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ABSTRACT

”Denise Uwamariya” (2023). Large deviations of condition numbers and extremal
eigenvalues of random matrices. Doctoral dissertation 2313. ISBN 978-91-8075-
156-8 (Print), 978-91-8075-157-5 (PDF). ISSN 0345-7524.

Random matrix theory found applications in many areas, for instance in statistics random ma-
trices are used to analyse multivariate data and their eigenvalues are used in hypothesis testing.
Spectral properties of random matrices have been studied extensively in the literature dealing
with both the bulk case (involving all the eigenvalues) and the extremal case (addressing the
maximal and minimal eigenvalues). In this thesis two types of sequences of random matrices
are considered: the first type is the sequence of sample covariance matrices and the second type
is the sequence of β´Laguerre (or Wishart) ensembles, for which large deviations of their extre-
mal cases are studied. These two types of sequences of random matrices contain the classical
Wishart matrices.

The thesis can be divided into two parts. The first part is on the study of large deviations of
condition numbers defined as ratios of maximal and the minimal eigenvalues. This is done
based on suitable analysis and estimates of the joint density function of all eigenvalues. The
second part deals with large deviations of individual maximal and minimal eigenvalue, and the
approach consists of suitable eigenvalue concentration inequalities and Laplace’s method.

It is remarked that for those two types of sequences of random matrices considered in this thesis,
two scenarios are investigated: either one of the dimension size and the sample size is much
larger than the other one, or the two sizes are comparable.
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Populärvetenskaplig sammanfattning

Slumpmatriser tillämpas inom många områden, till exempel, multivariat statistik och kärnfysik.
Vi studerar slumpmatriser utifrån två aspekter: stokastiska konditionstal och extrema egenvär-
den.

Stokastiska konditionstal uppstod naturligt i numerisk linjär algebra på 1980-talet. Till exem-
pel, för att uppskatta numerisk stabilitet och tillförlitlighet, behöver man ofta uppskatta sanno-
likheten att konditionstal är stora, och det här är vad vi fokuserar på — med hjälp av asymptotik
studeras stora avvikelser av stokastiska konditionstal. Samtidigt spelar extrema egenvärden en
viktig roll i statistisk referens. Till exempel kan det maximala egenvärdet användas för att testa
strukture hos kovariansmatrisen för en slumpvektor.

Trots många års studier av stokastiska konditionstal och på grund av komplexitet med en tä-
thets/sannolikhets funktion av extrema egenvärden och brist på lämpliga metoder, är stora
avvikelser av stokastiska konditionstal och extrema egenvärden inte helt beskrivna i littera-
turen.

Tidigare, när det var nödvändigt att uppskatta stora avvikelser sannolikheter för konditionstal
och extrema egenvärden, baserades de vanligtvis på empiriska simuleringar. I denna avhan-
dling föreslår vi nya metoder för att beskriva asymptotik för stora avvikelser av stokastiska
konditionstal och extrema egenvärden.
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Part I

Introduction, historical and
theoretical background
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1 Introduction

Random matrices play an important role in many different areas. As example, one can men-
tion areas like statistics, physics, numerical analysis, neuroscience and many other areas. In the
study of random matrices, as matrices whose entries are random variables chosen from some
distribution, a major part is to study and understand the behavior of eigenvalues of square ran-
dom matrices based on the distribution of the entries. The study can be summarized into two
classes: i.e. the global (or the bulk) and the local (or the extremal) classes. The first class involves
the study of all the eigenvalues, and the second class deals with the extremal eigenvalues (max-
imal and minimal eigenvalues).

Nowadays, random matrices usually have large sizes and in most cases it becomes difficult to
apply classical results. This thesis as well as the appended papers provide asymptotic results
of extremal eigenvalues of two types of sequences of random matrices: the sequence of sample
covariance matrices and the sequence of β´Laguerre ensembles.

1.1 Historical background on random matrices

In the work around 1950 [59] Eugene Wigner studied square matrices of larger size, with ap-
plications in nuclear physics. Since then, the development of random matrices started to grow
in many other areas. In multivariate statistics application, the development continues by the
work of Constantine [7] in 1963, James [27, 28] in (1960, 1964), and Muirhead [35] in 1982. In
nuclear physics one can cite the work by Wigner [57, 58, 60] in (1955, 1958), Gaudin [21] in
1956, Gurevich [24] in 1956, and Dyson [15, 16] in 1962. Afterwards, a lot of people worked on
random matrices in areas beyond multivariate statistics and nuclear physics areas, for example
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1. INTRODUCTION

numerical analysis [1, 11, 17], graph theory [6, 19, 18, 34], combinatorics [12, 9, 22, 26, 36, 44],
engineering sciences [32, 45, 48, 51, 56, 62] and many others.

Random matrices were used for different purposes in the above-mentioned work, and one of
the main research directions in the literature is the study of their eigenvalues as they play im-
portant roles. For instance, from derivations and technical results found in the books written
by Muirhead 1982 [35] and Kollo and von Rosen 2005 [33], we can see that in statistics ran-
dom matrices play a significant role in the analysis of multivariate data and several traditional
tests use eigenvalues of the random matrices. In the Principal Component Analysis (PCA) first
introduced in [39], as a statistical tool for data dimensional reduction, maximal eigenvalue of
covariance matrix can be used to reduce the dimensional of the data and to check the structure
of the covariance matrix given the data (see [42]). In Chapter 2, we present some basic concepts
about sample covariance matrices and β´Laguerre ensembles. In Chapter 4 we summarize
some known studies related to the spectral properties of these types of random matrices. Chap-
ter 3 contains some theoretical background, while Chapter 5 includes the summary of results of
the appended papers.

The focus of the thesis is the study of extremal eigenvalues of random matrices. In this thesis,
we provide asymptotic results of individual maximal and minimal eigenvalues and condition
numbers as the ratios of maximal and minimal eigenvalues of sample covariance matrices and
β´Laguerre ensembles in terms of large deviations.

1.2 Aims

The overall aim of this thesis is to study asymptotics, in terms of large deviations, for the ex-
tremal eigenvalues and the condition numbers of sample covariance matrices and β´Laguerre
ensembles when one of the dimension size and the sample size is much larger compared to the
other, or when both sizes are comparable. The thesis has the following objectives:

(i) To study large-deviation asymptotics of condition numbers defined as ratios of maximal and
minimal eigenvalues of sample covariance matrices and β´Laguerre ensembles (see Paper I and
III);

(ii) To study individual maximal and minimal eigenvalues of sample covariance matrices and
β´Laguerre ensembles in terms of large deviations (see Paper II and IV).

1.3 Motivations

Eigenvalues of a random matrix play a role in many different areas which motivates this re-
search work. Our first motivation is the role of condition numbers as the ratios of maximal
and minimal eigenvalues in numerical algebra and in probability theory [50] and [43]. Another
motivation is that there is a connection between condition numbers and the so-called first anti-
eigenvalues defined as 2(λmaxλmin)

1/2/(λmax + λmin) which can be found in many different ar-
eas of application (see [25]), where λmax and λmin denote maximal and minimal eigenvalues of a
symmetric random matrix. One more motivation is associated to hypothesis testing on whether
or not a covariance matrix is a scalar multiple of identity in multivariate statistics [47, Section
7.4], and this can be done based on the maximal eigenvalue of a symmetric random matrix.
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1.4. Outline of the thesis

In terms of technical motivation, we note that for a p ˆ n random matrix, the existing large
deviations of extremal eigenvalues (of the random matrix multiplied by its transpose) in the
literature are based on some restrictive assumptions for instance, p = o(n/ ln ln n). Hence, the
asymptotic results obtained in Paper II are under the condition p = p(n) = o(n) and Paper IV
under the condition p/n Ñ κ P (0, 1). Since large deviations of condition numbers are mostly
missing in the literature, we provide results of large deviations of condition numbers in Paper I
and III when p = p(n) = o(n) and p = o(n/ ln n) respectively. Our results are inspired by the
work of Bianchi et al. [5], Fey et al. [20], and Jiang and Li [29].

1.4 Outline of the thesis

This thesis work has two parts. The first part of the work consists of five chapters and the pur-
pose of each chapter is to facilitate further reading of the papers in part two. Chapter 1 contains
a general introduction of the thesis with aims, motivations and outline of the thesis. Chapter 2
reviews some basic concepts concerning the two types of sequences of random matrices consid-
ered in this thesis as well as in the papers. Chapter 3 provides theoretical background on large
deviations with examples. In Chapter 4, some known results on spectral properties of the two
types of sequences of random matrices are presented, together with the contribution of this the-
sis. Finally, a summary of the appended papers as part of the thesis and plan for future research
are given in Chapter 5 of the thesis. The second part of the thesis work contains four papers.
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2 Concepts connected to
random matrices with
independent entries

In this chapter, we introduce two types of sequences of random matrices with independent
entries. We start with a definition of a sub-Gaussian random variable, and then introduce the
sequence of sample covariance matrices with independent and identically distributed (or i.i.d. in
short) sub-Gaussian entries. This sequence contains the well-known real Wishart matrices. To
go beyond real Wishart matrices, we introduce another sequence of random matrices called
the sequence of β´Laguerre ensembles, which includes real, complex and quaternion Wishart
matrices as special cases.

Definition 2.1 (Sub-Gaussian random variable). ([55, Lemma 5.5])
A random variable X is said to be sub-Gaussian if it satisfies one of the following three equivalent
properties with parameters Ki , 1 ď i ď 3 differing from each other by at most an absolute
constant factor:
(i) Tails: P(|X| ą t) ď expt1 ´ t2/K2

1u for all t ě 0;
(ii) Moments: (E|X|p)1/p ď K2

?p for all p ě 1;
(iii) Super-exponential moment: E exptX2/K2

3u ď e.

If the mean of X is 0, then the above three properties are equivalent to the following property:
(iv) Moment generating function: E expttXu ď exptt2K2

4u for all t P R, and some constant K4.

The sub-Gaussian norm of X is then defined as suppě1 p´1/2(E|X|p)1/p, namely the smallest K2

in (ii).
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2. CONCEPTS CONNECTED TO RANDOM MATRICES WITH INDEPENDENT
ENTRIES

2.1 Sample covariance matrices

Sample covariance matrices play an important role in multivariate analysis. For instance, they
can be used to check the form of correlation in the data. A sample covariance matrix is com-
monly defined as follows:

S = (n + 1)´1
n+1
ÿ

j=1

(yj ´ ȳ)(yj ´ ȳ)T ,

with ȳ = (n+ 1)´1 řn+1
j=1 yj known as sample mean, where tyju

n+1
j=1 is a sample from a p´variate

population y „ Np(µ, Ip).

For a p ˆ n random matrix X whose entries Xij, 1 ď i ď p, 1 ď j ď n are i.i.d. standard normal,
if we define p ˆ p square random matrix XXT , in the literature it is known that (n + 1)S and
XXT have the same distribution as shown in [23]. In this case, the two integers p and n can be
understood as the sample and the dimension sizes. In this thesis, we consider more general ran-
dom matrices X with i.i.d. sub-Gaussian entries. Paper I provides large deviations of condition
numbers of XXT for fixed p or p = p(n) = o(n), as n Ñ 8, while Paper II studies the large
deviations of individual maximal and minimal eigenvalues of XXT .

To study the spectral properties of XXT , in this thesis, without loss of generality, we assume that
p ď n. If p ą n one can study the spectral properties of XTX since the non-trivial eigenvalues of
both square matrices XXT and XTX are the same, which is explained in Section 2.2.

2.2 Some properties of condition numbers

In this section we lay out some basic properties regarding condition numbers of random ma-
trices. Let A be m ˆ n real random matrix and without loss of generality let us assume that
m ď n. Then A has m singular values, which are the square roots of the m eigenvalues of
AAT . Let σ = (σ1, . . . , σm) denote the singular values of A with ordered ones written as
σ(1) ě σ(2) ě . . . ě σ(m). The 2-norm condition number κ(A) of the matrix A is defined as

κ(A) = σmax/σmin, (2.1)

where σ(1) = σmax and σ(m) = σmin are the maximal and minimal singular values of A. The
name 2-norm comes from the fact that the maximal singular value coincides with norm of the
matrix A, i.e., ||A||2 = supt||Aa||2 : a P Rn with ||a||2 = 1u, where the 2-norm of a vector a P Rn

is the Euclidean norm defined as ||a||2 = (
řn

i=1 a2
i )

1/2.

Lemma 2.2. Consider m ˆ m square matrix AAT and n ˆ n square matrix ATA with (λ(1) ě . . . ě

λ(m)) and (λ̃(1) ě . . . ě λ̃(m), 0, 0, . . . , 0) to denote the ordered eigenvalues of AAT and ATA, respec-
tively. Then, the two matrices AAT and ATA have the same non-trivial eigenvalues, namely λ(i) = λ̃(i),
1 ď i ď m.

Proof. For completeness, a short proof is given here. We show that λ = λ(i) = λ̃(i), 1 ď i ď m.
Suppose that λ = λ(i), 1 ď i ď m are the eigenvalues of AAT . We have AATu = λu, for some

8



2.3. β´Laguerre ensembles

non-zero vector u P Rm. Then,

ATAATu = ATλu (if we multiply by AT on both sides )

ATA(ATu) = λ(ATu)

ATAv = λv,

for non-zero vector v = ATu and v P Rn, one can see that λ is also eigenvalue of ATA.

Lemma 2.3. Let κ(A) and κ(AAT) denote the condition numbers of the matrix A and AAT , respec-
tively. Then, κ2(A) = κ(AAT).

Proof. The proof is as follows:

κ(AAT) =

(
λmax(AAT(AAT)T)

λmin(AAT(AAT)T)

)1/2

=

(
λmax(AATAXT)

λmin(AATAAT)

)1/2

=

(
λ2

max(AAT)

λ2
min(AAT)

)1/2

=
λmax(AAT)

λmin(XAT)
= κ2(A).

Remark 1. Note that the matrix ATA is singular when m ă n, for which the condition number
κ(ATA) = 8.

In the next section, we define the other type of sequence of random matrices considered in this
thesis.

2.3 β´Laguerre ensembles

In random matrix theory, the size of a matrix and its distribution from which the entries have
been chosen are important in the study of the behaviors of eigenvalues of the random matrix.
When a p ˆ n random matrix X is constructed from a standard normal distribution, the entries
can either be i.i.d. real, complex or quaternion standard normal random variables. The corre-
sponding XXT is known as β´Wishart ensembles (or β´Laguerre ensembles as technical name)
with β = 1, 2, 4 to point out that when β = 1 the entries of random matrix X are real, when β = 2
the entries are complex, and when β = 4 the entries are quaternion standard normal random
variables. The notion T stands for transpose when β = 1, complex conjugate transpose when
β = 2 and dual transpose when β = 4.

There exist explicit joint density functions of all eigenvalues of these classical β´Laguerre en-
sembles. Let λ = (λ1, . . . , λp) be the eigenvalues of XXT , then the joint probability density
function of λ is (see [27]),

f (λ; p, n, β) = c(p, n, β) ¨ exp

#

´

p
ÿ

i=1

λi/2

+

¨
ź

1ďiăjďp

|λi ´ λj|
β ¨

p
ź

i=1

λ
β(n´p+1)/2´1
i , (2.2)

where c(p, n, β) = 2´βnp/2 śp
j=1 Γ(1 + β/2) [Γ(1 + βj/2)Γ(β(n ´ p + j)/2)]´1 , and β = 1, 2, 4.

It had been actually believed that no other choice of β ą 0 (besides β = 1, 2 and 4) would

9



2. CONCEPTS CONNECTED TO RANDOM MATRICES WITH INDEPENDENT
ENTRIES

correspond to a matrix model XβXT
β which can be constructed with entries from a classical dis-

tribution until the work [14].

To see this, let define a random matrix Xβ of bidiagonal form as follows:

Xβ „




χβn

χβ(p´1) χβ(n´1)

. . .
. . .

χβ χβ(n´p+1)




.

For β ą 0, the β´Laguerre ensembles are defined as tridiagonal matrices XβXT
β with indepen-

dent χ distribution entries in a bidiagonal matrix Xβ. It turns out that, the eigenvalues of the real
tridiagonal random matrix models XβXT

β with β ą 0 have the same expression of joint density
function defined in (2.2) as proven in [14]. In this thesis, we study limiting behaviors of the
eigenvalues of XβXT

β when n, and possibly p as well, tend to infinity.

More specifically, Paper I provides results about condition numbers of real Wishart matrices
(β = 1) when p is either fixed or p = p(n) Ñ 8, as n Ñ 8 with p = o(n). For general
β ą 0, Paper III studies the ratios of extremal eigenvalues of β´Laguerre ensembles for fixed p
or p = p(n) Ñ 8 as n Ñ 8 with p = o(n/ ln n). In Paper IV large deviations are studied for
individual λmax and λmin, and for joint (λmax , λmin) eigenvalues of β´Laguerre ensembles with
general β ą 0 under the assumption p/n Ñ κ P (0, 1) as p Ñ 8 and n Ñ 8. In Chapter 4, we
review some existing results in the literature about eigenvalues of β´Laguerre ensembles.

10



3 Theoretical background
on large deviations

The objective of this chapter is to give a short introduction to the theory of large deviations,
which includes the tools to be used in the papers in the second part of the thesis. In this thesis,
we focus on some basic results on large deviations such as Cramér’s theorem, Gärtner-Ellis
theorem and the contraction principle, and how these results appear and are applied in the
study of eigenvalues of random matrices in the second part of the thesis. For further reading on
large deviations, we refer to [10, 37].

The theory of large deviations is often referred as a theory which studies probabilities of rare
events or the events which occur with small frequencies. A fundamental result in the theory of
large deviations is Cramér’s theorem for empirical means of i.i.d. random variables, which was
introduced by H. Cramér in 1928 [8]. Here we recall the theorem and briefly mention how it
is applied to study large deviations of extremal eigenvalues and condition numbers of random
matrices in Papers I and II.

3.1 Cramér’s theorem for i.i.d. random variables

We begin this section with a definition of the large deviation principle (LDP) for a sequence of
probability measures.

Definition 3.1 (LDP). ([10, Section 1.2]) Let tPnuně1 be a sequence of probability measures on
(R,B(R)), and I : R Ñ [0, 8] be a lower semi-continuous function. The function I is said to be
a good rate function if the set tc P R : I(c) ď ϵu is compact for each ϵ P [0, 8); and the sequence
tPnuně1 is said to satisfy an LDP, as n Ñ 8, with a good rate function I and speed n if

11



3. THEORETICAL BACKGROUND ON LARGE DEVIATIONS

(i) for any closed set F Ă R, we have an upper bound:

lim sup
nÑ8

n´1 ln Pn(F) ď ´ inf
cPF

I(c); (3.1)

(ii) for any open set G Ă R, we have a lower bound:

lim inf
nÑ8

n´1 ln Pn(G) ě ´ inf
cPG

I(c). (3.2)

Now for a sequence of (real) i.i.d. random variables tXnuně1, let Pn denote the distributions
of the empirical means Sn = (X1 + X2 + . . . + Xn)/n. The Cramér’s theorem handles an LDP
associated with this family tPnuně1 of probability measures.

Theorem 3.2 (Cramér’s theorem in R). [10, Theorem2.2.3] The family tPnuně1 satisfies an LDP
with a speed n and a rate function I(c) defined as Fenchel-Legendre transform of the logarithmic moment
generating function

I(c) = sup
θPR

[θ ¨ c ´ Λ(θ)], @ c P R, (3.3)

where Λ(θ) = ln M(θ) and M(θ) = E exptθX1u.

For an appropriately chosen closed set F and an open set G in the LDP of Cramér’s theorem,
one can obtain a special case as follows.

Corollary 3.3. [37, Theorem 1.1] For (real) i.i.d. random variables tXnuně1 with finite mean µ and
variance σ2, it holds that,

lim
nÑ8

n´1 ln P (Sn ě c) = ´I(c), for c ą µ. (3.4)

To see how Cramér’s theorem is applied in Papers I and II when studying asymptotic lower and
upper bounds of condition numbers and extremal eigenvalues of random matrices XXT , whose
entries Xij, 1 ď i ď p, 1 ď j ď n, are i.i.d. sub-Gaussian random variables, we relate probabilities
of condition numbers and extremal eigenvalues to the ones involving n i.i.d. random variables.
To see this more explicitly, one can show that (see Papers I and II for more details)

P (λmax ě c) = P

(
Dx P S :

n
ÿ

i=1

S2
x,i/n ě c

)
,

P (λmin ď c) = P

(
Dx P S :

n
ÿ

i=1

S2
x,i/n ď c

)
,

P (λmax/λmin ě c) = P

(
D x, y P S : x ¨ y = 0 and

n
ÿ

i=1

(S2
x,i ´ cS2

y,i)/n ě 0

)
,

where S := tx, y P Rp : ||x|| = ||y|| = 1u denotes the unit sphere and Sx,i =
řp

k=1 xkXki . Then
tS2

x,nuně1 (and also for t(S2
x,n ´ S2

y,n)uně1) is a sequence of (real) i.i.d. random variables, for
which Cramér’s theorem can be employed.

Here, we list several explicit rate functions for i.i.d. random variables drawn from known dis-
tributions.
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3.2. Gärtner-Ellis theorem

Example 3.4 (Rate functions). Suppose that tXnuně1 are i.i.d. random variables.

(i) If X1 „ N (µ, σ2), then Λ(θ) = ln E exptθX1u = µθ + (σ2/2)θ2, which gives I(c) = supθPR[θ ¨

c ´ Λ(θ)] = (c ´ µ)2/(2σ2). Hence, for c ą µ,

lim
nÑ8

n´1 ln P (Sn ě c) = ´
(c ´ µ)2

2σ2 .

(ii) If X1 is Bernoulli random variable with P (X1 = 1) = P (X1 = ´1) = 1/2, then Λ(θ) =

ln E exptθX1u = ln((exptθu + expt´θu)/2), and I(c) = 1/2(1 + c) ln (1 + c) + 1/2(1 ´

c) ln (1 ´ c) for c P [´1,+1], and 8 otherwise. Therefore, for c ą 0

lim
nÑ8

n´1 ln P (Sn ě c) = ´I(c).

Note that Cramér’s theorem deals with i.i.d. random variables. When it comes to random vari-
ables which are not i.i.d., Gärtner-Ellis theorem is often used.

3.2 Gärtner-Ellis theorem

In Papers I and III, in the case for which Cramér’s theorem can not be applied immediately
to study large-deviation asymptotics of condition numbers of sample covariance matrices with
i.i.d. sub-Gaussian random variables and β´Laguerre ensembles, we employ the Gärtner-Ellis
theorem. To this end, let us recall a definition.

Definition 3.5 (Exposed point and essential smoothness). [10, Section 2.3]
(a) A point c P R is said to be an exposed point of a function I if there exists a point a P R such
that a ¨ (c ´ d) ă I(c) ´ I(d) for @ c ‰ d. Such a is called an exposing hyperplane.

(b) A convex function Λ is said to be essentially smooth if Λ is a differentiable function on the
nonempty interior Do

Λ of DΛ := tc P R : Λ(c) ă 8u of Λ, and |Λ1(cn)| Ñ 8 when cn Ñ c, for c
on the boundary of Do

Λ.

Theorem 3.6 (Gärtner-Ellis theorem). [10, Section 2.3]
Suppose that tXnuně1 are defined on a probability space (R,B(R), P) such that the limit exists: Λ(θ) =

lim
nÑ8

n´1 ln E exptnθXnu for θ P R and 0 P Do
Λ. Let I(c) be given by the Fenchel-Legendre transform

(3.3) and F denote the set of exposed points of I whose exposing hyperplane is in Do
Λ. Then,

(i) for any closed set F Ă R, we have upper bound:

lim sup
nÑ8

n´1 ln P(Xn P F) ď ´ inf
cPF

I(c); (3.5)

(ii) for any open set G Ă R, we have lower bound:

lim inf
nÑ8

n´1 ln P(Xn P G) ě ´ inf
cPGXF

I(c). (3.6)

In addition, if Λ is essentially smooth and lower semi-continuous, then tXnuně1 satisfies an LDP with a
good rate function I(c).

It can be directly seen that Cramér’s theorem for empirical means of i.i.d. random variables is a
special case of the Gärtner-Ellis theorem. In Papers I and III, the Gärtner-Ellis theorem was em-
ployed to study large deviations of condition numbers of the two types of sequences of random

13



3. THEORETICAL BACKGROUND ON LARGE DEVIATIONS

matrices. To explain this more specifically, in Papers I and III, we analyse directly the joint dis-
tribution function of the eigenvalues, and delete (by estimating) almost all information except
for the maximal and minimal eigenvalues, which leads to ratios of independent summations
of Gamma random variables U1,m and U2,m with two different parameters f (m) and g(m) both
tending to infinity. One can then rewrite

P(U1,m/U2,m ě c) = P




f (m)
ÿ

i=1

ξi ´ c
g(m)
ÿ

i=1

ηi ě 0


 ,

with i.i.d. Gamma random variables ξi and ηi . If f (m) = g(m), then Cramér’s theorem applies
as tU1,m/U2,m ě cu = 1

f (m)

ř f (m)
i=1 (ξi ´ cηi) . However, when f (m) and g(m) are different, in this

case Cramér’s theorem is not applicable, instead the Gärtner-Ellis theorem works well. That is,
we define

Zm =
1

f (m)




f (m)
ÿ

i=1

ξi ´ c
g(m)
ÿ

i=1

ηi


 .

Then, the logarithmic moment generating function of Zm satisfies the conditions of the Gärtner-
Ellis theorem.

3.3 Contraction principle

In order to examine the relation between large deviations of individual extremal eigenvalues
λmax and λmin and large deviations of the joint (λmax , λmin), let us recall the contraction principle.

Definition 3.7 (Contraction principle). [10, Section 4.2] Let tXnuně1 be a sequence of random
variables satisfying an LDP with a good rate function I and f be continuous function, then
t f (Xn)uně1 satisfies an LDP with a good rate function

J(y) := inf
x

tI(x) : f (x) = yu.

To explore possible connections between large deviations of the ratios of extremal eigenvalues
λmax/λmin and large deviations of joint extremal eigenvalues (λmax , λmin), let us first state a
result that can be proved in the spirit of the contraction principle.

Lemma 3.8. [10, Excercise 4.2.7])
Let tXnuně1 and tYnuně1 be two independent sequences satisfying LDPs with good rate functions I1(x)
and I2(y), respectively, and both sequences are exponentially tight. Then the sequence t f (Xn, Yn)uně1

with continuous f satisfies an LDP with a good rate function

J(z) = inf
x,y

tI1(x) + I2(y) : f (x, y) = zu.

If large deviations for individual λmax and λmin are available, then large deviations for the joint
(λmax , λmin) would follow from the contraction principle if λmax and λmin were independent
(which is not the case) and exponentially tight. Large deviations for the joint (λmax , λmin) is de-
sirable since it would imply large deviations of the condition numbers λmax/λmin, which follows
directly from the contraction principle with a continuous function f (λmax , λmin) := λmax/λmin,
as P(λmin ą 0) = 1. In Paper IV we establish some results of large deviations for both the
individual and joint extremal eigenvalues of β´Laguerre ensembles.
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4 Spectral properties of
random matrices

In this chapter we review some known spectral results from the literature for the two types of
sequences of random matrices considered in the thesis. Two cases are considered separately:
(i) the bulk case which deals with all the eigenvalues, and (ii) the extremal case which is the
extremal (maximal and minimal) eigenvalues. The connections between our contributions (in
the thesis) and known results (in the literature) are also mentioned. It is remarked here that
the thesis does not make any contributions at all to the bulk case. However, for the sake of
completeness here we still briefly review the known results.

4.1 The bulk case

For each type of sequence of random matrices considered in Chapter 2 (namely, the sequence
of sample covariance matrices XXT or the sequence of β´Laguerre ensembles XβXT

β ), if we con-
sider the empirical distributions of all the eigenvalues, then there are basically two types of
convergence results, depending on the relation of p and n. When p/n Ñ κ P (0, 1], the (scaled)
empirical distributions converge to the so-called Marčenko-Pastur distribution µMP given as

µMP(dx) = 1(κ´ ,κ+)(x) ¨

a

(κ+ ´ x)(x ´ κ´)

2πκx
dx, (4.1)

where κ˘ = (1 ˘ κ1/2)2; see [38, Theorem 3.2]) for the sequence of sample covariance matrices,
and [13, Theorem 6.5.1] for the sequence of β´Laguerre ensembles. When p(n)/n Ñ 0, the
empirical distributions after proper scaling usually converge to the semi-circle distribution; see
[2] for the sequence of sample covariance matrices, and [29, Preposition 3] for the sequence of
β´Laguerre ensembles.
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4. SPECTRAL PROPERTIES OF RANDOM MATRICES

In addition to the aforementioned convergence, in the literature there are also results on large
deviations of the empirical distributions deviating from the limiting distributions under various
restrictions on p and n; see for example [40] for the sequence of sample covariance matrices, and
[29, Theorem 4] for the sequence of β´Laguerre ensembles.

Next, we move to the limiting behaviors of the extremal eigenvalues of the two types of se-
quences of random matrices considered in this thesis.

4.2 The extremal case

We start with weak convergence of the maximal and minimal eigenvalues of the two types of
sequences of random matrices considered in Chapter 2. In 1996 the distribution of the maximal
eigenvalue of a Gaussian hermitian or symmetric matrix was first studied by Tracy and Widom
[49]. Later the results were extended to matrices of the form XβXT

β where Xβ are p ˆ n matrices
with β = 1, 2, 4 (i.e., entries are real, complex or quaternion) for both p and n being large. When
β = 1 or 2, limiting distributions of the maximal eigenvalue of XβXT

β were established in [30] (for
β = 2) and [31] (for β = 1). These results show that the maximal eigenvalue weakly converges
to the β´Tracy-Widom law. In the same way, the minimal eigenvalue also weakly converges to
the β´Tracy-Widom law (see [4] for β = 2). The most complete results of this type seem to be
the ones in [41], which are recalled in the following lemma.

Lemma 4.1 (Tracy-Widom law of extremal eigenvalues). [41] Let XβXT
β be the family of β´Laguerre

ensembles defined in Chapter 2, and λmax and λmin be the maximal and minimal eigenvalues. Then, for
p(n)/n Ñ κ with p = p(n) Ñ 8, as n Ñ 8,

(i) if κ P [0, 1]:

(
?

pn)1/3
(

λmax/β ´ (
?

n +
?

p)2
)

/(
?

n +
?

p)4/3 Ñd TWβ, (4.2)

(ii) if κ P [0, 1):

(
?

pn)1/3
(
(
?

n ´
?

p)2 ´ λmin/β
)

/(
?

n ´
?

p)4/3 Ñd TWβ, (4.3)

where TWβ is the general β Tracy-Widom law.

The above results imply the following laws of large numbers (see also [29]): with p = p(n) Ñ 8,
as n Ñ 8 and p(n)/n Ñ κ,

λmax/n Ñ (1 + κ1/2)2β, κ P [0, 1], in probability; (4.4)

and

λmin/n Ñ (1 ´ κ1/2)2β, κ P [0, 1), in probability. (4.5)

When one considers the sequence of sample covariance matrices XXT with sub-Gaussian entries,
quite similar results as (4.4) and (4.5) also hold under suitable assumptions for the corresponding
maximal and minimal eigenvalues; see [61] and [3].
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4.2. The extremal case

Large deviations for individual extremal eigenvalues

With the laws of large numbers in (4.4) and (4.5), it is natural to study large deviations of indi-
vidual λmax and λmin. Indeed, in [29] for the sequence of β´Laguerre ensembles (with a general
β ą 0), large deviations of individual λmax and λmin have been well studied mostly under the
assumption p/n Ñ 0. But what if p and n are comparable (namely p/n Ñ κ P (0, 1))? It turns
out that the various estimates used in [29] and the references therein are not precise enough,
and other tools are needed for the study of large deviations. In Paper IV, we employ Laplace’s
method to establish large deviations of individual λmax and λmin (and joint (λmax , λmin)) for all
β ą 0, under the assumption p/n Ñ κ P (0, 1) as n Ñ 8 and p Ñ 8 at the same time, which
generalizes the special case β = 2 considered in [5]. The main results of Paper IV are recalled as
follows in Theorems 4.2 and 4.3.

Theorem 4.2. (i) The sequence tλmax/(2n)u satisfies an LDP with a speed n and a suitably defined rate
function I(x) :

lim sup
nÑ8

n´1 ln P (λmax/(2n) P F) ď ´ inf
xPF

I(x), for any closed set F, (4.6)

lim inf
nÑ8

n´1 ln P (λmax/(2n) P O) ě ´ inf
xPO

I(x), for any open set O. (4.7)

(ii) The sequence tλmin/(2n)u satisfies an LDP with a speed n and a suitably defined rate function J(y) :

lim sup
nÑ8

n´1 ln P (λmin/(2n) P F) ď ´ inf
yPF

J(y), for any closed set F, (4.8)

lim inf
nÑ8

n´1 ln P (λmin/(2n) P O) ě ´ inf
yPO

J(y), for any open set O. (4.9)

Theorem 4.3. For any x0 ě (1 + κ1/2)2β/2 and y0 ď (1 ´ κ1/2)2β/2, it holds that

lim
nÑ8

n´1 ln P (λmax/(2n) ě x0, λmin/(2n) ď y0) = ´I(x0) ´ J(y0). (4.10)

For the sequence of sample covariance matrices XXT , the authors in [20] studied large deviations
of individual λmax and λmin under two main restrictions: (i) the i.i.d. entries are either (real)
standard normal or symmetric and bounded; (ii) the dimension size p and the sample size n
satisfy p = o(n/ ln ln n) as n Ñ 8. In Paper II, based on contraction inequalities, we improved
the results by (i) allowing the i.i.d. entries to be sub-Gaussian, and (ii) imposing the relaxed
assumption p = o(n). The main result of Paper II is recalled in the following Theorem 4.4.

Theorem 4.4. Supposed that the entries tXiju1ďiďp,1ďjďn of X are i.i.d. sub-Gaussian with zero mean
and unit variance. Then, for p = p(n) Ñ 8 with p(n) = o(n) as n Ñ 8, and a suitably defined rate
function I :

(i) for any c ě 1 it holds that

lim inf
nÑ8

n´1 ln P (λmax ě c) ě ´I(c), (4.11)

lim sup
nÑ8

n´1 ln P (λmax ě c) ď ´ lim
ϵÑ0

I(c ´ ϵ); (4.12)

(ii) for any 0 ď c ď 1 it holds that,

lim inf
nÑ8

n´1 ln P (λmin ď c) ě ´I(c), (4.13)

lim sup
nÑ8

n´1 ln P (λmin ď c) ď ´ lim
ϵÑ0

I(c + ϵ). (4.14)
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4. SPECTRAL PROPERTIES OF RANDOM MATRICES

Large deviations for condition numbers

Large deviations for condition numbers κ(p, n) = (λmax/λmin)
1/2 of the aforementioned two

types of sequences of random matrices are mostly unknown. A partial reason can be shown as
follows. As discussed already in Section 3.3, large deviations of κ(p, n) would follow directly
from large deviations of the joint (λmax , λmin) based on the contraction principle. However,
given large deviations of individual λmax and λmin, large deviations of the joint (λmax , λmin)

won’t follow from the contraction principle, as λmax and λmin are not independent. Therefore, in
order to establish large deviations of the condition numbers κ(p, n), one either establishes large
deviations of the joint (λmax , λmin), or investigates the condition numbers directly. In Papers
I and III, we directly study the condition numbers κ(p, n), and derive large deviations results
based on careful analysis of the joint density function of all eigenvalues.

The main result of Paper I for the sequence of sample covariance matrices XXT is recalled in
Theorem 4.5.

Theorem 4.5. Suppose that the entries Xij, 1 ď i ď p, 1 ď j ď n, are i.i.d. sub-Gaussian with zero
mean and unit variance. Then for any c ě 1 and suitably defined rate functions Ip,0 and I8,0, it holds
that for fixed p,

lim
nÑ8

n´1 ln P
(

k2(p, n) ě c
)
= ´Ip,0(c), (4.15)

and for p = p(n) Ñ 8 with p(n) = o(n),

lim
nÑ8

n´1 ln P
(

k2(p, n) ě c
)
= ´I8,0(c). (4.16)

Since standard normal distribution is sub-Gaussian, a very special case of Theorem 4.5 is the
real central Wishart matrix Wp(n, n´1I) for which the entries Xij, 1 ď i ď p, 1 ď j ď n, are i.i.d.
standard normal N (0, 1).

Corollary 4.6. Suppose that the entries Xij, 1 ď i ď p, 1 ď j ď n, are i.i.d. standard normal N (0, 1).
Then for any c ě 1 it holds that

lim
nÑ8

n´1 ln P
(

k2(p, n) ě c
)
= ´2´1 ln

[
(c + 1)2/(4c)

]
(4.17)

when p is fixed or p = p(n) Ñ 8 with p(n) = o(n).

The main result of Paper III for the sequence of β-Laguerre ensembles is recalled in Theorem 4.7.

Theorem 4.7. For β-Laguerre ensembles whose joint probability density of eigenvalues is given by (2.2),
suppose that p is either fixed or p = p(n) Ñ 8 as n Ñ 8 with p = o(n/ ln n). Then it holds that, for
any β ą 0 and c ě 1,

lim
nÑ8

n´1 ln P(λmax/λmin ě c) = ´(β/2) ln
[
(c + 1)2/(4c)

]
.
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5 Summary of papers,
conclusion and further
research

This chapter gives an overview of the results established in part two of this thesis and the plan
for future research.

5.1 Summary of papers

Paper I: Large-deviation asymptotics of condition numbers of random matrices

Sub-Gaussian random variables contain random variables such as the normal (or Gaussian),
Bernoulli and bounded random variables. In this paper, we study large deviations of condition
numbers of random matrices with sub-Gaussian random entries.

Let X be a p ˆ n random matrix with zero mean and unit variance i.i.d. sub-Gaussian random
entries. For fixed p or p = p(n) = o(n) as n Ñ 8, we derive large deviations of condition
numbers of Wpˆp := XXT/n. Note that Wpˆp includes the real central Wishart matrix as a
special case.

Paper II: Large deviations of extremal eigenvalues of sample covariance matrices

For a p ˆ n random matrix X with i.i.d. sub-Gaussian random entries, the paper studies large
deviations of extremal eigenvalues of XXT/n under p = p(n) Ñ 8 with p = o(n) as n Ñ

8. This improves an existing result in the literature [20] in which p is more restrictive p =

o(n/ ln ln n).

Paper III: On the ratio of extremal eigenvalues of β´Laguerre ensembles
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5. SUMMARY OF PAPERS, CONCLUSION AND FURTHER RESEARCH

Suppose that X is a p ˆ n random matrix with i.i.d. entries. When the entries of X are real (β = 1),
complex (β = 2) or quaternion (β = 4) normal random variable, we have three special matrix
models of the form XXT under the name of real, complex or quaternion Wishart matrix model.
When β ą 0, XβXT

β are real tridiagonal random matrix models with independent χ´distribution
entries and the models are known as β´Laguerre ensembles (or β´Wishart ensembles) in the
literature. In this paper we present and prove results of the ratio of extremal eigenvalues of
β´Laguerre ensembles for p either fixed or p = p(n) Ñ 8 with p = o(n/ ln n) as n Ñ 8 in
terms of large deviations.

Paper IV: Large deviations of extremal eigenvalues of β´Laguerre ensembles

In this paper, we consider β´Laguerre (or Wishart) ensembles XβXT
β with a general β ą 0.

Under the assumption p/n Ñ κ P (0, 1), we derive large deviations for the extremal (namely,
maximal and minimal) eigenvalues. This generalizes a result considered in [5] for β = 2.

5.2 Further research

Concerning the future research, overall we are planning to apply the results derived in the pa-
pers to real life problems in Rwanda to solve certain problems encountered by companies.

In this thesis, we have studied large deviations for the extremal eigenvalues and the condition
numbers of the two types of sequences of random matrices: the sequence of sample covariance
matrices and the sequence of β´Laguerre ensembles. On one hand, it would be challenging to
improve the conditions imposed on p and n, which will be our future work. For instance, in
Paper III, it is not an easy task to improve the condition from p = o(n/ ln n) to p = o(n). On
the other hand, it would be interesting to examine whether or not similar results can be derived
as well for other types of sequences of random matrices (for example, sequence of β´Hermite
ensembles). It has been remarked in [29] that the weak limit of the eigenvalues of β´Laguerre
ensembles is the one of the eigenvalues of β´Hermite ensembles (after suitable scaling) when
p = o(n1/3). It is expected that there are some connections between the corresponding large
deviations.
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