluation of the integral to the left depends on the relationships
between the roots of the function G(ϕ1) whose nature depends on the
choice of integration constants C1 and C2.

If the polynomial G(ϕ1) has two complex conjugate and one real root
ϕ0, then ϕ ′ vanishes also at ϕ0 and the polynomial G(ϕ1) is mono-
tonically decreasing and the solution to (B.54) is not bounded. For
bounded solutions, G(ϕ1) must have three real solutions.
Then if φ1, φ2 and φ3 are the three real roots of the polynomial G(ϕ1)

it can be written as the product

G(ϕ1) =−(ϕ−φ1)× (ϕ−φ2)× (ϕ−φ3). (B.57)

Comparing (B.55) and (B.57), it results that
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Figure B.1: The function G(ϕ) =−(ϕ−φ1)× (ϕ−φ2)× (ϕ−φ3) has 3 real roots,
φ1, φ2 and φ3.

φ1 +φ2 +φ3 = 3λ

A ,

φ1φ2 +φ1φ3 +φ2φ3 = −6C1
A ,

φ1φ2φ3 = 6C2
A .

(B.58)

Assume that φ1 < φ2 < φ3. Then for dϕ1/dζ to be real valued the roots
must satisfy the relation φ2 6 ϕ 6 φ3 if the nonlinear coefficient A is
positive and φ1 6 ϕ 6 φ2 if A is negative. This is seen in Fig. B.1.
Using the change of variable

ϕ1 = φ3− (φ3−φ2)sin2
ψ, (B.59)

the derivative becomes

dϕ1

dζ
=−2(φ3−φ2)sinψcosψ

dψ

dζ
. (B.60)
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Replacing (B.59) and (B.60) in (B.54) we arrive at the expression(
dψ

dζ

)2

=
A

12B
(φ3−φ1)

[
1− φ3−φ2

φ3−φ1
sin2

ψ

]
. (B.61)

Define
k2 =

φ3−φ2

φ3−φ1
, (B.62)

with 0 6 k2 6 1. We may then solve implicitly for ψ and obtain∫
ψ(ζ )

0

dt√
1− k2sin2t

=±
√

A
12B

√
φ3−φ1ζ , (B.63)

where the right hand side

Z(sin(ψ);k) =
∫

ψ(ζ )

0

dt√
1− k2sin2t

(B.64)

is the incomplete elliptical integral of the first kind, k is the modulus
of the elliptic integral and t is a dummy variable of integration. The
elliptic integral is thus a function Z of the upper limit ψ and elliptic
modulus k: Z = Z(sin(ψ);k). The inverse of the elliptic integrals de-
fines the so called Jacobian elliptic functions. To define two of these
functions, let’s start by the well known trigonometric functions. We
know that ∫ y

0

dt√
1− t2

= arcsiny, (B.65)

where −1 6 y 6 1. Therefore the integral to the left can be taken as
the definition of the inverse of the trigonometric function ”sine”. If we
define the argument θ as

θ(y) =
∫ y

0

dt√
1− t2

, (B.66)

then the trigonometric function ”sine” is obtained as

sinθ = y. (B.67)

And the ”cosine” function can be defined as cosθ =
√

1− sin2θ .
In a similar procedure, consider the elliptic integral

u(sin(ϕ);k) =
∫

ϕ

0

dθ√
1− k2sin2θ

. (B.68)
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The parameter ϕ is called the argument of the elliptic integral and
0 6 ϕ 6 π/2. We consider this integral as the definition of an inverse
function of the Jacobi elliptic function ”sn” such that

sn(u;k) = sinϕ. (B.69)

Since −1 6 sin(ϕ)6 1 we can define the Jacobi elliptic function ”cn”
function as cn(u;k) =

√
1− sn2(u;k).

For extreme cases of the modulus of the elliptic integral of the first
kind, we have:

sn(u;0) = sinu;
sin(u;1) = tanhu;
cn(u;0) = cosu;
cn(u;1) = sechu.

(B.70)

The function ”snu” is odd while the function ”cnu” is even and both
are periodic with period 4K where K is the complete elliptic integral
of the first kind

K =
∫

π/2

0

dt√
1− k2sin2t

. (B.71)

Coming back to Eq. (B.63),

Z(sinψ;k) =±
√

A
12B

√
φ3−φ1ζ , (B.72)

and inverting the Jacobi elliptic integral we get

sinψ = sn

[
±
√

A
12B

√
φ3−φ1ζ

]
. (B.73)

Therefore Eq. (B.59) becomes

ϕ1 = φ3− (φ3−φ2)sn2

[√
A

12B

√
φ3−φ1ζ

]
, (B.74)
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or in terms of ”cn” function

ϕ1 = φ2 +(φ3−φ2)cn2

[√
A

12B

√
φ3−φ1ζ

]
. (B.75)

This is the cnoidal analytic solution to the KdV equation. It is a
three-parameter family of the KdV solutions.

When the modulus 0 < k < 1, Eq. (B.75) represents a periodic waves,
shown in Fig. B.2 upper panel for k = 0.2 and middle panel for k = 0.9.

When the modulus k→ 0, i.e. φ2 → φ3, snu = sinu and the solution
(B.74) tends to a sinusoidal wave. Its mathematical expression can be
found by a direct integration of the equation:

ϕ1 = φ3−φ0sin2

[√
A

12B

√
φ3−φ1ζ

]
, (B.76)

where φ0 = φ3−φ2� 1. We note here that the constants of integration
C1 and C2 are not zero. When the modulus k→ 1 i.e. φ2→ φ1, cnu =

sechu and the cnoidal wave changes into a solitary wave with equation

ϕ1 = φ1 +(φ3−ϕ1)sech2

[√
A

12B

√
φ3−φ1ζ

]
. (B.77)

The hyperbolic secant function is vanishingly small as its argument
|x| → ∞. This means that the solitary waves are localised structures in
agreement with the boundary condition ϕ1→ 0 for ζ →±∞ and the
constants of integration C1 and C2 in Eq. (B.53) take a value of zero.
Under these conditions, the solution to the system of equations (B.58)
yields φ1 = φ2 = 0 and the only nonzero parameter is φ3 = 3λ/A. With
these parameters the solitary wave equation takes the form

ϕ1(ζ ) =
3λ

A
sech2

[√
λ

4B
ζ

]
. (B.78)

It represents a soliton moving to the right. The solution (B.78) is writ-
ten in a frame moving with the solitary wave. Going back to the labo-
ratory frame in which variables (x, t) were stretched (Eq. (B.11)), we
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Figure B.2: Periodic solutions of the KdV equation. For k = 0 the sinusoidal wave is
a solution (upper panel). For 0 < k < 1 the cnoidal waves are the periodic solutions
(k = 0.2 in the middle panel and k = 0.9 in the lower panel).
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find that the argument ζ/w of the hyperbolic secant function becomes√
λε

4B
[x− (Ms + ελ )t] . (B.79)

The variable M = Ms+ελ is the normalised speed of the soliton in the
laboratory frame. We can use this relation to define a small quantity:
δM = M−Ms = ελ which is the difference between the solitary wave
speed and the sound speed in the plasma. Furthermore considering the
expansion (B.13), the electrostatic potential in this first approxima-
tion is ϕ ≈ εϕ1. Therefore the electrostatic potential in the laboratory
frame takes the form

ϕ (x, t) = ϕmsech2
(

x−Mt
w

)
, (B.80)

where the wave amplitude

ϕm =
3δM

A
, (B.81)

and the wave width

w =

√
4B
δM

. (B.82)

It is now obvious that for the width to be real the fraction 4B/δM

must be positive. But the dispersion coefficient B and the expansion
parameter are both positive whatever the values of the plasma param-
eters. This means that for real solitons, λ is also positive and M > Ms

implying that solitary waves are supersonic.

Expression (B.81) shows that the soliton amplitude is a linear function
of the soliton speed λ in the stationary frame. When λ tends to zero,
or in other words when the soliton Mach number M tends to the
acoustic Mach number Ms the amplitude also vanishes. Solitons
whose amplitude vanishes at the acoustic speed were called KdV
soliton.
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The soliton amplitude and width satisfy the relation [5]

φmw2 =
12
A
. (B.83)

Because the factor A is independent of λ , the product ϕmw2 does not
change when λ is varied with other plasma parameter values held
fixed. In these conditions, an increase in the amplitude of KdV solitons
is accompanied with a decrease of the soliton width. This conclusion
can be drawn also by looking at the equation (B.80). This equation
shows that the soliton amplitude is of the order ε while its width is of
the order ε−1/2.
With λ and dispersion coefficient B being positive, the sign of the
KdV soliton amplitude is determined by the nonlinear coefficient A.
When A is positive, positive potential or hump like solitons exist in the
plasma while negative potential or deep like solitons exist for negative
values of A. There exist therefore two regimes, a regime characterised
by plasma parameter values admitting the propagation of positive soli-
tons, and a regime admitting the propagation of negative solitons, the
two being separated by the vanishing of the coefficient A. When A= 0,
the coefficient of the nonlinear term vanishes and the KdV equation is
no longer a valid equation associating balance between nonlinearity
and dispersion. In this situation a higher order non-linearity is to be
considered. This leads to higher order KdV equations.
But before the solutions to higher order KdV equations are given with-
out any proof, we mention that a third type of solution for KdV equa-
tion exists: it is the multisoliton solution. An example of two soliton
soliton solution has the form

ϕ(x, t) =
(A2−A1)

[
A1sech2(θ1(x, t))+A2csch2(θ2(x, t))

][√
A1tanh(θ1(x, t))−

√
A2coth(θ2(x, t))

]2 . (B.84)

Fig. B.3 shows the multisoliton solution at different values of time
t. It shows that taller solitons move faster and overtake smaller ones.
More over, when the two solitons interact they recover their shapes and
amplitude after the collision. This is the particle property of solitons.
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Figure B.3: Multisoliton solution.

B.2.2 Solution to the modified KdV and mixed
modified KdV

The mixed modified KdV equation for ϕ1 was found to be of the form:

∂φ

∂τ
+Aφ

∂φ

∂ξ
+Cφ

2 ∂φ

∂ξ
+B

∂ 3φ

∂ξ 3 = 0. (B.85)

To look for a unidirectional travelling wave solution with permanent
shape, we first transform Eq. (B.85) to a moving frame using (B.47) to
(B.49) and integrate the resulting equation with boundary conditions
(B.10). We then reduce Eq. (B.85) to an energy like equation

1
2

(
dϕ1

dζ

)2

− λ

2B
ϕ

2
1 +

A
6B

ϕ
3
1 +

C
12B

ϕ
4
1 = 0. (B.86)

Modified KdV

For a modified KdV, the second order nonlinear coefficient A = 0. The
resulting equation can be written as

dϕ1

ϕ1

√
6λ

C −ϕ2
1

=±
√

C
6B

dζ . (B.87)
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The right hand side can be integrated easily and the left hand side
can be integrated using a change of variable ϕ1 =

√
6λ/Csecht. The

soliton solution to Eq. (B.85) in the moving frame is found as

ϕ1 =±
√

6λ

C
sech

[√
λ

B
ζ

]
. (B.88)

Mixed modified KdV

For a mixed modified KdV, the second order nonlinear coefficient A 6=
0. The resulting equation can be written as

dϕ1

ϕ1(
6λ

A −ϕ1)
=±

√
−C
6B

dζ . (B.89)

Both left and right hands can be integrated exactly to give the solution

ϕ =
ϕm

2

[
1± tanh

(
ζ

Λ

)]
, (B.90)

where the double layer amplitude ϕm is given by

ϕm =−A
C
, (B.91)

and the double layer width

Λ =

[
ϕm

2

√
−C
6B

]−1

. (B.92)
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C.1 Small amplitude from the Sagdeev
potential

We have derived the Sagdeev pseudopotential that we used to
investigate the existence and propagation of fast mode solitons
with arbitrary large amplitude in a negative ion plasma. The
objective of this section is to show that when the electrostatic
perturbation is small, we can expand the Sagdeev pseudopoten-
tial in powers of the electrostatic potential and obtain the KdV
equation as expected.

The Sagdeev pseudopotential for a negative ion plasma
(z =−1) was found to be of the form

S (ϕ,M) = 1−
(

1− 2ϕ

2κ−3

)−κ+3/2

+ αµβ

6(1+αz)

√
µβ

3σn

{
2
(

3σn
µβ

)3/2
+6M2

(
3σn
µβ

)1/2

−
[(

M+
√

3σn
µβ

)2
− 2zϕ

µβ

]3/2

+

[(
M−

√
3σn
µβ

)2
− 2zϕ

µβ

]3/2
}

+ β

6(1+αz)

√
β

3σp

{
2
(

3σp
β

)3/2
+6M2

(
3σp
β

)1/2

−
[(

M+
√

3σp
β

)2
− 2ϕ

β

]3/2

+

[(
M−

√
3σp
β

)2
− 2ϕ

β

]3/2
}
.

(C.1)
Expansion of C.1 in a Taylor series around ϕ = 0 up to the third

219



APPENDIX C. SMALL AMPLITUDE FROM THE SAGDEEV POTENTIAL

power gives:

S(ϕ,M)≈ S(0,M)+
∂S
∂ϕ

(0,M)ϕ+
1
2!

∂ 2S
∂ϕ2 (0,M)ϕ2+

1
3!

∂ 3

∂ϕ3 (0,M)ϕ3,

(C.2)
where S(0,M) = ∂S/∂ϕ(0,M) = 0 for the function S(ϕ) to
yield a solitary wave solution. A direct replacement of the
value ϕ = 0 in the Sagdeev expression (C.1) shows that the
condition S(0,M) = 0 is satisfied for all values of the Mach
number M.

The first derivative has the form:

∂S(ϕ,M)
∂ϕ

= −
(

1− 2ϕ

2κ−3

)−κ+1/2

+ αz
2(1+αz)

√
µβ

3σn

{[(
M+

√
3σn
µβ

)2
− 2zϕ

µβ

]1/2

−
[(

M−
√

3σn
µβ

)2
− 2zϕ

µβ

]1/2
}

+ 1
2(1+αz)

√
β

3σp

{[(
M+

√
3σp
β

)2
− 2ϕ

β

]1/2

−
[(

M−
√

3σp
β

)2
− 2ϕ

β

]1/2
}
.

(C.3)
Far from the disturbance, where the plasma is undisturbed,
ϕ = 0 and this expression reduces to the plasma quasineutrality
condition, i.e.

∂S(ϕ,M)

∂ϕ
(0,M) =−1+

αz
1+αz

+
1

1+αz
= 0. (C.4)
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The second derivative has the form

∂ 2S(ϕ,M)
∂ϕ2 = −2κ−1

2κ−3

(
1− 2ϕ

2κ−3

)−κ−1/2

− αz2

2µβ (1+αz)

√
µβ

3σn

{[(
M+

√
3σn
µβ

)2
− 2zϕ

µβ

]−1/2

−
[(

M−
√

3σn
µβ

)2
− 2zϕ

µβ

]−1/2
}

− 1
2β (1+αz)

√
β

3σp

{[(
M+

√
3σp
β

)2
− 2ϕ

β

]−1/2

−
[(

M−
√

3σp
β

)2
− 2ϕ

β

]−1/2
}
.

(C.5)
Let C(M) = ∂ 2S(ϕ,M)/∂ϕ2(0,M) be the second derivative
of the Sagdev pseudopotential calculated far from the solitary
wave where the electrostatic potential vanishes and for an arbi-
trary Mach number in the soliton existence domain. From (C.5),

C(M)=
2κ−1
2κ−3

− αz2

µβ (1+αz)
1

M2− 3σn
µβ

− 1
β (1+αz)

1

M2− 3σp
β

.

(C.6)
Although the right hand side of Eq. (C.6) is similar to the left
hand side of Eq. (B.26), the Mach number M in this equation is
different from the ion acoustic Mach number Ms in Eq. (B.26).
For KdV solitons, M = Ms+δM where δM�Ms and C(M) =

C(Ms+δM). Expansion of C(Ms+δM) in powers of δM up to
the first order gives

C(M)≈C(Ms)+
∂C

∂δM
(Ms)δM (C.7)
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with C(Ms) = 0 from the KdV theory. C(M) takes the form

C(M) =− 2Ms

β (1+αz)

 αz2

µ(M2− 3σn
µβ

)2
+

1

(M2− 3σp
β
)2

δM.

(C.8)
The coefficient of δM is the inverse of the dispersion coefficient
C(M) = 1/B in Eq. (B.53) in the KdV theory.

The third derivative

∂ 3S(ϕ,M)
∂ϕ3 = − (2κ−1)(2κ+1)

(2κ−3)2

(
1− 2ϕ

2κ−3

)−κ−3/2

− αz3

2(µβ )2(1+αz)

√
µβ

3σn

{[(
M+

√
3σn
µβ

)2
− 2zϕ

µβ

]−3/2

−
[(

M−
√

3σn
µβ

)2
− 2zϕ

µβ

]−3/2
}

− 1
2β 2(1+αz)

√
β

3σp

{[(
M+

√
3σp
β

)2
− 2ϕ

β

]−3/2

−
[(

M−
√

3σp
β

)2
− 2ϕ

β

]−3/2
}
.

(C.9)
At ϕ = 0, it reduces to

∂ 3S(ϕ,M)
∂ϕ3 (0,M) = − (2κ−1)(2κ+1)

(2κ−3)2 + αz3

(µβ )2(1+αz)

3M2+ 3σn
µβ

(M2− 3σn
µβ

)3

+ 1
β 2(1+αz)

3M2+
3σp

β

(M2− 3σp
β

)3
.

(C.10)
As δM�Ms we can keep the zeroth order after developing this
expression in powers of δM. In this case, expression (C.10 is
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the same as the factor A of the nonlinear coefficient in the KdV
equation. Putting all together for small amplitudes, the Sagdeev
potential reduces to the potential V (ϕ) in the KdV theory. Thus
for small amplitude, the Sagdeev approach gives the same re-
sults as the KdV approach.
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