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Abstract

This research aims to advance the quantum dynamics simulation of van der Waals molec-

ular clusters, including H2O – H2O, H2O – HCN, and N2O – CO, which are formed with

abundant molecules in the interstellar medium (ISM) such H2O and CO. While these sys-

tems have traditionally been studied through classical methods, the full quantum approach

using the Multi-Configuration Time-Dependent Hartree (MCTDH) method was chosen to

address challenges related to dimensionality. A critical first step in this approach is the

accurate representation of the Potential Energy Surface (PES), as it underpins all subse-

quent calculations. Although previous studies have characterized some properties of these

clusters, this work provides comprehensive rovibrational state calculations and initiates

collision simulations for the water dimer. Achieving convergence, however, has proven

challenging, as it is highly sensitive to the size of the primitive basis set and the num-

ber of single-particle functions (SPFs) utilized in flux calculations for computing inelastic

cross sections and rate coefficients. Spectroscopic calculations were performed using the

Block Improved Relaxation procedure from the Heidelberg MCTDH package, allowing ex-

traction of transition frequencies and rotational constants. The zero-point energy (ZPE)

and intermolecular vibrational frequencies obtained from these simulations align well with

prior ab initio studies, while the transition frequencies and rotational constants show good

agreement with experimental data.
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1. Introduction

This thesis focuses on the theoretical study of the spectroscopy and dynamics of van der

Waals molecular clusters. I will begin with the astrochemistry background and the current

status of the research on spectroscopy and collision processes.

1.1 Background

1.1.1 General context

It is well-established that the formation, destruction, and excitation of molecules are use-

ful for describing and investigating atmospheric chemical phenomena [6, 7, 8]. A deep

understanding of these chemical processes will require exploring the main application of

the molecular clusters simulated in this thesis, which is astrochemistry. Astrochemistry is

a science that includes the exploration of molecular systems for astrophysical studies, and

investigates the chemical processes in space related to the formation, decomposition, and

excitation of molecules in various environments [9]. It integrates chemistry, physics, and

astrophysics to investigate the chemical composition and interaction of molecular clus-

ters throughout the universe. To provide more details about astrochemistry, Michael De

Becker defined astrochemistry as the science devoted to the study of chemical processes

in astrophysical environments, including the Interstellar Medium (ISM), comets, circum-

stellar, and circumplanetary regions where molecules are generally subject to excitations

due to temperature variations and can therefore interact [10].

Estimating molecular abundances is essential in observational astrochemistry. Model-

ing the physical conditions requires molecular and spectroscopic data for the observed

species, which can be obtained through experimental or theoretical studies. In addition

to spectroscopic data, radiative transfer is used to determine molecular abundances from

line spectra. This requires precise knowledge of rotational state-to-state excitation (or

de-excitation) rate constants [11] and astronomers require these data on the observed

molecules to interpret the observations and model the physical conditions of the observed

1



Section 1.1. Background Page 2

environments [12].

Molecules in the astrochemical environment are primarily formed on dust grain surfaces

in interstellar clouds or through gas-phase reactions. The formation processes are related

the adsorption, diffusion, and chemical reactions on the grain surfaces [13]. Before delving

into the heart of the subject, I will start by describing the astrochemical environments in

which molecular clusters, as well as the physical quantities we will study, play an essential

role.

1.1.1.1 The Interstellar Medium (ISM):

The interstellar medium refers to the matter that exists between star systems in a galaxy—sometimes

referred to as interstellar space [14]. This matter is composed of gas and dust, such as

molecular clouds and nebulae. Most molecules are found in the gas phase, with hydrogen

and helium making up over 98% of the composition as shown in Figure 1.1 [13, 15], where

there is a small amount of dust containing carbon, oxygen, and various other chemical

elements. Figure 1.2 illustrates the molecular diversity present throughout the life cycle

of the interstellar medium. This cycle begins in the diffuse interstellar medium, continues

in dense molecular clouds where stars and planets form, and ends with their return to the

interstellar medium following the explosion of stars [5]. This process then gives rise to

a new cycle. During these stages, heavy elements are synthesized and gradually become

more abundant [5].

1.1.1.2 The Comets:

comets are another relevant laboratory in astrochemistry. Comets are easier to study

than the ISM because when they come close to the sun, they release gases and dust that

provide clues about how our solar system formed long ago [16, 17]. We can sometimes

spot them with our own eyes at night. However, just seeing them is not enough; to truly

understand what is happening with them physically or chemically, detailed observations

are required.

Comets mostly contain water along with various volatile compounds [18] such as carbon

dioxide (CO2), carbon monoxide (CO), methanol (CH3OH), and some complex organic
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Figure 1.1: An illustration of the interstellar medium. The figure has been modified and
taken from reference [4].

molecules like aldehydes and alcohols [1]. Therefore, detailed observations are important

when studying their chemistry. Unlike the interstellar medium, comets provide scientists

with opportunity to make measurements up close.

Unlike the interstellar medium, comets are more accessible, allowing in situ measurements.

Comets are remnants of the planet formation process around our sun. As time capsules,

they have spent most of their existence far from the sun without undergoing significant

thermal changes since their formation. This makes them unique sources of information

about the conditions of planet formation [19, 20]. Comets have two main parts: their

nucleus which is a mix of ice and rock, preserving old molecules since our solar system’s

formation, and their atmosphere called a coma formed by gas and dust when they heat

up near the sun. By studying what comes from this coma, we learn valuable details about
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Figure 1.2: An illustration of the life cycle of the interstellar medium. The figure was
taken from reference [5] with Tielens (author) and Reviews of Modern Physics (journal)
permissions.

early solar systems - even ideas about how life could have started on Earth [21, 22].

The abundance of different molecules relative to water in comets is reported in Table 1.1.

The presence of certain organic molecules in comets has been a basic hypothesis [23]

for their contribution to the development of living beings on the terrestrial planet. This

hypothesis suggests that comets, made up of ice, dust, rock, and frozen gases, might have

brought organic molecules to Earth in its early stages. These organic substances could have

been the subject of the development of life. This concept is known as panspermia [24, 25],

proposing that life, or its essential components, could have come from space.
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Table 1.1: Abundance ratios of detected molecules relative to water in comets. This table
has been modified and taken from reference [1].

Compound Chemical formula Molar mass
Proportion relative

to water

Water H2O 18 100

Methane CH4 16 0.5

Hydrogen cyanide HCN 27 0.9

Carbon monoxyde CO 28 1.2

Methylamine CH3NH2 31 0.6

Ethanenitrile CH3CN 41 0.3

Isocyanic acid HNCO 43 0.3

Ethanal CH3CHO 44 0.5

Methanamide HCONH2 45 1.8

Ethylamine C2H3CHO 45 0.3

Isocyanatomethane CH3NCO 57 1.3

Propanone CH3COCH3 58 0.3

Propanal C2H5CHO 58 0.1

Ethanamide CH3CONH2 59 0.7

2-Hydroxyethanal CH2OHCHO 60 0.4

1,2-Ethanediol CH2(OH)CH2(OH) 62 0.2

1.1.2 Molecular detection and analysis in Astrochemistry

In the previous section, I discussed the environments where molecules can be observed. I

will now focus on the types of molecules detected in the interstellar medium. The first

identified molecules, such as Hydrocarbon gas (CH), Cyanogen gas (CN), and methylidyne

cation CH+ [26, 27, 28], were discovered over 80 years ago. However, they were initially

overlooked as scientists considered them to be simple fragments of larger molecules. In

the late 1950s and during the 1960s, the development of radio astronomy significantly
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accelerated the discovery of new molecules [29], with OH being the first to be detected

using this technique [30]. In 1968, the discovery of ammonia NH3 [31] marked a major

breakthrough, drawing attention to the presence of heavy molecules formed during nucle-

osynthesis and released into the interstellar medium [13]. Since then, over 270 molecules

have been discovered in the ISM, ranging from simple two-atom molecules to complex

organic compounds [32]. Many of these molecules cannot be produced on Earth due to

the unique conditions in space, making the interstellar medium a fascinating research area.

To analyze the detected molecules, experimental and theoretical data on molecular inter-

actions, particularly spectra and collisional data, are essential for interpreting the observa-

tions [33]. This data can also be used to simulate astrochemical environments [34]. The

combination of state-to-state art spectroscopic observations and advanced atmospheric

modeling and statistical inference methods is also used to explore and analyze the detected

spectra of molecular complexes in the ISM [35]. These spectroscopic observations make

a major contribution to our understanding of the greenhouse effect and ozone depletion.

Experimental studies can replicate interstellar medium conditions to gather spectroscopic

and collisional data but have limitations, such as laboratory costs and sometimes no ex-

perimental data. In fact, to offset the cost of laboratory studies, theoretical studies have

been considered as a way to pave to these molecular spectra analyses [36].

Molecular observations are not limited to the identification of the molecules themselves.

They also provide more information about the physical and chemical conditions of the

environment where these molecules are found. To obtain these details, researchers try

to reproduce the spectra of the observed molecules. An accurate modeling of these

spectra requires a good understanding of the distribution of molecules in their different

energy levels [37]. If we consider a local thermodynamic equilibrium (LTE) state, this

distribution can be easily calculated, as it means that molecules reach their energy levels

through collisions in a dense medium [38].

However, this equilibrium state is rarely present in environments like the interstellar

medium (ISM) due to its low density and low temperature [39]. This complicates the
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interpretation of spectra because energy transfer depends on an interaction between radia-

tive and collisional processes. Radiative processes include absorption, stimulated emission,

and spontaneous emission, while collisional processes involve the excitation and relaxation

of molecules. To properly model the spectra, it is essential to take into account these two

types of mechanisms [39].

1.1.3 Motivations of the study

As discussed earlier, following the discovery of various molecules in the interstellar medium,

our first focus has been to understand the chemical and physical processes responsible

for creating these species. Experimental studies aim to replicate the physical conditions

of the ISM to interpret and analyze spectroscopic and collisional data. However, these

experiments face limitations, such as the range of temperatures and pressures achievable

in the lab, or the size and complexity of molecules that can be synthesized. This makes

theoretical studies can be considered, as they can overcome these restrictions and provide

spectroscopic and collisional data that complement experimental findings—or even serve

as the primary source of information when experiments are not feasible. Nevertheless, the-

oretical calculations also come with challenges, often requiring significant computational

resources and complex methodologies.

In recent years, many computational simulations have been conducted using the coupled

equation method, also known as the Close Coupling (CC) approach [40, 41], to solve

the time independent nuclear Schrödinger equation. The coupled state (CS) is based on

the simplification of the CC method with some Coriolis couplings and it is valid only at

high energy [42]. The infinite -order approximation is valid even at larger energies and for

molecules with small rotational constants [43]. Other relevant methods such as such as

Quasi-Classical Theory (QCT) [44] and Mixed Quantum/Classical Theory (MQCT) [45]

are also employed in studying reaction dynamics across various systems, such as diatom

and atom [46, 47], diatom and diatom [48, 49], triatom and atom [50, 51], triatom and

diatom [52], and triatom and triatom [53], etc. However, these calculations encounter

several difficulties, such as:
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Spectroscopic and inelastic collision studies involving molecular systems using time in-

dependent CC methods are often limited due to the computational time and memory

required to store the wave functions for large systems. Van der Avoird et al. [54] used

Davidson’s algorithm to compute the rovibrational states of H2O – H2, Stoecklin et al. [55]

employed a rigid-bend CC to treat the inelastic collisions of H2O with para-H2, and then

the CC bending relaxation of H2O by He. With the same CC method, the bound state

rovibrational energy and inelastic cross-sections of other systems have been widely studied,

such as H2O – CO and its isotopologues [56, 57, 58], and H2O – HF [59].

The Quasiclassical Trajectory (QCT) method is most effective in high-temperature condi-

tions where quantum effects are less likely to play a significant role. However, at low

temperatures, its reliability may be uncertain, especially when strong resonances are

present [60]. These assumptions underscore the limitations of current methodologies

and emphasize the necessity for alternative approaches that are more efficient and adapt-

able across various temperature and energy ranges. For instance, the MultiConfiguration

Time-Dependent Hartree (MCTDH) method [61] is well-suited for managing large systems

efficiently, providing significant advantages in terms of computational time and memory

utilization for wave function storage. Furthermore, it is a quantum method that demon-

strates particular effectiveness at high collisional energies, in contrast to time-independent

approaches.

In this project, the MCTDH method is employed to address the challenges associated

with molecular clusters, accommodating a wide range of degrees of freedom (DOF). This

capability enhances the feasibility of calculations and reduces resource demands, enabling

a comprehensive investigation of the spectroscopy and dynamics of various molecular

clusters. While MCTDH excels at managing large-dimensional systems compared to al-

ternative methods, expanding the calculation basis can lead to even greater performance

improvements.
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1.2 Objectives

The aim of this thesis is twofold: the first objective is to represent the multipolar potential

energy surface (PES) and utilize this potential in conjunction with the kinetic energy

operator (KEO) to compute the rovibrational states of selected van der Waals molecular

clusters. The second objective is to investigate the inelastic collisions of various molecular

clusters that are pertinent to astrophysics and atmospheric studies. To achieve these goals,

the nuclear Schrödinger equation is solved using the MultiConfiguration Time-Dependent

Hartree (MCTDH) method, which has proven to be highly effective.

1.2.1 Rovibrational Spectroscopy

In recent years, advances in rovibrational spectroscopy techniques of molecular clusters

have been widely studied theoretical [62, 63] and experimentally [64]. For example, the

use of tunable lasers in the far infrared (FIR) [65, 66] allows for the measurement of

intermolecular vibrations. In parallel, to better understand these clusters, it is essential to

improve the description of the interactions that govern them. Experimentally the obtained

spectra provide valuable data for theorists to refine potential energy surfaces. Theoretical

modeling of a system like a van der Waals complex presents several challenges, including

the large basis dimension required for calculations to achieve accurate convergence. Fur-

thermore, calculating spectra of such systems is becoming increasingly complex, especially

when aiming to go beyond the rigid rotor approximation. This requires highly efficient

numerical methods to perform the calculations. Rovibrational states play a key role in the

physicochemical processes of the atmosphere [64, 67].

These calculations are based on the application of the Born-Oppenheimer Approxima-

tion (BOA) [68], which assumes that the movements of electrons and nuclei can be

treated separately, given the large difference in their masses. This approach allows solving

the Schrödinger equation in two distinct steps. First, the electronic part of the equation

is solved, which requires determining the Potential Energy Surface (PES) of the system

for different fixed positions of the nuclei, representing the electronic interaction. Then,
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this PES is used to solve the nuclear Schrödinger equation, thereby obtaining the rovibra-

tional states. The MCTDH method has been favored to solve the Schrödinger equation

in this type of system due to the large number of Degrees Of Freedom (DOF) involved.

Numerous rovibrational calculations were performed using the rigid-rotor monomer ap-

proximations for various systems, such as H2O – H2 [54, 62, 69], H2O – CO [56, 57],

H2O – HF [59, 70], H2O/D2O–CO2 [71], H2O-HCl [72, 73, 74], CH4 – H2O [75, 76],

and H2O – H2O [63, 77, 78]. I only named the water-containing clusters as examples

of the molecular clusters because it was the main goal of my thesis project. Some re-

cent approaches developed for the computational simulations, such as the use of compact

contracted bases of intermolecular and low-energy rigid-monomer intermolecular eigen-

states [79, 80], and the combination of Discrete Variable Representation (DVR) and

Finite Basis Representation (FBR) with Lanczos diagonalization [62, 63], have enabled

full-dimensional and coupled quantum calculations of the rovibrational states of water-

containing clusters with flexible monomers. This includes systems like H2O – HCl [72] and

its isotopologues [81, 73], H2O/D2O–CO [82], HDO – CO [83], benzene-H2O [84], and the

water dimer [63, 85]. Lanczos diagonalization is an iterative method particularly effective

for finding eigenvalues and eigenvectors of large, sparse matrices, enabling the computa-

tion of a few eigenstates without fully diagonalizing the matrix [86]. This technique is

frequently applied when only a limited number of low-energy rovibrational states, such as

the ground and low-lying excited states, are required. By focusing on these specific states

rather than the entire spectrum, Lanczos diagonalization offers computational efficiency

for large systems. In contrast, coupled quantum calculations explicitly solve the coupled

equations governing all degrees of freedom within the system, encompassing both rota-

tional and vibrational interactions [87]. These calculations typically use a basis set that

incorporates both rotational and vibrational states, necessitating a complete treatment of

the Hamiltonian. This approach is essential when obtaining the full set of rovibrational

states or when accounting for significant interactions between rotational and vibrational

modes, especially in systems where mode coupling strongly influences the dynamics. How-

ever, coupled quantum calculations are more computationally demanding than Lanczos

diagonalization, as they require a comprehensive solution of the Hamiltonian matrix, mak-
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ing them preferable for smaller systems or situations demanding high accuracy across the

entire spectrum of states.

1.2.2 Dynamical Collision

In this section, I will begin by detailing the various types of scattering processes, providing

a foundation for understanding the underlying mechanisms and distinctions between them.

Subsequently, I will present an overview of prior scattering calculations and notable lim-

itations encountered in earlier approaches. We consider a non-reactive diffusion process

between two systems A and B.

A(i) +B(j) −→ A(i′) +B(j′) (1.2.1)

A and B, characterized by sets of quantum numbers i and j for the initial state, and i′

and j′ for the final state after the process. The values i and j describe the configurations

of systems A and B before the interaction, while i′ and j′ provide information about their

respective states after the interaction. There are two main categories of non-reactive

scattering processes. The first type, known as elastic scattering, is characterized by the

fact that the internal states of the systems remain unchanged during the collision. In

other words, this means that i = i′ and j = j′. The second type, called inelastic collision,

is distinguished by changes in the internal states of the systems after the collision. In

this case, we have i ̸= i′ and/or j ̸= j′. In the inelastic process, one may also observe

excitation and/or de-excitation of the system [88, 89].

Quantum scattering between molecule-molecule, molecule-atom, and atom-atom inter-

actions is significant in various fields such as chemical processes in Earth’s atmosphere,

industrial and aeronautic combustion chemistry, and environments beyond Earth, such as

the interstellar medium and the atmospheres of stars and planets [90, 91, 41, 92]. For

example, determining the molecular abundances in protostellar clouds can be achieved

by solving radiative transfer equations, which require an understanding of state-to-state

collisional rate coefficients. One can note that for collisional calculations, the Born-
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Oppenheimer approximation [68] is also used, which facilitates the determination of cross

sections. These cross sections are then used to calculate collisional rate coefficients, es-

sential parameters for estimating the abundance of a species in the interstellar medium.

The close-coupling method, introduced by Arthus and Dalgarno in 1960 [93], is commonly

employed to obtain accurate collision data by simplifying the problem into a set of coupled

second-order differential equations that need to be numerically solved. Scientists at that

time were limited in performing calculations for a few and small collisional systems (in

terms of numbers of atoms) due to their small computational resources. Since then, with

the enormous growth in computational technology, several methods have been proposed

to study the collision of large molecules, including the time-dependent MCTDH method.

We have been able to study more complex systems, necessary for the chemical modeling of

astrophysical media. Time-independent CC calculations have been widely used for atom-

atom or molecule-atom inelastic collisions [94, 95]. Several works in the literature have

focused on the time-independent CC approach, dealing with van der Waals complexes in

the rigid rotor or full-dimensional approximation [96, 97, 98, 99, 100, 101]. As molecules

become larger and heavier, the density of internal states increases, making the problem

unfeasible using the CC method at higher collision energies when the number of accessible

rovibrational states increases [102]. Some methods have been proposed as alternative ap-

proaches to the CC method, such as the QCT method, used to solve classical Hamilton’s

equations and is numerically efficient, especially at higher collision energies. The MQCT

method developed by Semenov and Babikov [103] is used for inelastic scattering, providing

computational gain for larger molecules at higher collision energies, such as CO + He [104],

H2O + He [51, 47], and the statistical adiabatic channel model (SACM) [100, 101]. While

those methods show promising results, their accuracy and domain of validity require fur-

ther investigation, especially in extending the SACM calculations to obtain collisional data

for the highest transitions between two partners [101].

Additionally, collisional data for molecular clusters, such as rate coefficients, is essential.

Estimating molecular abundances in the interstellar medium (ISM) from spectral line ob-

servations relies heavily on accurate collisional rate coefficients. Numerical modifications
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will be made to the potential energy surface for long-distance interactions. This work

focuses on performing quantum calculations on selected molecular clusters using both

existing and newly developed PESs. While this study is theoretical, significant computa-

tional challenges arose when employing the Multi-Configuration Time-Dependent Hartree

(MCTDH) method, as many of the simulations required specialized external tools and

methodologies that were still under development for the systems investigated in this the-

sis.

1.3 Relevance of molecular clusters

In this thesis, I investigate specific van der Waals (vdW) complexes, which can be easily

used to understand the chemical reaction intermediates and phase transitions between

gas and condensed phases. These complexes provide essential insights into a wide range

of chemical phenomena, with applications across fundamental chemistry, astrophysics,

atmospheric physics, and biochemistry [105]. Thus, I will present four molecules: water

(H2O), hydrogen cyanide (HCN), carbon monoxide (CO), and nitrous oxide (N2O). These

molecules were selected because of their importance in astrochemical environments. Here,

I explain the reasons for choosing each of these molecules.

1.3.1 Water (H2O)

Water (H2O) molecule is one of the most abundant polyatomic systems in the Universe.

In 1969, Cheung et al. [106], observed water in space, and it is a prevalent component in

Earth’s environment, playing a significant role in the composition of many planets, moons,

and also comets [107]. The study of molecule detection has been greatly enhanced by new

technologies such as the Submillimeter Wave Astronomy Satellite (SWAS) [108] and the

Infrared Space Observatory (ISO) [109], to name only a few. Water is essential everywhere

on Earth’s surface for biological, chemical (as a key factor in the chemical reactivity of the

ISM), and physical processes [110]. Without it, the Earth would be radically different. It is

a versatile molecule that can exist in a wide range of environments, making it a valuable

tool for studying different environmental conditions beyond the earth [111]. With its
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numerous rovibrational levels, water plays an essential role in cooling processes during the

processes of star formation. Given water’s importance in sustaining life, its presence in the

ISM and on planets has sparked interest in the possibility of extraterrestrial life [112, 113].

Water in the ISM is the third most abundant molecule after CO and H2 [114, 5, 115,

69, 39] and can interact with other relevant complexes, including water itself. That is

one of the main reasons for the extensive studies of the water dimer [63, 116, 117].

The initial calculations of the rovibrational states, based on an accurate representation

of the PES, were straightforwardly feasible. To address this issue, we developed a new

methodology. We utilized the most accurate PES of H2O – H2O system available in the

literature [118] and transformed it into a more user-friendly analytical form [119]. My

projects for this thesis began with an in-depth study of the H2O – H2O system, which

formed the cornerstone of my doctoral work. This theoretical investigation centered on

understanding the van der Waals (vdW) interactions within this system and expanded to

include interactions with other molecular complexes, such as HCN.

1.3.2 Hydrogen Cyanide (HCN)

Hydrogen cyanide is one of the most observed molecules in the ISM, and its large dipole

moment is also a parameter used to consider HCN as a good tracer of high-density re-

gions [120]. Its initial observation was by Snyder and Buhl in 1971 [121], where they

recorded the transition from the ground state with J = 1 to J = 0 at a frequency of 88.6

GHz. It was initially detected in comet Kohoutek [122] and later in comet Halley [123, 124]

but its formation path is not well known. Furthermore, HCN can be considered a poten-

tial reactant nitrogen during the formative stages of Earth’s biosphere [125, 126]. Beyond

our planet, HCN has been avidly studied due to its wide-ranging presence in extrater-

restrial contexts, including comets [127], rigid molecular clouds [128, 129], circumstellar

envelopes [130], and even active galaxies [131]. Additionally, HCN can interact with a

selected few molecules in high-redshift galaxies, such as CO, CN, and HCO+ [132] as it is

cosmic. Recent advancements in observational technology, handled by the Atacama Large

Millimeter/Submillimeter Array (ALMA) interferometer and the Herschel Space Observa-
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tory, have provided a large amount of HCN emission spectra data [133]. These data

extend through a large cosmic space, including molecular clouds such as Sgr A∗ [134]

within our own galaxy, circumstellar envelopes such as IRC+10216 [135], and extending

to the far reaches of the cosmos, where external galaxies come into focus [136, 137].

The non-local-thermal equilibrium (N-LTE) models [138] are very useful to determine the

abundance of HCN with the requirement of radiative and collisional properties of the

molecule. The studies of the interaction between HCN and H2O are then of high interest.

1.3.3 Carbon monoxide (CO) and nitrous oxide N2O

The weak intermolecular interactions and rovibrational spectra of VdW complexes involv-

ing CO and N2O have been a subject of sustained interest [139, 140, 141]. CO is the

second most abundant molecule in the Universe after H2. Its abundance, relative to hydro-

gen, stands at 4×10−4 for carbon and 7.4×10−4 for oxygen [142]. CO also acts as one of

the major by-products of combustion processes; it has been shown in many occurrences in

the Earth’s atmosphere, hydrocarbons, and also interstellar clouds [143]. Therefore, CO is

of great importance and interest in atmospheric research, combustion chemistry, and en-

vironmental monitoring [144]. In astrophysical studies, the CO emission spectrum is used

to detect H2 and this detection is due to its absence of a dipole moment, making carbon

monoxide (CO) the most frequently observed molecule across a diverse array of cosmic

environments [143]. N2O and CO play significant roles in the atmospheric environment as

they are two major greenhouse gases that contribute to the Earth’s heat retention [145].

Their atmospheric concentrations have been shown to be increasing. Additionally, N2O is

a precursor to the production of stratospheric NOx, which is responsible for the natural

depletion of stratospheric ozone [3]. The accurate CO fundamental band has proven to

be a good quantitative tracer of molecular gas [146], but the initial detection of carbon

monoxide only dates back to the year 1970 [147].
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1.4 Outline of this thesis

The theoretical study of the spectroscopy and inelastic collisions of molecular clusters is

especially important when the dimensionality of the two partners is increasing. This thesis

aims to investigate the interaction of two molecular complexes using the MCTDH method.

In particular, the work described herein illustrates a theoretical method that can be used

to break down unfeasible spectroscopy and collisional studies of molecular clusters with a

large number of degrees of freedom.

The present thesis is structured in the following way:

In Chapter 2, I present the theoretical frameworks employed in performing quantum dy-

namics calculations, starting with the Born-Oppenheimer approximation and extending to

the computation of rovibrational states and rate coefficients using the Multi-Configuration

Time-Dependent Hartree (MCTDH) approach [148, 149].

In Chapter 3, I present the rovibrational states calculations of the H2O – HCN in the

rigid rotor approximation using a 5D-dimensional PES. In this part, the research aims

to investigate the spectroscopic properties of the H2O – HCN heterodimer utilizing the

MCTDH method.The rovibrational states will be calculated and analyzed by external

scripts, and their weights predicted. The analysis involves investigating hydrogen bonding

characteristics, geometric arrangement, and vibrational couplings within the complex in

the rigid rotor approximation.

In Chapter 4, I calculate the rovibrational states and preliminary steps for the inelastic

collision of the water dimer in the rigid rotor approximation. This chapter focuses on

analyzing the spectroscopic characteristics, cross sections, and rate coefficients of the

water dimer using the MCTDH method. These tasks require accurately transforming

the potential energy surface (PES) and implementing it within the MCTDH framework.

Following the approach in Chapter 3, the HCN molecule is replaced by H2O to assess the

complexities involved in describing this system. This substitution facilitates a comparison

between the challenges associated with HCN and H2O, particularly regarding convergence
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behavior and low-energy dynamics. The objective is to determine whether the complexity

of calculations increases or decreases based on H2O’s unique properties, including its

molecular structure and symmetries inherent to Wigner functions, which may influence

wave function accuracy.

In Chapter 5, I computed the spectroscopic properties: the rovibrational states, transition

frequencies, and rotational constants of the N2O – CO molecule in the rigid rotor approx-

imation. This work complements my thesis project, which primarily focused on water

molecules within clusters. The main task is to demonstrate to the reader how to repre-

sent the PES of such systems without using the multipolar form or performing multiple

integrations to obtain the expansion coefficients. The approach (not new) aims to pro-

vide a more direct and accurate representation of the potentials of linear-linear systems,

especially in calculations of rovibrational states and collisional dynamics. Additionally,

the N2O – CO system has a notably larger reduced mass, making the calculations much

more difficult to converge. This highlights the connection to the overall thesis project and

specifies the objective of a new method for representing the PES.

Finally, in Chapter 6, I summarize all the work done in this thesis and present some

perspectives for future work.



2. Theoretical framework

In this chapter, I provide an overview of the quantum chemical methods used for spec-

troscopy and collisions. I will provide more details about the molecular system and the

Born-Oppenheimer approximation (BOA) derivation process. Electronic structure meth-

ods are widely used to calculate the ab initio PESs, but precision depends on the chosen

methodologies or levels of theory. Next, I will introduce the theoretical methods used for

quantum dynamics calculations. Finally, I will present the MCTDH method I used to solve

the nuclear Schrödinger equation.

2.1 The Molecular Schrödinger Equation

the treatment of a quantum dynamics problem requires calculating the PES, typically de-

rived using the Born-Oppenheimer approximation (BOA). Considering a molecular system

with N electrons and M nuclei, each position of nuclei is labeled by R, and r corresponds

to the electrons. Interactions other than Coulombic interactions (such as spin-orbit and

spin-spin interactions) are neglected initially, as are relativistic effects [150]. The nu-

clear Schrödinger equation in its time independent form for the complete solution of this

problem is:

Ĥψ(r, R) = Eψ(r, R) (2.1.1)

where Ĥ stands for the molecular Hamiltonian, the molecular wave function ψ(r, R), R

and r, are the coordinates of the nuclei and electrons respectively, and E is the molecular

eigenergy function. One can express the total Hamiltonian Ĥ as follows:

Ĥ(r, R) = T̂n(R) + T̂e(r) + V̂ee(r) + V̂nn(R) + V̂en(r, R), (2.1.2)

where:

• Ĥ(r, R) represents the total Hamiltonian of the system.

18
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• T̂n(R) is the kinetic energy operator for the nuclei.

• T̂e(r) is the kinetic energy operator for the electrons.

• V̂ee(r) represents the electron-electron interaction energy, accounting for Coulombic

repulsion between electrons.

• V̂nn(R) represents the nuclear-nuclear interaction energy, which accounts for Coulom-

bic repulsion between nuclei.

• V̂en(r, R) represents the electron-nuclear interaction energy, accounting for the at-

traction between electrons and nuclei.

To solve equation 2.1.2 directly is not practical because it is computationally expen-

sive [151].

Now, looking at equation 2.1.2, each term can be rewritten as:

T̂n(R) = −
N∑
i=1

1

2Mi

∇2
Ri

(2.1.3)

T̂e(r) = −
N∑
i=1

1

2me

∇2
ri

(2.1.4)

V̂ee(r) =
N∑
i=1

M∑
j>i

1

|ri − rj|
(2.1.5)

V̂nn(R) =
M∑
i

M∑
j>i

ZiZj

|Ri −Rj|
(2.1.6)

V̂ne(r, R) = −
N∑
i=1

M∑
j=1

Zj

|ri −Rj|
(2.1.7)

The mass of a given nucleus is Mi at position Ri and M is the total number of nuclei;

me is the mass of the electrons, N is the number of electrons at position ri. In atomic

units me = ℏ = 1. The |ri− rj| are the distances between electrons i and j and |Ri−Rj|

are the distances between nuclei i and j with the nuclear charge Z. Equation 2.1.2
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does not account for any relativistic effects [150]. The Schrödinger equation can be

solved analytically for simple two-particle systems, such as hydrogen, which consists of

one electron and one nucleus. However, for multi-atomic systems, the equation becomes

analytically unsolvable due to the complexity of the electron-nucleus interaction term,

V̂en(r, R). We must introduce approximations to obtain a solution to the Schrödinger

equation.

2.2 The Born-Oppenheimer approximation

In simple words, Born-Oppenheimer approximation has been introduced in 1927 [68] by

Born and Oppenheimer allowing one to solve the Schrödinger equation of systems with

more than one nucleus and one electron. An assumed aspect of this approximation is the

mass ratio between the electron and nucleus, where the proton’s mass is approximately

1836 times that of the electron. Due to this significant difference in mass, the nuclei move

more slowly than electrons. In other words, the nuclei distance R becomes a parameter,

and the term V̂en(r, R) becomes V̂en(r;R).

One can consider the electrons to adjust almost instantaneously and adiabatically to the

motion of the nuclei. This adiabatic adaptation forms the basis for separating the total

Hamiltonian, which defines the energy in the system, into two parts. The total wave

function can be written as a product of the electronic and nuclear wave fuction as follows

ψ(R; r) = ψel(r;R)ψN(R) (2.2.1)

As a result, the molecular Hamiltonian can be written as follows

Ĥ = T̂n + Ĥel + V̂nn (2.2.2)

Ĥel is the electronic Hamiltonian, which can be written as follows

Ĥel(r, R) = T̂e+V̂en+V̂ee = −
1

2

N∑
i=1

∇2
ri
−

N∑
i=1

M∑
j=1

Zj

|ri −Rj|
+

N∑
i=1

M∑
j>i

1

|ri − rj|
(2.2.3)
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And the electronic shrödinger equation is

Ĥelψel(r;R) = Eel(R)ψel(r;R) (2.2.4)

where Eel is the electronic energy of the system associated with the electronic wave

function ψel(r;R), and the nuclear coordinate R is a parameter for the electronic wave

function. This approach is treated in two procedures: first, the electronic energy levels are

determined for specific nuclear arrangements, then the motion of the nuclei is analyzed

within the influence of the electronic potential energy configuration [152]. The total

electronic energy of the system can thus be obtained by adding the V̂nn term

Etot
el = Eel +

M∑
i=1

M∑
j>i

ZiZj

|Ri −Rj|
(2.2.5)

By calculating the total electronic energy Etot
el for various nucleus positions, we obtain a

potential energy surface (PES).

One can separate the problem into two parts, one can solve the nuclear problem while

considering that the nuclei evolve within an electronic potential, a potential that is the

solution to the electronic problem. The Nuclear Schrödinger equation can be written as

follows

Ĥn(R)ψN(R) = EψN(R), (2.2.6)

where ψN(R) is the nuclear wave function independent of the electronic coordinate r.

Ĥn is the nuclear Hamiltonian written as follows

Ĥn = T̂n(Rj) + Etot
el (Rj) = −

N∑
j=1

1

2Mj

∇2
Rj

+ Etot
el (Rj), (2.2.7)

where E in equation 2.2.6 is the total energy of the system for each nuclear position
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j. The electronic coordinate is considered as a parameter for the nuclear Schrödinger

equation.

In this Hamiltonian setup, the BOA says that the nuclear kinetic energy operator, T̂n(R),

does not depend on the electronic wave function. In other words, the electrons move

rapidly according to the positions taken by the nuclei, not according to the speed at

which they move. The first correction to this is looking at the diagonal elements of this

operator. So with BOA, we totally separate electronic motion from nuclear motion. We

first get the electronic eigenvalues at given nuclear shapes and then track how the nuclei

behave in that electronic potential [152]. In this thesis, I have limited the discussion to

electronic structure methods and the corresponding equations used in potential energy

surface (PES) calculations. Instead, the primary focus here is on representing the PES for

applications within the Multiconfigurational Time-Dependent Hartree (MCTDH) frame-

work. The objective is not to delve into the computational details of electronic structure

theory but rather to emphasize the accuracy and suitability of the PES representation

for enabling high-quality MCTDH calculations. This approach aligns with the main goal

of efficiently modeling rovibrational states and inelastic collisional dynamics for van der

Waals molecular clusters.

2.3 Reference frame and coordinates system

Before diving into any calculations, one has to set up our coordinate system. This system

helps describe positions in our setup and how molecules interact with one another.

2.3.1 Reference frame

Any molecular system consisting of N atoms can be described by 3N Cartesian coordinates

in space. In order to reduce the number of variables on which the system depends, a mobile

frame is used to separate the coordinates associated with the translation and rotation

movements of the molecule. In the laboratory frame
(
G1, X1, Y1, Z1

)
, the center of mass

of any isolated system will perform a rectilinear uniform motion. By subtracting this
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global translational motion, a new reference frame is introduced, called Space-Fixed (SF)

frame to the molecule, where
(
G0, X, Y, Z

)
represents the center of mass, and X, Y, Z

corresponds to a moving trihedron, whose axes remain parallel to those of the laboratory

fixed frame (LF). The Hamiltonian of the system can be expanded as follows

H = TLF + V = TG0 + TSF + V, (2.3.1)

where TLF is the kinetic energy of the system in the laboratory reference frame (LF),

TSP is the kinetic energy of the system in the Space-Fixed reference frame, TG0 is the

kinetic energy associated with the translational movement of the system, and V is the

PES. The change of reference frame allows us to go from a problem in 3N dimensions

to a problem in 3N − 3 dimensions by removing the three degrees of freedom associated

with the translational motion of the center of mass.

To describe the overall rotation in the coordinate representation, a third reference frame

(G, x, y, z), called the Body-Fixed (BF) frame, is introduced. The orientation of this

frame is defined by three Euler angles
(
α, β, γ

)
, which parameterize the overall rotation

of the molecule. Once the Euler angles are defined, we then have a 3N − 6 dimensional

problem for N atoms [153].

2.3.2 Coordinates system

Once the reference frame is established for the study of molecular systems, we can choose

a suitable coordinate system to describe them. This choice of the suitable coordinate

system is not only useful for formulating the molecular system’s Hamiltonian but also for

describing the primitive basis used for the calculations.

Various coordinate systems can be used to describe a molecular system, including recti-

linear internal coordinates based on the number of atoms constituting the molecular

system. These coordinate systems are linear combinations of Cartesian coordinates and

have the advantage of simplifying the expression of the kinetic energy operator. They are

particularly useful for describing low-amplitude movements of molecular systems. We can
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also have curvilinear internal coordinates, which are not linear combinations of Carte-

sian coordinates. Among these, we find for example valence coordinates [154], suitable for

describing anharmonic systems, Jacobi coordinates [155], useful for systems undergoing

large amplitude motions, and finally hyperspherical coordinates [156, 157], widely used in

the study of collisional systems. The choice of coordinates generally depends on several

criteria, such as obtaining the most compact expression possible of the Hamiltonian with

respect to the system under study, the convergence of calculations, as a complex for-

mulation of the Hamiltonian often slows down convergence, and taking into account the

symmetries of the system. Since the systems studied in this thesis are molecular systems

with large amplitudes, I used Jacobi coordinates.

2.3.2.1 Polyspherical coordinates:

In this part, many equations are taken from refs. [158, 159], and reference therein.

Euler angles can be defined as follows to be placed in the body-fixed frame. We start

by choosing a system of orthogonal vectors, such as the Jacobi vectors connecting two

atoms, in order to reduce the dimension of the problem. To do this, we place ourselves in

the Body-Fixed frame, defined using two intermediate reference frames denoted E1 and

E2.

The E1, XE1 and YE1 reference frame is obtained from the Space-Fixed by a rotation

of an angle α around the ZSF . We obtain R⃗ ∈ (XE1GZSF ) and ZSF = ZE1 . At this

stage, we choose the Jacobi vectors with the largest reduced mass to minimize Coriolis

coupling. Then, the E2,XE2 and ZE2 reference frame is obtained from E1 by a rotation

of an angle β around the YE1 axis and YE2 = YE1 . In this stage ZE2 and R⃗ are equivalent

and define the quantification axis Finally, the final reference frame is obtained from E2

by a rotation of an angle γ around the YE2 axis. This reference frame corresponds to

the mobile BF frame defined by XBF and YBF as described in the previous section, with

the same z-axis as E2. It is appropriate to say that the rest of the work I did was in

the E2 reference frame. In practice, the relationship between the coordinates of a vector

R⃗(XSF , Y SF , ZSF ) in the Space-Fixed frame and the coordinates R⃗(xBF , yBF , zBF ) of
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Figure 2.1: Representation of the Body-Fixed (BF) frame with respect to the Space-Fixed
(SF) frame and Euler angles.

the same vector in the Body-Fixed is established by the following transformation:
XSF

Y SF

ZSF

 = R(α, β, γ)


xBF

yBF

zBF

 (2.3.2)

With R(α, β, γ) the Euler rotation matrix [160].

2.3.3 Formalism of the Hamiltonian for a molecular system.

In this section, I will present the complete formulations of kinetic energy for two rigid

systems.

2.3.3.1 Classical Hamiltonian:

The classical Kinetic Energy Operator (KEO) using the Jacobi vector can be written as

follows [157]

2T =
n∑

i=1

P⃗ 2
i

µi

, (2.3.3)
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where µi is the reduced mass associated with the ith vector of Jacobi. Using the quasi-

momentum decomposition, P⃗i can be expressed as follows [161, 162, 157, 159]

P⃗i = PR
i e⃗Ri −

e⃗Ri ∧ L⃗i

Ri

(2.3.4)

e⃗Ri
=
R⃗i

Ri

, (2.3.5)

where e⃗Ri is the unit vector collinear with R⃗i. P⃗
R
i is the radial momentum and the kinetic

momentum is L⃗i = R⃗i ∧ P⃗ 2
i . From there, the kinetic energy is written as follows

2T =
n∑

i=1

(PR2

i

µi

+
L⃗2
i

µiRi

)
(2.3.6)

2.3.3.2 From classical Hamiltonian to quantum Hamiltonian:

One can decompose the last vector of Jacobi as L⃗n = J⃗ −
∑n−1

i=1 L⃗i = J⃗ − L⃗. For this,

we use the rules of direct quantification, which allow us to go from L̂†i L̂i to L2
i and from

P̂R
i

†
P̂R
i to PR

i
2
. We then obtain the following relationships [163, 161, 162, 157, 159]:

P̂R
i = −iℏ ∂

∂Ri

(2.3.7)

P̂R
i

†
= −iℏ ∂

∂Ri

− 2iℏ2

Ri

(2.3.8)

We can obtain the quantum vectorial expansion of the kinetic energy as follows

2T̂ =
n∑

i=1

−ℏ2

µi

1

Ri

∂2

∂R2
i

Ri +
n−1∑
i=1

L̂†i L̂i

µiR2
i

+
Ĵ†Ĵ + L̂†L̂− 2Ĵ†L̂

µiR2
n

(2.3.9)

As discussed in reference [157], the general expression can be derived in cases where the

states are not orthogonal. The angular momenta involved in the kinetic energy operator

are calculated in the space-fixed (SF) reference frame but projected onto the axes of the

body-fixed (BF) frame. The kinetic energy operator can be expressed by substituting

the projections of the angular momenta L̂i with their corresponding formulation in terms
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of the conjugate momentum operator P̂i = −i∂/∂qi associated with the polyspherical

coordinates qi. This approach has been extensively detailed in these reviews [157, 164]

discussing the formulation of the kinetic energy operator. The general expression of the

operator is given as follows

T̂ =
3N−6∑
l,m=1

P̂ †l GlmP̂m

2︸ ︷︷ ︸
T̂vib

+
3N−6∑
l=1

∑
α=x,y,z

P̂ †l ClαĴα + ĴαCαlP̂l

2︸ ︷︷ ︸
T̂cor

+
∑

α=x,y,z

∑
β=x,y,z

ĴαΓαβĴβ
2︸ ︷︷ ︸

T̂rot

(2.3.10)

In this context, T̂vib, T̂cor, and T̂rot represent the vibrational kinetic energy operator,

Coriolis coupling term, and rotational kinetic energy operator, respectively. This result

is universal and applies to any set of vectors, whether orthogonal or not. As shown in

equation 2.3.10, the terms G, C, and Γ are defined by three matrices: G of dimension

(3N − 6)× (3N − 6), C of dimension (3N − 6)× 3, and Γ of dimension 3× 3.

This vectorial approach has been successfully utilized by Gatti in the study of the ammonia

molecule (NH3) [157, 165] and has proven to be very effective. This formalism has also

been employed by Yohann Scribano [163] in his studies of the water dimer.

2.4 The rigid rotor ro-vibrational energy levels

In this section, I describe the method for obtaining rovibrational energies, which correspond

to the combined rotational and vibrational energy levels of molecular systems. One can

mention that Coriolis coupling, a phenomenon where rotational and vibrational states

interact, can also influence these energies. These rovibrational energy levels are calculated

by diagonalizing the Hamiltonian operator of the system‘[163]. Ab initio simulations are

generally costly for very large numbers of electrons. A limited number of ab initio points

can be calculated in many situations to avoid computational costs by reducing the number

of degrees of freedom. For this reason, we consider the computational cost and memory

needed to store the wave function. Since intramolecular coordinates are more prone to

high-amplitude motions than intermolecular coordinates, leading to intense vibrational
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movements in molecular dynamics, we can make a simplifying assumption: by freezing

the internal geometries of molecules, we reduce the number of degrees of freedom and

treat the system as a rigid rotor.

Commonly employed to perform simulations in the quantum chemical community and

theoretical spectroscopy, the rigid rotor approximation is mainly used to describe the

rotation of complex molecules [166]. In this approximation, the molecular complex is

considered connected by rigid bonds with the intramolecular distances held constant when

the system rotates. For further details regarding the equations presented in this section,

the reader can refer to references [167, 166].

The full rovibrational Hamiltonian of a molecular system can be expressed as follows

Ĥrov = Ĥr + Ĥv + Ĥc (2.4.1)

Ĥrov|ψrov⟩ = Erov|ψrov⟩ (2.4.2)

where Ĥr is the rotational Hamiltonian, Ĥv, the vibrational Hamiltonian, and Ĥc =

1
2µR2

{
Ĵ2 + ĵ2 − 2ĵ.Ĵ

}
the coupling term called Coriolis coupling or vibration-rotational

interaction and the system is treated so that this Coriolis interaction minimal. In this

section, I will briefly present the characteristics of the rotational and vibrational states of

different types of molecular systems. The calculations of the rovibrational states for each

system studied in this thesis will then be described in detail in each chapter.

2.4.1 The rigid rotor rotational energy levels

Before continuing, I will start by defining angular momentum. The rotational energy

levels in the rigid rotor approximation can be calculated from the rotational Hamiltonian

in terms of the angular momentum component in the molecular fixed frame
(
e1, e2, e3

)
by solving the Schrödinger equation expressed as follows [168]:

Ĥr =
Ĵ2
e1

2Ie1
+

Ĵ2
e2

2Ie2
+

Ĵ2
e3

2Ie3
(2.4.3)
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where Ie1 , Ie2 , Ie3 are the principal moments of inertia. Instead of solving the Schrödinger

equation directly, rotational energy levels can be determined by utilizing the commutation

properties of the relevant operators.

Ĵ2 = Ĵ2
e1
+ Ĵ2

e2
+ Ĵ2

e3
= Ĵ2

E1
+ Ĵ2

E2
+ Ĵ2

E3
(2.4.4)

where E1, E2, and E3 stand for the components along the SF axis. Those components

can be commutated as follows [169]:

[
Ĵi, Ĵj

]
= +i

∑
k

ϵijkĴk[
Ĵl, Ĵm

]
= −i

∑
n

ϵlmnĴn (2.4.5)

ϵijk =


+1 if ijk is an even permutation of ijk,

−1 if ijk ijk is an odd permutation of ijk,

0 if if two or more indices are equal.

(2.4.6)

With i, j, k = E1, E2, E3, l,m, n = e1, e2, e3, and ϵijk the Levi-Civita symbol. Each

component of angular momentum in the SF frame commutes with every component in

the molecular fixed frame as follows

[
Ĵi, Ĵl

]
= 0 (2.4.7)

With i = E1, E2, E3 and l = e1, e2, e3. We can then deduce these commutation relation-
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ships on angular momentum.

[
Ĵ2, Ĵe1

]
=
[
Ĵ2, ĴE1

]
= 0[

Ĵ2, Ĵe2

]
=
[
Ĵ2, ĴE2

]
= 0[

Ĵ2, Ĵe3

]
=
[
Ĵ2, ĴE3

]
= 0 (2.4.8)

The rotational Hamiltonian can commute with the total angular momentum operator as

well as with one of the components of angular momentum in the space-fixed frame as

follows [
Ĥr, Ĵe3

]
= +i

( 1

2Ie1
− 1

2Ie2

)(
Ĵe1 Ĵe2 + Ĵe2 Ĵe1

)
(2.4.9)

We can then deduce the operators commuting with the same set of eigenfunctions as

follows

[
Ĥr, Ĵ

2
]
= 0[

Ĥr, ĴE3

]
= 0[

Ĵ2, ĴE3

]
= 0 (2.4.10)

where J = 0, 1, 2, · · · , represents the total angular momentum, and m represents the

projection of the total angular momentum. The values range from J = 0, 1, 2, 3, · · · and

m = −J,−J + 1, · · · , J − 1, J .

The moment of inertia of a rigid rotor is represented by a 3× 3 matrix characterizing the

rotation of the three-dimensional rigid body system. In this case, one can designate the

three axes as a, b, and c. It is worth noting that in this convention, the a-axis has the

smallest moment of inertia, and the c-axis has the highest value, as shown in Figure 2.2.

Ia ≤ Ib ≤ Ic (2.4.11)

One can express the rigid rotor Hamiltonian in the body-fixed frame as a function of the
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moments of inertia as follows

Ĥ(A,B,C) = AĴ2
a +BĴ2

b + CĴ2
a (2.4.12)

and

A = (2Ia)
−1, B = (2Ib)

−1, C = (2Ic)
−1 (2.4.13)

To calculate the energy of a molecular cluster, one has to know its symmetry group. Five

groups are characterized based on the moments of inertia [170]. We can name a few of

them.

• The linear molecules are characterized by the rotational constants B = C and a

small value of A. In this case, we can assume that A = 0. For example, HCl. Thus,

B = C,A = 0

• Prolate symmetric top: A > B = C, for example C2H6.

• Oblate symmetric top: A = B > C, for example C6H6.

• Spherical top: A = B = C, for example CH4.

• Asymmetric top: A > B > C, for example H2O.

2.4.2 Symmetric tops

In the case of rigid rotor symmetric tops, two moments of inertia are equal, and the third

value is not zero and different from the first two values. The z-axis is defined along the

symmetry axis of the molecule. We characterize them as prolate (the symmetry axis is

aligned with the a-axis) and oblate (aligned with the c-axis) as shown in Figure 2.2. We

can show that from the principal axes (a, b, c), the commutation relation between the

rotational Hamiltonian and the angular momentum in the prolate case is expressed as

follows [
Ĥr, Ĵa

]
= +i

( 1

2Ib
− 1

2Ic

)(
ĴbĴc + ĴcĴb

)
= 0 (2.4.14)
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And in the oblate

[
Ĥr, Ĵc

]
= +i

( 1

2Ia
− 1

2Ib

)(
ĴbĴa + ĴaĴb

)
= 0 (2.4.15)

From the above demonstrations, one can see that Ĥr, Ĵ2, Ĵz=E3 , and Ĵa share the same

set of eigenfunctions |Jkam⟩. We can then deduce the following equations in the prolate

case.

Ĥr = |Jkama⟩ = Er|Jkam⟩

Ĵ2|Jkam⟩ = J(J + 1)|Jkam⟩

ĴZ=E3|Jkam⟩ = m|Jkam⟩

Ĵa|Jkam⟩ = ka|Jkam⟩ (2.4.16)

We can then express the rotational Hamiltonian for the rotational energy in the prolate

form as follows

Ĥr|Jkam⟩ =
(
AĴ2

a +BĴ2
b + CĴ2

c

)
|Jkam⟩

=
[
BĴ2 +

(
A−B

)
Ĵ2
a

]
|Jkam⟩ (2.4.17)

In the prolate case, the energy level is expanded as:

Erot(J, ka) = BJ(J + 1) + (A−B)k2a (2.4.18)

and for oblate top

Erot(J, kc) = BJ(J + 1) + (C −B)k2c (2.4.19)

Here, ka stands for the projection of the total angular momentum J onto the symmetry

axis of the body-fixed frame with value ka = −J,−J + 1, · · · , J − 1, J . The same

applied for kc. The wave function in this case is expressed as a function of the Wigner

matrix [171].

DJ
m,ka(α, β, γ) = ⟨Jm|R(α, β, γ)|Jka⟩ (2.4.20)
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And

|Jkam⟩ = (−1)m−ka
√

2J + 1

8π2
DJ
−m,−ka(α, β, γ) (2.4.21)

Where

DJ
m,k(α, β, γ) = eimαdJm,k(β)e

ikγ, (2.4.22)

where dJm,k(β) is the Wigner-d function and can be expressed in terms of hypergeometric

functions.

2.4.3 Asymmetric top

In the case where the rotational constants that characterize its energy levels are distinct,

signifying a lack of symmetry that prevents the simplification of its Hamiltonian, unlike the

case of a symmetric top. Consequently, it is not feasible to decompose the Hamiltonian

into components solely dependent on Ĵ2 and Ĵe1 , as no preferred axis exists within the

molecule’s fixed frame.

For an asymmetric top, explicit expressions of the energy levels are not readily available.

Instead, the Schrödinger equation for such a system is typically solved by constructing

the Hamiltonian matrix using the basis of symmetric top wave functions. Diagonalizing

this matrix allows for the determination of energy eigenvalues and corresponding wave

functions. These wave functions emerge as linear combinations of symmetric top wave

functions, with coefficients dependent on the specific values of the rotational constants

A, B, and C.

For an asymmetric top with rotational constants A, B, and C, the asymmetric parameter

k can be written as follows:

k =
2B − A− C
A− C

(2.4.23)

where k is from −1 to 1 (−1 ≤ k ≤ 1). For k = −1, the system corresponds to a prolate

symmetric top, i.e, A = B, and a value k = 1 corresponds to the oblate symmetric
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top, i.e, B = C. A value k = 0 corresponds to the most asymmetric top, for which

B = (A+C)
2

.

The Hamiltonian of an asymmetric top can be expressed as follows [171]:

Ĥrot = (
B + C

2
)Ĵ2 + (A− B + C

2
)Ĵ2

e3
+ (

B + C

4
)
[
(Ĵ+,m)

2 + (Ĵ−,m)
2
]

(2.4.24)

where Ĵ+,m and Ĵ−,m stand for the angular momentum corresponding to the operators in

the molecular-fixed frame.

[
Ĵe3 , J±,m

]
= ±J±,m, (2.4.25)

and,

J±,m|J, ka,m⟩ =
√
J(J + 1)− ka(ka ± 1)|J, ka ± 1,m⟩ (2.4.26)

From equation 2.4.26, the non-zero matrix elements that one can require to construct the

Hamiltonian matrix are:

⟨J, ka,m|Ĵ2|J, ka,m⟩ = J(J + 1), (2.4.27)

and,

⟨J, ka,m|Ĵ2
e3
|J, ka,m⟩ = k2a (2.4.28)

⟨J, ka±2,m|(Ĵ±,m)2|J, ka,m⟩ =
√[

J(J + 1)− ka(ka ± 1)
][
J(J + 1)− (ka ± 1)(ka ± 2)

]
(2.4.29)

The eigenvalues of the Hamiltonian obtained by diagonalization correspond to states with

the same total angular momentum J and the same quantum number m. Likewise for

states with the same ka with ka ̸= 2. The eigenvalues formed from these eigenstates are

expressed in terms of |J, ka,m⟩ and |J,−ka,m⟩, and the energy levels of a top asymmetric

are also expressed as JKaKc , where Ka = |ka| and Kc = |kc|.
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Figure 2.2: Representation of the symmmetric and asymmetric tops molecules.

From this classification scheme, the energy levels of the asymmetric vertex can be classified

as even-even (ee), odd-odd (oo), even-odd (eo), and odd-even (oe) based on the parity of

the quantum numbers Ka and Kc; in some cases, the system’s para and ortho characters.

Another labeling method involves the difference τ = Ka−Kc, which is particularly useful

because it reflects the decreasing order of energy levels within a given J state, with the

levels ordered by decreasing values of τ . The value of τ is positive for the para character

and negative for the ortho character. Table 2.1 presents the energy levels of asymmetric

rotors for J = 0, 1, 2, 3 according to this classification.

2.4.3.1 The vibrational energy levels:Harmonic Oscillator:

The vibrational motion of molecules is generally modeled by a harmonic oscillator. In the

case of a molecule composed of N atoms, 3N − 6 vibrational modes can be identified (or

3N-5 for a linear molecule), and each of these modes can be approximated by a harmonic

oscillator. However, in reality, molecular vibrations exhibit anharmonic behavior, leading to

a dissociation limit. The model of the harmonic oscillator remains relevant for describing

the lowest energy levels, such as the vibrational ground state. The Schrödinger equation
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Table 2.1: The expressions used to determine the first energy levels of rigid rotor as a
function of the rotational constants with the total angular momentum J = 0, 1, 2, 3 [2].

τ Jkakb Er

00 000 0
11 110 A+B
10 111 A+ C
1−1 101 B + C

22 220 2A+ 2B + 2C + 2
√

(B − C)2 + (A− C)(A−B)
21 221 4A+B + C
20 211 Ax + 4B + C
2−1 212 A+B + 4C

2−2 202 2A+ 2B + 2C − 2
√

(B − C)2 + (A− C)(A−B)

33 330 5A+ 5B + 2C + 2
√
4(A−B)2 + (A− C)(B − C)

32 331 5A+ 2B + 5C + 2
√
4(A− C)2 − (A−B)(B − C)

31 321 2A+ 5B + 5C + 2
√
4(B − C)2 + (A−B)(A− C)

30 322 4A+ 4B + 4C

3−1 312 5A+ 5B + 2C − 2
√
4(A−B)2 − (A− C)(B − C)

3−2 313 5A+ 2B + 5C − 2
√
4(A− C)2 − (A−B)(B − C)

3−3 303 2A+ 5B + 5C − 2
√
4(B − C)2 + (A−B)(A− C)

for a one-dimensional harmonic oscillator is expressed as

Ĥvψv =
1

2
(P̂ 2 + ω2Q2)ψ = Evψv (2.4.30)

where Q represents the coordinate weighted by mass, and P̂ = −iℏ ∂
∂ω

is the conjugate

momentum. The harmonic vibrational frequency ω is given by ω =
√

k
m

, where k is

the harmonic-oscillator force constant associated to the reduced mass m. By solving

equation 2.4.30, the eigenvalues are obtained as Ev = (v + 1
2
)ℏω, with v being the

vibrational quantum number that can take values 0, 1, 2, · · · . The minimum energy at

v = 0 is not located at the bottom of the potential well but is equal to ℏω
2

, a quantity known

as the zero-point energy. For a multidimensional system with N atoms, the harmonic
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oscillator Shrödinger equation and eigenvalues can be written as follows

Ĥv|ψv⟩ =
1

2

3N−6∑
i=1

(P̂ 2
i + ω2

iQ
2
i )|ψ⟩ = Ev|ψv⟩ (2.4.31)

Ev =
3N−6∑
i=1

(
vi +

1

2

)
ℏω (2.4.32)

2.5 Quantum dynamics simulation with the MCTDH

method

2.5.1 Fundamentals of Time-Dependent Computational Methods

The MCTDH, which stands for the MultiConfiguration Time-Dependent [172, 173, 174,

148], is a method used to solve the Time Dependent Schrödinger equation (TDSE).

iℏ
∂

∂t
|Ψ⟩ = Ĥ|Ψ⟩ (2.5.1)

where |Ψ⟩ is the wave function and Ĥ is the Hamiltonian operator of the system.

This approach relies on the Dirac-Frenkel variational principle, allowing for the identi-

fication of fundamental functions and optimal coefficients that yield the most compact

basis set possible. Essentially, it operates as a contraction method. This technique inte-

grates key concepts from both the standard method [175, 176] and the time-dependent

Hartree method [177], bringing together elements from these two approaches to enhance

its overall efficacy. The subsequent two sections offer a review of the standard method

and Time-Dependent Hartree (TDH), serving as background information for MCTDH.

Both methods are identified as limits to MCTDH, and the distinct foundational principles

of these two theories contribute to a good understanding of MCTDH.

The best way to solve the TDSE is to use the expression of the wave function on a

direct-product basis and solve the resulting equation of motion. Here, the total time-

dependent wave function can be written as a function of time-independent basis sets.
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The uni-dimensional wave function is expressed as follows [178]:

Ψ(q1, . . . , qf , t) =

N1∑
j1=1

· · ·
Nf∑
jp=1

Cj1,··· ,jf (t)χ
(1)
j1
(q1) . . . χ

(f)
jf

(qf ) , (2.5.2)

In equation 2.5.2, f is the total number of Degrees Of Freedom (DOF), q1, . . . , qf are

nuclear coordinates or nuclear degree of freedom, Cj1,··· ,jf stands for time-dependent ex-

pansion coefficients; χ
(1)
j1
(q1) . . . χ

(f)
jf

(qf ) functions are the orthonormal time-independent

basis functions for degrees of freedom k, and Nk is the number of basis functions em-

ployed for the kth DOF. In the pursuit of an efficient and accurate assessment of the

Hamiltonian operator Ĥ acting on the wave function Ψ, a strategic selection of basis

functions becomes imperative. To facilitate this, the use of Discrete Variable Represen-

tation (DVR) [179, 180, 181, 182] or Finite Basis Representation (FBR) [183] functions

within a collocation method emerges as the best choice. Employing such basis func-

tions not only ensures computational efficiency but also allows for a finite representation

that adapts to the intricacies of the quantum system under consideration. The Nk ba-

sis functions are χ
(1)
j1
(q1) . . . χ

(f)
jf

(qf ) and can be systematically chosen in the DVR/FBR,

facilitating a seamless integration with the collocation method. This approach not only

enhances the accuracy of the calculations but also streamlines the numerical evaluation

of the Hamiltonian’s action on the wave function, thereby contributing to the overall

success of the quantum mechanical analysis. The dynamics of the expansion coefficients

of the Ansatz wave fuction Cj1,··· ,jf (t) governing the time evolution of a quantum sys-

tem can be derived systematically through the application of the Dirac-Frenkel variational

principle [184]. This principle, to be elaborated upon in subsequent sections, forms the

foundation for obtaining equations of motion that govern the evolution of the system’s

wave function. By employing the Dirac-Frenkel variational principle, one seeks the optimal

set of coefficients by minimizing the action integral and obtaining the equations of motion

that can be interplayed between the system’s Hamiltonian and the wave function’s coeffi-

cients, providing a comprehensive framework for understanding the quantum mechanical

evolution of the system under consideration. The Dirac-Frenkel variational principle is

expressed as:
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⟨δΨ|Ĥ − i∂t|ψ⟩ = 0, (2.5.3)

where δΨ can be expressed with respect to variations in the wave function caused by

changes in multiple parameters λ of the wave function defined as follows:

δΨ =
∑
λ

∂Ψ

∂λ
δλ (2.5.4)

Applying this formulation to the wave function equation 2.5.2, we obtain the following

equations [185]:

δΨ =

N1∑
j1=1

· · ·
jf∑

jf=1

δCj1···jf (t)

f∏
k=1

χ
(k)
iκ
(qk)

Ψ̇ =

N1∑
j1

· · ·
Nf∑
jf=1

Ċj1···jf (t)

f∏
k=1

χ
(k)
iκ
(qk) (2.5.5)

Applying the variational principle, we obtain the following equations:

⟨χ(1)
j1
· · ·χ(f)

jf
|

N1∑
j1=1

· · ·
Nf∑
jf=1

Cl1···lfH|χ
(1)
j1
· · ·χ(1)

jf
⟩

= i⟨χ(1)
j1
· · ·χ(f)

jf
|

N1∑
j1=1

· · ·
Nf∑
jf=1

Ċl1···lf |χ
(1)
j1
· · ·χ(1)

jf
⟩ (2.5.6)

We can then obtain the dependent equation of motion for the expansion coefficients as

follows.

iĊj1···jf =

N1=1∑
p1=1

· · ·
Nf∑
pf

⟨χ(1)
(j1)
· · ·χ(f)

jf
|H|χ(1)

(l1)
· · ·χ(f)

lf
⟩Cl1···lf (2.5.7)

2.5.2 The MCTDH Approach

2.5.2.1 Equations of motion:
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MCTDH is a time-dependent method where the degrees of freedom are associated with

a small number of orbitals (or SPFs), which, through their time dependence, allow an

efficient description of the molecular dynamical processes. The wave function is defined

using coefficients and time-dependent functions. To develop the equations of motion in the

context of the MCTDH method comprehensively, I mainly consulted references [173, 149].

These sources provide essential theoretical foundations and practical examples that have

helped me better understand and analyze molecular dynamics within this approach. and

most equations for this method are also taken from reference [186]. It is discretized into

a set of configurations, and following the TDH method, the total MCTDH wave function

is expanded in Hartree products, that is, products of SPFs:

Ψ(Q1, . . . , Qf , t) =

n1∑
j1=1

· · ·
nf∑

jf=1

Aj1···jf (t)

f∏
κ=1

ϕ
(κ)
jκ

(Qκ, t)

=
∑
J

AJΦJ

=

nk∑
j=1

φ
(k)
j Ψ

(k)
j , (2.5.8)

With 1 ≤ k ≤ f

where f is the number of DOF of the system, Q1, . . . , Qf are the combined nuclear coor-

dinates, AΛ ≡ Aj1···jf denotes the expansion coefficients for the MCTDH, and ϕ
(κ)
jκ

(Qκ, t)

are the nκ SPFs associated with each degree of freedom κ (i.e., they form a time depen-

dent variable basis along κ).

The following equations of motion for the expansion coefficients and SPFs are then derived

after substituting the wave function ansatz into the time-dependent Schrödinger equation.

To solve the equations of motion, the κ SPFs are represented on a (fixed) primitive basis

or discrete variable representation (DVR)-grid [181] of Nκ points:

φ
(κ)
jκ

(Qκ, t) =
Nκ∑
iκ=1

c
(κ)
iκjκ

(t)χ
(κ)
iκ

(Qκ) , (2.5.9)
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where ideally the nκ of equation 2.5.8 is such that nκ << Nκ.

Constraints must be applied to prevent the phases and norms of the SPFS from becoming

degenerated.

⟨φk
j (qj, 0)|φk

l (ql, 0)⟩ = δjl, (2.5.10)

and

⟨φk
j (qj, t)|φ̇k

l (ql, t)⟩ = −i⟨φk
j (qj, t)|g(k)|φk

l (qj, t)⟩, (2.5.11)

where g(k) is a Hermitian constraint operator that acts solely on the kth DOF.

Constraints in equations 2.5.10 and 2.5.11 ensure that the single-particle functions, ini-

tially orthonormal, remain so throughout the propagation. The last two formulations of

equation 2.5.8 under a new reformulation, lead us to choose a phi function ψ
(k)
l . It is

special because it is composed of various parts, excluding a particular type of part known

as single-particle functions associated with a specific aspect known as the kth degree of

freedom. This ψj is expressed as follows

ψ
(k)
l =

∑
j1

· · ·
∑
jk−1

∑
jk+1

· · ·
∑
jf

Aj1···jk−1ljk+1···jf
φ
(1)
j1
· · ·φ(k−1)

jk−1
φ
(k+1)
jk+1

· · ·φ(f)
jf

,(2.5.12)

When we differentiate equation 2.5.12 above stated the wave function in its time-dependent

form equation 2.5.12 with respect to the expansion coefficient AJ and the SPFs, we ob-

tain:

δψ

δAJ

= ϕJ , (2.5.13)
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and,

δψ

δφ
(k)
j

= ψ
(k)
j , (2.5.14)

We can then obtain the differentiation equation for the wave function:

ψ̇ =
∑
j

ȦJΦJ +
n∑

k=1

nk∑
j=1

φ̇
(k)
j ψ

(k)
j , (2.5.15)

The equation for δA is then obtained by considering the variation with respect to the

expansion coefficients A:

⟨δψ|H|⟩ = ⟨ΦJ |H|ψ⟩ =
∑
L

⟨ΦJ |H|ΦL⟩AL, (2.5.16)

and,

i⟨δψ|ψ̇⟩ = i⟨ΦJ |ψ̇⟩ = ⟨ΦJ |H|ψ⟩

= iȦJ + i
∑
k

∑
l

(
− ig

(k)
jkl

)
AJk

l
, (2.5.17)

From the Dirac-Frenkel variational principle using the constraint above, one can obtain

the following equations by varying the coefficients:

⟨ΦJ |ψ⟩ − i⟨ΦJ |H|ψ̇⟩ = 0, (2.5.18)

We get the following expression

iȦJ =
∑
L

⟨ΦJ |H|Φ⟩AL −
f∑

k=1

nk∑
l=1

⟨φ(k)
j |g(k)|φ

(k)
l ⟩Aj1···jk−1ljk+1···jf

, (2.5.19)
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Variation with respect to the SPFs induced the following equations:

⟨ψ(k)
j |H|ψ⟩ = i⟨ψ(k)

j |
f∑

m=1

n′
k∑

j=1

φ̇
(m)
j φ

(m)
j ⟩+ i

∑
J

⟨ψ(k)
j |ΦJ⟩ȦJ , (2.5.20)

The constraint g
(k)
jl = ⟨φ(k)|g(k)|φ(k)

l ⟩ has been chosen for simplifications. This gives the

new expression of equation 2.5.20 as follows

i

nk∑
l=1

ρ
(k)
jl φ̇

(k)
l = ⟨ψ(k)

j |H|ψ⟩ −
∑
J

⟨ψ(k)
J |ΦJ⟩⟨ΦJ |H|ψ⟩+

nk∑
k,l=1

ρ
(k)
jl g

(k)
lk ϕ

(k)
l , (2.5.21)

where the matrix density is given by:

ρ
(k)
jl = ⟨ψ(k)

j |ψ
(k)
l ⟩, (2.5.22)

From the following equations:

∑
J

⟨φ(k)
j |ΦJ⟩⟨ΦJ | = P (k)⟨ψ(k)

j | (2.5.23)

and

⟨ψ(k)
j |H|ψ⟩ =

nk∑
l=1

⟨H⟩(k)jl ϕ
(k)
l , (2.5.24)

The projector for the MCTDH is given as follows

P (k) =

nk∑
j=1

|ψ(k)
j ⟩⟨ψ

(k)
j |, (2.5.25)

The equations of motion for the expansion coefficients and the SPFs are given by:

iȦJ = ⟨ΦJ |H|ψ⟩ −
f∑

k=1

nk∑
l=1

⟨φ(k)
j |g(k)|φ

(k)
l ⟩Aj1···jk−1ljk+1···jf

(2.5.26)
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iφ̇(k) = g(k)φ(k) +
(
1 + P (k)

)[
ρ(k)

−1⟨H⟩(k) − g(k)
]
φ(k) (2.5.27)

Equations 2.5.26 and 2.5.27 are obtained using vectorial simplifications for SPFs, such

that φk =
(
φ(1), · · · , φ(k)

nk

)
. By fixing the constraint g(k) = 0 for a better simplification,

we obtain the following equations of motion

iȦJ =
∑
L

⟨ΦJ|H|Ψ⟩AL, (2.5.28)

Equation 2.5.28 can be written in a compact form as follows

iȦJ =
∑
L

KJLAL, (2.5.29)

where KJL = ⟨ΦJ |H|Ψ⟩.

iφ̇(k) =
(
1−P(k)

)(
ρ(k)
)−1⟨H⟩(k)φ(k), (2.5.30)

To conclude this section, employing MCTDH enables us to achieve precise results with

relatively short computational times. This method’s effectiveness lies in its use of a

multi-configuration approach, which represents the wave function compactly through time-

dependent basis vectors. However, the wave function expansion in MCTDH relies on a

sum-of-products form, which is also required for the system Hamiltonian. This means

that the Hamiltonian must be rewritten as a sum of operator products acting on indi-

vidual modes. The kinetic energy operator generally fits well in this format, whereas the

potential term’s adaptability depends on the problem’s complexity. If an analytic form

for the potential isn’t possible, MCTDH offers a program called potfit, which uses a nu-

merical approach similar to MCTDH to convert the potential into the necessary form.

In Section 2.6.2, In the following section, I will discuss the numerical methods used to

solve the time-dependent Schrödinger equation before providing a general discussion of

this method.
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2.5.3 Discussion about the block improved relaxation method

Various methods are available for solving the time-independent Schrödinger equation.

The most straightforward approach involves diagonalizing the Hamiltonian matrix within

a chosen basis. The basis size is determined by the system’s degrees of freedom (DOFs)

and the desired number of eigenstates. However, direct diagonalization for large matrices

is computationally demanding and may even become impractical, making it less suitable

for multi-dimensional systems. Several methods, such as iterative approaches like David-

son [187] and Lanczos [188], are widely used to compute eigenvalues and eigenvectors of

large matrices. In this thesis, I have employed an approach integrated into the MCTDH

framework known as Improved Relaxation, which incorporates these iterative techniques

with the relaxation method. The following section presents an introduction to the relax-

ation method and highlights enhancements introduced by MCTDH.

2.5.3.1 Relaxation method:

The relaxation method, introduced by R. Kosloff et al. [189], provides a way to solve the

time-independent Schrödinger equation by employing a time-dependent approach. The

core concept is that propagating a state under a Hamiltonian in negative imaginary time

will cause it to converge to the Hamiltonian’s lowest-energy eigenstates. This principle

is easily demonstrated by examining the time evolution of any given state within the

eigenstate basis. The eigenstates wave function in this case with the negative imaginary

time τ = −i× t is expressed as follows [186]:

φ(t) =
∑
n

ane
−Entφn , (2.5.31)

Equation 2.5.31 above shows that the final wave function includes a term that decays

exponentially at a rate proportional to its energy En. This implies that components asso-

ciated with higher-energy eigenstates will decay much faster over time compared to those

of lower-energy states. By propagating for a sufficiently long period and renormalizing,

only the ground state remains. The system thus relaxes into its lowest energy configu-

ration. To obtain excited states, we project the Hamiltonian onto a Hilbert space that
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excludes previously calculated states, then allow the system to relax to the new lowest

state within this space, now representing the first excited state, and so forth. We can

select an appropriate initial wave function for accurate convergence, as the calculation will

always yield the lowest-energy state contained within the chosen initial state. Therefore,

the initial state should be chosen to encompass the energy range of interest.

2.5.3.2 Improved relaxation method:

As its name implies, the MCTDH method is developed to solve the time-dependent

Schrödinger equation. However, it can also compute stationary states through its im-

proved relaxation program, which leverages the time-dependent Schrödinger framework.

This program enhances the traditional relaxation approach by incorporating diagonaliza-

tion steps throughout the relaxation process. Through this approach, one can accu-

rately determine the eigenstates and resonances [185, 190]. This stands in contrast to

using the evolution operator, which typically yields excited states. This method is an

MultiConfiguration Self-Consistent Field (MCSCF), an approach where the SPFs are op-

timized by relaxation [189, 191] and the coefficient vector (A-vector) is calculated by

diagonalization of the Hamiltonian matrix evaluated in the set of SPFs. Improved relax-

ation method implemented in the block improved relaxation is employed to compute the

rovibrational energy levels. This approach involves integrating relaxation techniques with

the diagonalization of the Hamiltonian operator, mainly on the A-vector.

The algorithm can be derived from the so-called standard time-independent variational

principle:

δ
{
⟨ψ|Ĥ|ψ⟩ − E

(∑
J

A∗JAJ − 1
) p∑

k=1

nk∑
j,l=1

ε
(k)
jl

(
⟨ϕ(k)

j |ϕ
(k)
l ⟩ − δij

)}
= 0, (2.5.32)

The approach used associates this restriction with the Lagrange parameter and is generally

used to improve the parameters. Interestingly, for a few number of factors, the Lagrange

parameter used in this approach is larger than that typically employed by standard meth-
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ods. Here, E is the major Lagrange parameter in such an equation which was introduced

earlier to ensure that A-vectors are normalized, and ε
(k)
jl serves to ensure that SPFs applied

herein are orthonormal.

The Hamiltonian corresponding to the particles j and k of the system can be written as

follows

Hjk = ⟨Φj|H|Φk⟩, (2.5.33)

Varying A∗J , we obtain the following equation:

∑
L

HJLAk = EAJ , (2.5.34)

From equation2.5.33, A is the eigenvector of the Hamiltonian matrix HJL. To obtain the

relation for the SPFs, one can follow the formula:

⟨φ|H|φ⟩ = ⟨
∑
j

Ψ
(k)
j φ

(k)
j |H|

∑
l

Ψ
(k)
l φ

(k)
l =

∑
j,l

⟨φ(k)
j |⟨H⟩

(k)
jl |φ

(k)⟩, (2.5.35)

with the total wave function expressed as follows

Ψ =

nk∑
l=1

φ
(k)
l Ψ

(k)
l , (2.5.36)

and varying ⟨φ(k)
l |, we obtain:

nk∑
l=1

⟨H⟩(k)jl φ
(k)
l =

nk∑
l=1

ε
(k)
jl φ

(k)
l , (2.5.37)

Projecting equation 2.5.37 onto ⟨φ(k)
k |, we arrive at:

ε
(k)
jk =

∑
l

⟨φ(k)
k |⟨H⟩

(k)
jl |φ

(k)
l ⟩, (2.5.38)
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From equations 2.5.37 and 2.5.38, it follows:

(
1− P (k)

) nk∑
l=1

⟨H⟩(k)jl φ
(k)
l = 0, (2.5.39)

Equation 2.5.39 is a compact expansion that is applicable to any number j. Similarly, it

remains valid for any linear combination of j as well. Upon derivation of the aforemen-

tioned expression, we obtain the expression of motion governing the MCTDH method.

When we insert the inverse of the matrix density, we arrive at:

φ̇
(k)
j = −(1− P (k))

nk∑
kl

(ρ(k))−1⟨H⟩(k)jl φ
(k)
l , (2.5.40)

where φ̇ stands for the time derivative in negative imaginary time

φ̇ =
∂φ

∂τ
, τ = −it (2.5.41)

Equations 2.5.39 and 2.5.40 are considered equivalent under the condition that the inverse

of the matrix density ρ−1 is nonsingular. Consequently, the variational solution is obtained

only when the time derivatives of the SPFs become zero. This observation presents a prac-

tical approach to solving equation 2.5.39 variationally: by relaxing the SPFs (propagating

them in negative imaginary time) until their time derivative reaches a sufficiently small

value.

In order to find the best solution for calculating eigenstates, we need to satisfy equa-

tions 2.5.34 and 2.5.39 simultaneously. This leads us to equations 2.5.34 and 2.5.40 as

the working equations in the MCTDH code. By choosing the right eigenstate, we can

guide the algorithm to converge either to the ground state or to an excited state.

Since both equations 2.5.34 and 2.5.40 must be satisfied together, we use an iterative

process. We start with a guess for the wave function and then diagonalize the Hamil-

tonian using the current SPFs as a basis to update the coefficients AJ according to

equation 2.5.34. Next, we improve the SPFs while keeping the coefficient vector AJ con-
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stant through short-time relaxation based on equation 2.5.40. This cycle continues until

we achieve self-consistency.

The improved relaxation method involves propagating a block of initial vectors together

to collectively converge towards a set of eigenstates.

The Heidelberg MCTDH package serves as a comprehensive suite of programs and rou-

tines within the realm of theoretical chemistry, specifically quantum dynamics calculations.

This versatile package offers a range of functionalities essential for various computational

tasks. Among these features are tools for fitting the PESs, which are appropriate for

accurately describing chemical systems and reactions. Additionally, the package enables

the propagation of wave packets, facilitating the simulation of quantum mechanical dy-

namics. Furthermore, it provides capabilities for the precise calculation of spectral lines,

aiding in the analysis and interpretation of experimental spectroscopic data. Moreover,

the package includes tools for propagation analysis.

2.6 Representation of the Potential Energy Surface

In this section, I will present the advantages of representing the potential energy surface

for quantum dynamics calculations. To do this, I will start by defining the potential energy

operator. The potential energy operator V̂ (R) is generally expressed as a function of the

coordinates of all particles involved in the system. For a system with multiple dimensions,

the potential operator can be expressed in terms of generalized coordinates q1, q2, · · · , qN ,

where N is the number of degrees of freedom: V̂ (R) = V̂ (q1, q2, · · · , qN). In systems

with high degrees of freedom, it is often useful to exploit the physical symmetries of the

system to further simplify the representation of the potential. For example, in symmetric

molecules, the potential can be expressed in terms of symmetric combinations of coordi-

nates (internal coordinates, angles, distances, etc.). The representation of the potential

energy operator in MCTDH is a key step in reducing the complexity of quantum dynamics

calculations. The decomposition into a sum of products allows for a simpler expression

of the potential, thereby facilitating the numerical solution of the system equations using
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the POTFIT algorithm implemented in the MCTDH code. However, when the number

of degrees of freedom is too high for the POTFIT method to be applicable, it becomes

necessary to represent the operator V̂ (R) term by term, analytically. This means that

each term of the potential is explicitly defined and implemented in the calculation. The

general form of the potential operator could then be represented as a sum of analytically

produced product terms:

V̂ (R) =
∑
l

f l
1(q1)f

l
2(q2) · · · f l

N(qN), (2.6.1)

where each function f
(
j l)(qj) is analytically defined for each coordinate qj. This approach

allows for the treatment of complex potentials that cannot be represented using the

POTFIT algorithm.

2.6.1 Potential energy surface for MCTDH

We demonstrated previously how to obtain a potential energy surface from the Born-

Oppenheimer approximation. The PES obtained, usually from ab initio calculations, are

not immediately usable in the context of an MCTDH calculation. It is necessary to

transform them into a suitable product form in order to make the calculations feasible. I

also remind you that representation of the PES in the MCTDH code is the first step in

any dynamics calculation.

In this dissertation, I use the MCTDH to solve equations that describe how systems move

over time. When dealing with quantum dynamics, we need to break down the system’s

possible configurations into a grid. Each point on this grid represents a different way

the system can be arranged. To understand how the system evolves, we often need to

calculate a lot of complex mathematical quantities called matrix elements. This procedure

would take a very long time if it had to be done for one grid point at a time.

The simplest approach to achieving a product form potential is by expanding it using a
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product basis:

V app(q1, · · · , qf ) =
n1∑

j1=1

· · ·
nf∑

jf=1

Cj1···jfv
(1)
i1
(q1) · · · v(f)if

(qf ), (2.6.2)

where q
(k)
i stands for the position of the i-th grid point of the k-th grid. So, we can

define:

Vii,··· ,if = V (q
(1)
i1
, · · · , q(f)if

), (2.6.3)

where Vii,··· ,if is the value of the potential at the grid points. One important solution

we can use is called the Tucker form. This method helps us simplify the calculations by

organizing the data in a more efficient way, so we do not have to compute every single

matrix element individually. It is like finding a simple way to make our calculations faster

and more manageable.

The approximate potential using the Tucker form is written as follows:

V app
i1···if =

n1∑
j1=1

· · ·
nf∑

jf=1

Cj1···jfv
(1)
i1j1
· · · v(f)if jf

, (2.6.4)

With v
(m)
imjm

representing the SPFs and Cj1···jf the coefficients, we use the traditional

POTFIT algorithm [192, 193] to rewrite the potential energy as a sum-of -products of

SPFs.

Among the MCTDH packages developed, the Heidelberg MCTDH package [61] is the

most accessible one used in this thesis. It is a complete set of theoretical chemistry

programs and routines useful for quantum dynamics simulations.

2.6.2 The POTFIT algorithm

In this thesis, every calculation begins with the representation of the PES, which, like the

KEO operator, has to be represented in the Sum-Of-Products (SOP) form. Sometimes,
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especially for systems with less than six dimensions, the PES is not already in this form.

In such cases, we use a handy tool called POTFIT [192, 193] implemented in the MCTDH

package [61]. This tool, which is part of the MCTDH package we are using, helps us

efficiently convert the PES into the right format for our calculations. As mentioned in

the previous paragraph, to avoid multi-dimensional integral calculations, we need to put

the potential into Tucker form using the POTFIT algorithm. The single particle functions

can be optimized and obtained through the optimization expression given by:

∆2 =

N1∑
i1=1

· · ·
Nf∑
if=1

(
Vi1···if − V

app
i1···if

)2

=
∑
I

(
VI − V app

I

)2
, (2.6.5)

where index I runs through all grid points, ∆2 is also minimized by employing the variation

of the expansion coefficients, according to the following equation:

Cj1···jf =

N1∑
i1=1

· · ·
Nf∑
if=1

Vi1···ifv
(1)
i1j1
· · · v(f)if jf

, (2.6.6)

We need to find the optimal single-particle potentials (SPPs), and this can be done using

the density matrices of the potential energy surface corresponding to each degree of

freedom:

ρ
(k)
kk′ =

∑
Ik

VIkkVIkk′
, (2.6.7)

We use indices Ik to iterate through all grid points except for the k-th one, and Ikk

replaces the k-th index with k. Afterwards, we diagonalize the density matrices ρ(k),

where the eigenvectors represent the SPFs, also known as natural potentials, and the

eigenvalues represent the natural weights. Employing all eigenvectors yields the exact

potential. However, the POTFIT algorithm selectively ignores eigenvectors based on their

natural weights; those with small weights are disregarded. This selective process allows



Section 2.6. Representation of the Potential Energy Surface Page 53

us to transition from the exact potential.

V exact
i1···if =

N1∑
j1=1

· · ·
Nf∑
jf=1

Cj1···jfv
(1)
i1j1
· · · v(f)if jf

, (2.6.8)

The approximate potential is then written as:

V app
i1···if =

m1∑
j1=1

· · ·
mf∑
jf=1

Cj1···jfv
(1)
i1j1
· · · v(f)if jf

, (2.6.9)

2.6.2.1 Application of the POTFIT method:

In this section, I present the performance of the POTFIT algorithm. I used the recently

constructed 4D-PES to study the PO+ – H2 system. However, for this application, I used

its 2D representation to make it possible to use the POTFIT algorithm. One can that

this potential is used here only for testing purposes with the POTFIT algorithm. The

potential was expressed as V (R, θ1). Figure 2.3b shows the 2D contour plot of the two-

dimensional PES for the description of the PO+ – H2 system. Figure 2.3a presents the

PES approximated using the POTFIT algorithm, while Figure 2.3c shows the absolute

error |V app
i1···if − V

exact
i1···if | between the two. The channels visible in Figure 2.3c correspond

to areas where the error is highest, as these are regions where the PES is less smooth.

For this approximation of the PES, the maximum observed error is around 10−7 cm−1,

confirming the accuracy of the PES representation.

2.6.2.2 Contraction Scheme:

To make the calculations more efficient, one has to simplify the basis for the DOF with

the highest natural weight. This can be done by finding a contraction coefficient that

reduces the overall number of terms in the expansion. This coefficient is given by:

D
(k)
j1···jk−1jk+1···jf =

mk∑
jk=1

Cj1···jfv
(k)
ikjk

, (2.6.10)
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(a) (b)

(c)

Figure 2.3: The first Figure 2.3b represents the exact potential used for the study of the
PO+ – H2 system. The second Figure 2.3a shows the potential adjusted by the POTFIT
algorithm. Finally, the third Figure 2.3c illustrates the contour of the difference between
the potential adjusted by POTFIT and the exact potential for the PO+ – H2 system. The
maximum observed error is 10−7 cm−1.

We can then express our contracted potential as follows

V app
i1···if =

m1∑
j1=1

· · ·
mk−1∑
jk−1

mk+1∑
jk+1

· · ·
mf∑
jf

D
(k)
j1···jk−1jk+1···jfv

(1)
i1j1
· · · v(k−1)ik−1jk−1

v
(k+1)
ik+1jk+1

v
(f)
if jf

,(2.6.11)

We can simplify any degree of freedom by using contractions, but typically, we choose
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the one with the most terms to reduce complexity. When we contract, we do not need to

calculate the coefficient vector C or the single-particle potentials for that specific mode.

Currently, this traditional POTFIT method is not entirely valid for systems with more than

four degrees of freedom. In this case, a method can be used that integrates the analytical

potentials in the form of sums of products. This is the work we have carried out in this

thesis, putting a lot of time into the transformation of potential energy surfaces for robust

systems.

In this section, I have demonstrated all the theoretical methods used to represent a PES

for MCTDH calculation.

Now, I will proceed to show step-by-step the results obtained through the application of

these theoretical tools.

2.6.2.3 Study of the accuracy and the convergence of an MCTDH calculation:

The accuracy and convergence of an MCTDH calculation can be tested with respect to

various parameters.

• The primitive basis,

• The SPF basis,

• The integrator.

The primitive basis test examines two main factors: the grid size and point density. To

perform the calculations, a grid of maximum size is required to prevent wave packets

from reflecting back and interfering with each other. This can be verified by analyzing

the average center and width of the wave function and ensuring that the first and last

grid points do not contain an excessive number of points. Additionally, there should be a

sufficient number of points to accurately represent the basic functions. This process was

previously referred to as fitting with interpolation. In this study, splines were utilized.

When the primitive basis and SPF are the same, the MCTDH calculation is exact. There-

fore, if we want a good SPF, we need to increase the basis size until the property we are
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calculating stops changing. The MCTDH code uses something called the density matrix

to check the behavior of the SPFs. Eigenvectors and eigenvalues can also be parameters

to show us whether the SPF has good values. If the smallest eigenvector’s effect is small,

the SPF is considered good for the calculation. However, it is better to choose the high-

est number of SPFs because, in the case of improved relaxation, when the values of the

energies are non-negligible, the SPFs can affect the convergence.

We should avoid long simulations because they can lead to errors. To avoid this, the

MCTDH code uses strong integration methods. But the best way to check if the inte-

gration is good is to make sure the total energy and the wave’s size remain the same

throughout the calculation. However, if we increase the size of the primitive base and add

more SPFs, the calculation takes longer. This can be very difficult by taking a long time

propagation when using the projection method to describe the PES.

2.6.3 Propagation of the Wave Packet

The inelastic collision study is very well performed. once a suitable form of the system

Hamiltonian has been obtained, the initial wave packet must be constructed.

2.6.3.1 Wave Packet Flux Analysis in Molecular Collisions:

Employing the MCTDH method to propagate the wave packet on the potential energy

surface (PES) by solving the Schrödinger equation is necessary to generate the initial wave

packet before any calculation. This wave packet must have the required Hartree product

form with a Gaussian energy distribution written as

ϕ(R) =
1√
2πω

exp
[
− (

R−R0

2ω
)2
]
expip0(r−R0), (2.6.12)

With R0, p0, and ω representing its center in coordinate and momentum space, and its

width, respectively. The initial distribution is arranged so that the wave packet can initially

move in any direction of the interaction zone, i.e., with negative or positive momentum
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space values.

The wave packet propagation occurs on a grid that defines the potential, and the grid

size has to be chosen to avoid some convergence issues. The wave packet is characterized

by a Gaussian distribution function over a range of energies, not by a single energy. This

results in different parts of the wave packet propagating at different speeds, with some

parts already interacting and leaving the interaction zone while others are still present.

If the grid is too small, the front part of the wave packet may reach the edge of the

grid before the whole wave packet has finished propagating. This leads to reflections at

the grid’s edge that return to the interaction zone, distorting the results. The simplest

solution is to use a sufficiently large grid to avoid these issues, but this incurs high

numerical calculation costs.

To reduce reflections when using a small grid size, Complex Absorbing Potential (CAP) [194]

can be added to the nuclear Hamiltonian in the time-dependent Schrödinger equation.

Placed near the grid ends, these CAPs absorb wave packet flux before it reaches the edge.

However, introducing CAPs can cause reflections, so careful optimization is needed to

minimize their impact. The CAPs can be written as

−iW (x) = −iη|x− xc|aθ(x− xc), (2.6.13)

where η is the strength of the CAP, xc is the starting point, a is its order, and θ is

its Heaviside step function. One can also notice that the order a can influence the

reflections produced by the CAP. The parameters of the CAP need to be fine-tuned to

ensure complete absorption of the wave packet before reaching the grid’s edge, while

minimizing reflections. This optimization is done to enhance the effectiveness of the CAP

in these calculations.

The optimal energy domain for a choice of CAP parameters imposes a strict restriction

on the value of collision energy. If this energy is too large, some negligible reflections at
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the ends of the Gaussian will occur. The CAP, placed at the end of the grid, can also

be used to calculate the flux entering a specific channel, instead of measuring the flux

through a surface positioned far into a channel.

2.6.3.2 Flux Analysis:

We recall our collisional process between two systems A and B.

A(i) +B(j) −→ A(i′) +B(j′), (2.6.14)

where λ = (i, j) represents the initial state and λ′ = (i′, j′) represents the final state.

To calculate collision transitions and probabilities from the wave packet, it is essential

to determine the elements of the scattering S-matrix element. Ideally, the wave packet

should be propagated deep into the asymptotic regions from the λ = (i, j) initial state to

λ′ final state. We consider a coordinate system where R denotes the distance between

the two scattering fragments, A and B, and ω encompasses all other internal coordinates.

The Hamiltonian for the scattering system is given by [173, 195, 196]

H = H0 + VK , (2.6.15)

VK = VK(R,ω), (2.6.16)

where VK represents the interaction potential, which may include a centrifugal term and

approaches zero as R becomes large.

The free Hamiltonian can be written as follows

H0 = TR +Hint, (2.6.17)

TR = − 1

2µR

∂2

∂R2
(2.6.18)

The internal Hamiltonian is assumed to have a discrete eigenvalues Eλ, such that

Hintζλ(ω) = Eλζλ(ω) (2.6.19)
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Subsequently, energy-normalized free scattering wave functions are introduced. These

wave functions, which are eigenfunctions of H0, are expressed as the product of incoming

or outgoing waves ± and L2-normalized eigenfunctions of Hint. The next step is to project

this wave packet Φ±ζλ with eigenvalues ξ±ζλ .

Φ±ζλ(R,ω) = ξ±ζλ(R)ζλ(ω), (2.6.20)

ξ±ζλ(R) =

√
µR

2πpλ
exp±ipλR, (2.6.21)

pλ =
√

2µR(Ec − Eλ) (2.6.22)

where pλ is the momentum space. By restricting the initial wave function Ψ+
Eλ

to a single

motion towards the interaction zone, the normalized energy of the collision wave function

is expressed as follows.

Ψ+
Eλ
(R,ω)

R→+∞→ Φ−Eλ
(R,ω)−

∑
λ′

SJ
λ′←λ(Ec)Φ

+
Eλ
(R,ω) (2.6.23)

It also reminds us that the S-matrix element is calculated for a given value of the total

angular momentum J . The method used involves calculating the flux crossing a surface

located at a sufficiently large distance on the asymptotic coordinate R, so that the in-

teractions between the two molecules are negligible. To evaluate this flux, the temporal

variation of a function Θ is measured, which describes the occupation of the region beyond

the asymptotic surface R. The value of Rc is chosen to be sufficiently large to guarantee

asymptotic motion for all R ≥ Rc.

Θ = h(R−Rc), (2.6.24)

where h is the Heaviside-step-function. According to the Ehrenfest theorem [197],

d

dt
⟨Ψ|Θ|Ψ⟩ = i⟨Ψ|

[
H,Θ

]
|Ψ⟩, (2.6.25)
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One can then deduce the flux F as follows

F = i
[
H,Θ

]
, (2.6.26)

The function Θ can even commute with VK and Hint.

F = i
[
TR,Θ

]
=
−i
2µR

( ∂

∂R
δ(R−Rc) + δ(R−Rc)

∂

∂R

)
, (2.6.27)

The S-matrix element can then be calculated as follows

⟨Ψ+
Eλ
|F |Ψ+

Eλ
⟩ =

∑
λ′

|SJ
λ′←λ(Ec)|2⟨Φ+

Eλ
|F |Φ+

Eλ
⟩ (2.6.28)

Using the eigenfunctions and eigenvalues related to Φ+
Eλ

, the S-matrix element is written

as follows:

⟨Ψ+
Eλ
|F |Ψ+

Eλ
⟩ = (2π)−1

∑
λ′

|SJ
λ′←λ(Ec)|2 (2.6.29)

To obtain the flux corresponding to a given final state, one can project the flux onto this

state using a projector operator.

Pλ = |ζλ⟩⟨ζλ|, (2.6.30)

yielding

⟨Ψ+
Eλ
|Pλ′FPλ′ |Ψ+

Eλ
⟩ = (2π)−1

∑
λ′

|SJ
λ′←λ(Ec)|2 (2.6.31)

As mentioned earlier, the Complex Absorbing Potential (CAP) can be used to determine

the flux. The Hamiltonian is then modified as follows [198, 195]

H̃ = H − iW, (2.6.32)

where −iW stands for the CAP. It should also be noted that the CAP is defined in such

a way that the propagation is carried out with H̃ without altering the value of the wave

function in the interaction region. The CAP, therefore, only affects the distant parts of
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the wave function, allowing undisturbed propagation in the internal regions. The flux can

be calculated as follows

⟨Ψ+
Eλ
|F |Ψ+

Eλ
⟩ = 1

(2π)2|∆Ec|2

∫ +∞

−∞
dt

∫ +∞

−∞
dt′⟨Ψ0|ei(H̃

†−Ec)tFei(H̃−Ec)t′|Ψ0⟩, (2.6.33)

where ∆Ec is initial distribution energy of the wave packet Ψ0. The flux can be then

expressed using equation 2.6.26 as follows

F = i
[
H,Θ

]
= 2W + H̃†Θ− iΘH̃ (2.6.34)

Since the wave packet is limited to negative momentum of space, it cannot interact with

the CAP for negative times. Therefore, the lower bounds of the integrals can be replaced

by 0. It then becomes possible to inject the expression of the flux into equation 2.6.34

using the relationship given by equation 2.6.25.

⟨⟨Ψ+
Eλ
|F |Ψ+

Eλ
⟩ = 1

(2π)2|∆Ec|2

∫ +∞

0

dt

∫ +∞

0

dt′
[
2⟨Ψ0|ei(H̃

†−Ec)tWei(H̃−Ec)t′|Ψ0⟩( d
dt

+
d

dt′
)
⟨Ψ0|ei

(
H̃†−Ec

)
tΘe−i

(
H̃−Ec

)
t′ |Ψ0⟩

]
(2.6.35)

Some terms can be removed due to the fact that ΘΨ0 = 0 and as t→∞, e−iH̃tΨ0 → 0

because the wave packet is absorbed by the CAP. One can define the time-dependent

wave function as a function of Ψ0, and with Ψ(t) = e−iH̃tΨ0, we can then obtain the

following formula for the flux .

⟨Ψ+
Eλ
|F |Ψ+

Eλ
⟩ = 1

2π2|∆Ec|2

∫ +∞

0

dt

∫ +∞

0

dt′⟨Ψ(t)|W |Ψ(t)⟩e−iEc(t−t′) (2.6.36)

The S-matrix element can be expressed as a function of the CAP as follows

∑
λ′

|SJ
λ′←λ(Ec)|2 =

1

π|∆Ec|2

∫ +∞

0

dt

∫ +∞

0

dt′⟨Ψ(t)|W |Ψ(t)⟩e−iEc(t−t′) (2.6.37)
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This S-matrix element can then be obtained by projecting onto a final state λ′.

|SJ
λ′←λ(Ec)|2 =

1

π|∆Ec|2

∫ +∞

0

dt

∫ +∞

0

⟨Ψ(t)|Pλ′WPλ′ |Ψ(t′)⟩e−iEc(t−t′) (2.6.38)

By making the temporary variable change τ = t′− t, we can express the S-matrix element

more simply for a specific initial state as follows

∑
λ′

|SJ
λ′←λ(Ec)|2 =

1

π|∆Ec|2

∫ +∞

0

dt⟨Ψ(t)|W |Ψ(t+ τ)⟩eiEcτ , (2.6.39)

and after projection, we obtain the simplified expression for the S-matrix element corre-

sponding to the final state.

|SJ
λ′←λ(Ec)|2 =

1

π|∆Ec|2

∫ +∞

0

dt⟨Ψ(t)|Pλ′WPλ′|Ψ(t+ τ)⟩eiEcτ (2.6.40)

These elements of the S-matrix element will allow us to calculate transition probabilities

and cross sections in the following sections.

2.6.3.3 Inelastic cross-section and Rate coefficient:

To define the initial state as well as the different rotational states after the collision, the

Hamiltonian of the system is expressed as follows

Ĥ = − ℏ2

2µR

∂2

∂R2
+

ℏ2

2µR

Ĵ2

R2
+ Ĥ1 + Ĥ2 + V̂ (R, θi) (2.6.41)

where, µR is the reduced mass of the system, R the inter-monomers distance between, Ĵ

the angular momentum operator. Ĥ1 and Ĥ1 are the Hamiltonian of the two monomers

used to describe their internal structures, and V̂ (R, θi) represents the PES term used to

describe the inter-monomers interactions. The relative orientations of the molecules in

collisions is described by the set of angles θi.

The initial wave function is the product of the angular wave function and radial wave
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function expressed as follows

ψ(R, θi) = ψ(θi)χ(R) (2.6.42)

where χ(R) is the radial distribution defined in equation 2.6.12. After the propagation, two

methods can be used to determine the transition probabilities between states. These are

the flux-based approach [173, 196] or the method developed by Tannor and Weeks [199].

The transition probabilities between states are given by the following expression [200, 196].

P J
i→f (E) =

1

4π2|∆i(E)|2|∆j(E)|2

∣∣∣∣∣
∫ T

0

eiEtCif (t)dt

∣∣∣∣∣
2

=

∣∣∣∣∣SJ
if (E)

∣∣∣∣∣
2

(2.6.43)

where E is the total energy of the collisional process, SJ
if (E) is the S-matrix element,

and Cif is the autocorrelation function defined as a function of the initial and final wave

packet, ψi and ψf , respectively given as

Cif (t) = ⟨ψi|e−iHt|ψf⟩ (2.6.44)

where ∆i and ∆f stand for the energy distribution of ψi and ψf , respectively [201, 195].

From equation 2.6.43, the transition i→ f can ve rewritten as

(i1, i2)→ (f1, f2) (2.6.45)

where (i1, i2) and (f1, f2) are the initial and final transition states of the two monomers.

The calculation of the inelastic cross-section is helpful in measuring the probability of a

collision process between two entities, which can be an atom, a molecule, or a molecule-

molecule.

For each specific value of the total angular momentum J , individual wave packet prop-

agation simulate the collision from a given initial state (i1, i2) to the final state (f1, f2),

the transition probability for any transition occurring is represented as P J(i1, i2 → f1, f2).
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By conducting these simulations for multiple J values using the Tannor and Weeks [199]

method, the overall cross section can be determined by summing each contribution. The

cross-section for all transitions is given by the following formula:

σBF
i1,i2→f1,f2

(E) =
πℏ2

2µR(2j1 + 1)(2j2 + 1)Ecoll

Jmax∑
J=0

(2J + 1)P J
i1,i2→f1,f2

(E), (2.6.46)

where Ecoll is the collisional energy or kinetic energy of the system. This energy is expressed

as Ecoll = E − Eint = E − ϵ1 − ϵ2, with Eint, ϵ1, ϵ2 as the internal initial energy of the

whole system and the initial rotational energy of each monomer.

The rate coefficient corresponds to the time average of the product of the cross section

and the relative velocity of the interacting particles. It is possible to calculate the rate

coefficient for each transition between states using the following formula.

Ki1,i2→f1,f2(T ) =
(8kBT
πµR

) 1
2 1(
kBT

) 1
2

∫ ∞
0

σBF
i1,i2→f1,f2

(E)exp
(−Ecoll

KBT

)
EEcoll

dEcoll

(2.6.47)

where kB is the Boltzmann constant and T the gas temperature. These calculated coef-

ficients can also be used as inputs for astrophysical modelling as said in the introduction.

2.6.4 Methodical approach to MCTDH calculations

In this section, I will present the different steps to follow to perform an MCTDH calcu-

lation. One must remember that this calculation is only feasible if the representation of

the PES in the MCTDH code accurately corresponds to the initial PES.

2.6.4.1 The discrete variable representations and SPFs:

For this section, most of equations are taken from reference ([202]). For each degree of

freedom, it is essential to define the basis in which the wave function will be propagated.

In order to diagonalize the kinetic energy operator in this basis, one has to select functions

suitable for the nature of the problem. These functions, which are then used to define the

SPFs bases, must obey the rules of orthogonality and normalization. They are defined at
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specific points on a grid used for numerical calculations and are referred to as discrete

variable representations (DVR). In the following, I will only focus on the functions applied

to the systems studied in my thesis. To establish the elements used by the MCTDH

method in the basis defined by the DVR, we consider the matrix elements defined as

follow:

qjk = ⟨ j|x̂|φk⟩ (2.6.48)

q
(1)
jk = ⟨φj|∂x|φk (2.6.49)

q
(2)
jk = ⟨φj|∂2x|φk⟩ (2.6.50)

For the R DOF, the DVR based on FFT is used as it employs plane waves as basis

functions to describe the dissociation of a molecular system. Furthermore, in MCTDH,

their representation respects the periodic boundary conditions of the grid, with φx0 =

φ(xN). The functions φ, not to be confused with the SPFs (which are expressed in this

basis), are defined from the eigenfunctions of the particle in an angular motion problem.

The basis functions are represented as follows:

φj(x) = L−1/2exp
(
2iπj

(
x0 − x

)
/L
)

(2.6.51)

With N = 2n+ 1, −n ≤ j ≤ n, and L = xN − x0.

To describe the θ DOF, we use DVRs based on extended Legendre functions and asso-

ciated Legendre functions. The extended Legendre DVR involves the Legendre functions

PK
j (cos(θ)), which are the eigenfunctions of the rotational momentum operator ĵ2. It is

mainly used to describe the angular motions of a molecule with a total angular momentum

J > 0.

φj−K+1(θ,K) = (−1)K
√

2j + 1

2

(
j −K

)
!

(j +K)!
PK
j (cos(θ)) (2.6.52)

With K ≥ 0 and K ≤ j ≤ K + N + 1. The projection of angular momentum is given

by K, and to use this DVR in the framework of MCTDH, it is necessary to combine the

two modes θ and K. Similarly, the associated Legendre DVR, also known as Legendre in
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two dimensions, is used for initial potentials without the need for Fourier transformation.

The values of K correspond to the magnetic quantum number m.

φj−m+1(θ,m) = (−1)m
√

2j + 1

2

(
j −m

)
!

(j +m)!
Pm
j (cos(θ)) (2.6.53)

With m ≥ 0, 0 ≤ m ≤ j, and j restricted to m ≤ j ≤ m+N + 1.

Wigner function-based DVR is used to describe the complete rotation of a polyatomic

molecule using Wigner L2-Normalized functions and defined as Dj
m,k(α, β, γ). Here, α

and γ are the Euler angles representing rotation around the Space-Fixed and Body-Fixed

z-axis, while β is the Euler angle between the z-axes of these two frames.

φj,m,k(α, β, γ) = Dj
m,k =

√
2j + 1

8π2
Dj

m,k(α, β, γ) (2.6.54)

Dj
m,k(α, β, γ) = e−imαdjm,k(β)e

−ikγ (2.6.55)

The Wigner d-function is defined as djm,k(β).

djm,k(β) = ⟨j,m|e
−iβĴY |j, k⟩ (2.6.56)

In MCTDH, the current representation of these functions incorporates symmetry opera-

tions.

2.6.4.2 Number of SPFs:

The number of Single-Particle Functions (SPFs) must be determined based on the results

of convergence tests. For multidimensional systems, such as those studied in my thesis.

For the calculations, one can choose configurations that exhibit strong interactions, while

disregarding those with negligible correlations. A more efficient approach is to use a com-

bination scheme that selectively reduces the storage requirements of the wave function.

This method optimizes the computational resources without sacrificing accuracy. I will

provide a more detailed explanation of this approach in the respective chapters.

2.6.4.3 Integration scheme:
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In a relaxation or propagation calculation, it is necessary to solve an ordinary differential

equation, which becomes simpler when the Hamiltonian is expressed as a sum of products

of low-dimensional operators, thus avoiding the calculation of voluminous integrals. Many

integrators have been developed to handle the time-dependent Schrödinger equation.

In the framework of the MCTDH method, several integrators can be used: for the A-

coefficients , it is possible to use the short iterative Lanczos (SIL) [188] integration scheme

or the Davidson (DAV) [203] scheme, while the SPF can be integrated using Bulirsch-Stoer

extrapolation (BS) [204] or 8th order Runge-Kutta (RK8) [205] method. The constant

mean field (CMF) approach can also be adopted. This approach involves keeping the mean

field fixed over a relatively long time interval and integrating the A-coefficients and SPF

with much shorter time steps. In other words, in the CMF method, computational effort

is reduced by keeping the mean fields, density matrices, and Hamiltonian matrix elements

constant for a certain period, instead of updating them at each integration step [204].

Figure 2.4: The workflow with MCTDH proceeds as follows: All parameters and settings
are specified in the operator and input files. Additional data files may provide necessary
information, such as the PES or the initial wave function. During the calculation, the
program generates output files that can be analyzed and visualized using built-in tools
or external scripts. Furthermore, tools are available to assess both the accuracy and
efficiency of the calculations.



3. Rovibrational states calculations of

the H2O–HCN heterodimer

In this chapter, I will present my work on the spectroscopy of water (H2O) molecules

interacting with hydrogen cyanide (HCN) molecules in the rigid rotor approximation. Thus

in the following sections, I will introduce the H2O – HCN system, describe the Hamiltonian

used for the calculations and present the results I have obtained from these studies.

3.1 H2O–HCN system

In my thesis, the first system I investigated was the H2O – HCN complex. I developed

scripts to analyze the results from the MCTDH calculations, which will be further adapted

to facilitate the analysis of results obtained for the H2O – H2O system. Hydrogen cyanide

(HCN), a well-known hydrogen-bond-forming molecule, is also one of the most observed

molecules in the ISM. Data on the interaction between water and HCN, particularly

in spectroscopy and collisions, can be used to accurately determine the abundance of

HCN in the interstellar medium (ISM) [138, 120]. In addition, the dissociation energy

calculation of the H2O – HCN complex is used to understand the thermal stability of

molecular clusters in atmospheric chemistry. It represents the minimum energy needed to

cause fragmentation, influencing chemical reactivity and cluster stability.

Initially, the H2O – HCN system was studied using ab initio calculations at the Hartree-

Fock level [206] and later became the subject of various microwave spectroscopic stud-

ies [207, 208, 209]. These investigations provided information on its ground-state geome-

try, rotational constants, and rotational transition frequencies. When I began working on

this project, the only available PES in the literature was developed by Ernesto and Du-

bernet [210] to study the H2O and HCN interaction in the rigid rotor approximation. At

the same time a new H2O – HCN PES [120] was developed using the Symmetry Adapted

Perturbation Theory with Density Functional Theory (SAPT(DFT)) [211] method and

68
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the autoPES [212, 213] code. The two works were done simultaneously.

The H2O – HCN system was an ideal initial project, allowing me to deepen my under-

standing of spectroscopic theory while also generating valuable data for atmospheric and

astronomical research. While the system is not computationally demanding, the primary

goal was to accurately represent the PES for MCTDH calculations. In the following

sections, the approach used to calculate the rovibrational states of this system will be

described, and the presentation of the results obtained.

3.2 Coordinates and exact Hamiltonian for the H2O–HCN

system

In this section, the Hamiltonian operator used for the calculations will be described. To do

this, coordinate transformations will be applied to the system, followed by the expression

of the kinetic energy operator, and finally, the PES. The H2O and HCN are labeled A and

B, respectively. The body-fixed (BF) frame has its z-axis along the vector that points to

the center of mass of H2O (A) and HCN (B). The system is described by the angular

coordinates defined as
{
αA, βA, γA

}
, which are Euler angles for the orientation of the H2O

with respect to the BF frame,
{
αB, βB

}
are the polar angles of the HCN axis relative to

the BF frame, and
{
α, β

}
are the polar angles for the orientation of the vector r⃗0 with

respect to the space-fixed (SF) frame, as illustrated in Figure 3.1, where r0 is the length

of the vector connecting the center of mass of H2O (A) to that of HCN (B). From these

coordinate descriptions in the body-fixed (BF) frame, where E2 is the frame of reference

described by Gatti and Iung [158], the intermonomer Hamiltonian can be expressed as

follows [214].

Ĥint = T̂A+T̂B −
1

µr0r
2
0

∂

∂r0
r20

∂

∂r0
+

1

2µr0r
2
0

[
Ĵ†Ĵ+ (̂jA + ĵB)

2 − 2(̂jA + ĵB).Ĵ

]
E2︸ ︷︷ ︸

T̂int

+V (r0, ω),

(3.2.1)
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Figure 3.1: Body-fixed coordinates used to describe the H2O – HCN system

where the reduced mass of the system is denoted by µr0 =
mH2O×mHCN

mH2O+mHCN
, the inter-monomer

kinetic energy operator is represented by T̂int, J stands for the total angular momentum,

V (r0, ω) is the interaction potential energy surface (PES) between the monomers, where

ω =

{
αA − αB, βA, γA, βB

}
, and ĵA and ĵB are the angular momentum operators of

fragments A (H2O) and B (HCN). Here we note that the dimer PES is not influenced

by the individual values of αA and αB, but only by their difference α0 = αA − αB. The

kinetic energy operators (KEO) of the monomers H2O (T̂A) [215] and HCN (T̂B) [69] are

expressed as follows

T̂A =
A

2
(ĵ2A,+ + ĵ2A,− + ĵA,+ĵA,− + ĵA,−ĵA,+)−

C

2
(ĵ2A,+ + ĵ2A,− − ĵA,+ĵA,− − ĵA,−ĵA,+)

Bj2zBFA
, (3.2.2)

T̂B = B(HCN)ĵ2B, (3.2.3)

Here, A, B, and C represent the rotational constants with values of 27.88063 cm−1,

9.2771 cm−1, and 14.52177 cm−1, respectively [62]. For HCN, B = 1.4782218 cm−1

[216]. To perform the calculations, the final form of the kinetic energy operator (KEO)
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implemented in the MCTDH is expressed as follows

T̂ = − 1

µr0r
2
0

∂

∂r0
r20 + T̂A + T̂B +

1

2µr0r
2
0

(
J(J + 1) + j⃗2A + j⃗2B − 2j2A,z − 2j2B,z

)
E2

+
1

2µr0r
2
0

(jA,+jB,− + jA,−jB,+ − 2jA,zjB,z)E2

+
1

2µr0r
2
0

(C+(J,K)(jA,+ + jB,+)) +
1

2µr0r
2
0

(C−(J,K)(jA,− + jB,−))E2, (3.2.4)

with

C±(J,K) =
√

(J(J + 1)−K(K ± 1) (3.2.5)

ĵA(B) = ĵA(B),x ± iĵA(B),y (3.2.6)

where K is the projection of J on the intermolecular axis ZBF , and ĵA(B)± are the corre-

sponding creation and lowering operators of ĵA(B). The coefficients C±(J,K) are obtained

using the POTFIT algorithm implemented in the MCTDH package for values of J greater

than zero. The same number of grid points is used along the K (angular momentum

representation of the angles α and γ) in the calculations, ensuring consistency in the dis-

cretization of angular coordinates. In reduced dimensionality, the kinetic energy operator

(KEO) of the H2O can be rewritten as follows [215]

T̂A =
(A+ C

2

)
ĵ2 +

[
B −

(A+ C

2

)]
ĵ2z +

(A− C
4

)(
ĵ2+ + ĵ2−

)
(3.2.7)

With ĵ+ = ĵx + iĵy and ĵ− = ĵx − iĵy.

The kinetic energy operator (KEO) is typically expressed in a product form, which is

naturally suited for polyspherical coordinates, such as the Jacobi coordinates employed in

this study. This coordinate choice ensures that the KEO maintains the necessary structure

for accurate calculations. The relevant aspect of the work, however, involves the detailed

description and representation of the potential energy surface (PES), which is fundamental

to achieving precise results in the calculations.
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3.3 The Potential Energy Surface of the H2O–HCN

complex

3.3.1 Characterization of the H2O–HCN PES

The PES used in this work was calculated by Ernesto and Dubernet [210] using the

Coupled-Cluster with Single, Double, and Perturbative Triple excitations method, and

Augmented Virtual Double-Zeta basis set (AVDZ). A total of 43,000 ab initio points

were calculated for the H2O – HCN system, revealing two minima. The first, as shown

in Figure 3.2, corresponds to the global minimum, obtained for a configuration where

the hydrogen atom of HCN approaches the oxygen of the water molecule. The energy

associated with this minimum is approximately −1814.51 cm−1 at the intermolecular

distance R = 7.16 bohr. Compared to the global minimum reported by Vindel et al. [120],

with an energy of −1852.35 cm−1, it is found that the well depth of the PES obtained

in this work is higher than that obtained by Vindel et al. [120]. This high energy value

indicates that the H2O – HCN system is very stable. The local minimum is located in a

geometry where the nitrogen of HCN approaches one of the hydrogens of H2O, as shown

in Figure 3.3, at the intermolecular distance of R = 7.0 bohr with an energy of −1377.30

cm−1. Compared to Vindel et al. [120], who reported an energy of −1338.36 cm−1

for this second minimum, our result shows a lower interaction energy. These differences

between the two potentials can be attributed to the different ab initio methods used, with

CCSD(T) used in the work of Ernesto and Dubernet [210], and the SAPT(DFT) method

in the calculations of Vindel et al. [120], as well as the size of the basis sets used.

3.3.2 Representation of the PES for MCTDH calculation

When implementing the PES calculations, we were unable to use the POTFIT algorithm

due to the high number of degrees of freedom in the system. POTFIT is generally more

efficient for systems with less than 4 degrees of freedom, but in our case, the complexity

of the PES made this approach inapplicable. To overcome this limitation, we chose to

transform the analytical potential into a form that allows us to represent the PES in a
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Figure 3.2: 2D PES contour plot as
a function of βA and βB describing the
H2O – HCN system at the global mini-
mum.

Figure 3.3: 2D PES contour plot as a
function of βA and βB describing the
H2O – HCN system at the local mini-
mum.

product form, with coefficients tailored for MCTDH calculations.

The transformation applied to the H2O – HCN PES is generalizable to other systems with

similar characteristics. The FORTRAN program we have written to represent this PES

could be used to automatically generate potentials for the same types of systems in

MCTDH format and will be made available in a GitHub repository 1. Thus, for a new

system, it is sufficient to read the ab initio data and automatically generate the new

form adapted to MCTDH. This offers a significant time and precision advantage for more

complex systems.

Regarding the spectroscopic calculations of the H2O – HCN complex, I limited the study

of the global minimum of the system. Specifically, I restricted the intermolecular distance

r0 to a range between 2 and 22 bohrs. This approach allowed for achieving convergence

of calculations with a precision of about 10−8, ensuring the reliability of the results. Since

the use of POTFIT was not possible in our case, the main objective was to develop an

automatic method for representing potentials of this type of systems within the framework

of MCTDH.

1https://github.com/MolQuantDynLab-Haverford/MolQuantDynLab-Repository
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The initial potential, in its multipolar form, is expressed as follows

V (r0, αA, βA, γA, αB, βB) =
∑
λ

vλ(r0)t̄λ(αA, βA, γA, αB, βB) , (3.3.1)

When applying the Fourier Transform to the PES, we get the following formula

Ṽ (r0, αA, βA, γA, αB, βB) =
∑
λ

vλ(r0)t̄λ(KαA
, βA, KγA , KαB

, βB) , (3.3.2)

With λ = {lA,mA, lB, l}, KαA
, KγA , and KαB

are the momentum representations of αA,

γA, and αB, respectively.

From equation 3.3.1, the indices lA and lB describe the anisotropic features of the interac-

tion potential with respect to the orientations of H2O and HCN, respectively. Figure 3.4

illustrates the first few radial expansion coefficients for the para-H2O – HCN PES. As one

can see in Figure 3.4, it was found that the most significant long-range interactions are

the electrostatic terms, with their magnitudes decreasing in a specific order. In the fol-

lowing discussions, for further simplification, let’s assume that R = r0. At a distance

of R = 20 bohr, the value of the water dipole-HCN dipole v1012 is approximately −240

cm−1, while at R = 40 bohr, it decreases to around 31 cm−1, which is still significant.

The dipole-dipole interaction between water and HCN v1012 decreases in order of magni-

tude of 1/R3. Similarly, the dipole-quadrupole interaction between water and HCN v2213

and another dipole-dipole term v1023 decrease in 1/R4. Other terms, which decrease with

1/R5, have comparable magnitudes at R = 30 bohr, such as the dipole-octopole inter-

action v1034, a quadrupole-quadrupole term v2224, and the octopole-dipole interactions

(v3014 and v3214). Another quadrupole-quadrupole term v2024 also decreases as 1/R5 but

is an order of magnitude smaller. Upon further investigation, it was observed that some

of these coefficients include small induction effects, though these contributions remain

negligible at large distances. The minimum of the isotropic term, v0000, is found to be

−1587.26 cm−1 at a distance of R = 7.472 bohr.

I have implemented the potential in MCTDH in two ways. The first approach is to lin-
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Table 3.1: The first important vlAmAlB l expansion coefficients of the H2O – HCN PES. R
and vlAmAlB l are given in bohr and Hartree (Ha), respectively.

R v0000 v1012 v1023 v1034 v2213 v2224 v3014 v3214
2 4.81E+00 -3.52E-01 2.78E-01 -2.21E-01 -2.51E-01 2.17E-01 8.16E-02 -1.51E-01
3 1.73E+00 -2.26E-01 1.73E-01 -1.38E-01 -1.59E-01 1.34E-01 5.08E-02 -9.41E-02
4 6.03E-01 -1.42E-01 1.02E-01 -8.22E-02 -9.75E-02 7.86E-02 3.01E-02 -5.58E-02
5 1.87E-01 -8.62E-02 5.52E-02 -4.49E-02 -5.63E-02 4.14E-02 1.63E-02 -3.02E-02
6 3.43E-02 -4.84E-02 2.36E-02 -1.98E-02 -2.88E-02 1.64E-02 7.02E-03 -1.30E-02
7 -5.95E-03 -2.71E-02 8.15E-03 -7.18E-03 -1.39E-02 4.90E-03 2.40E-03 -4.44E-03
8 -6.16E-03 -1.75E-02 3.95E-03 -3.31E-03 -7.97E-03 2.27E-03 1.07E-03 -1.97E-03
9 -3.42E-03 -1.22E-02 2.37E-03 -1.78E-03 -4.99E-03 1.29E-03 5.71E-04 -1.06E-03

10 -1.77E-03 -8.90E-03 1.56E-03 -1.05E-03 -3.28E-03 7.79E-04 3.37E-04 -6.23E-04
11 -9.48E-04 -6.69E-03 1.07E-03 -6.51E-04 -2.24E-03 4.91E-04 2.10E-04 -3.89E-04
12 -5.37E-04 -5.10E-03 7.63E-04 -4.21E-04 -1.58E-03 3.23E-04 1.36E-04 -2.56E-04
13 -3.19E-04 -4.01E-03 5.56E-04 -2.83E-04 -1.15E-03 2.16E-04 9.12E-05 -1.72E-04
14 -1.98E-04 -3.21E-03 4.14E-04 -1.95E-04 -8.52E-04 1.50E-04 6.29E-05 -1.19E-04
15 -1.27E-04 -2.61E-03 3.15E-04 -1.38E-04 -6.46E-04 1.06E-04 4.45E-05 -8.44E-05
16 -8.51E-05 -2.15E-03 2.44E-04 -1.00E-04 -5.00E-04 7.69E-05 3.24E-05 -6.12E-05
17 -5.82E-05 -1.80E-03 1.91E-04 -7.40E-05 -3.92E-04 5.68E-05 2.40E-05 -4.52E-05
18 -4.08E-05 -1.51E-03 1.52E-04 -5.56E-05 -3.12E-04 4.28E-05 1.81E-05 -3.40E-05
19 -2.91E-05 -1.29E-03 1.23E-04 -4.24E-05 -2.51E-04 3.26E-05 1.38E-05 -2.59E-05
20 -2.12E-05 -1.10E-03 9.99E-05 -3.29E-05 -2.05E-04 2.53E-05 1.07E-05 -2.01E-05
21 -1.57E-05 -9.52E-04 8.22E-05 -2.57E-05 -1.69E-04 1.98E-05 8.39E-06 -1.57E-05
22 -1.18E-05 -8.28E-04 6.83E-05 -2.04E-05 -1.40E-04 1.57E-05 6.65E-06 -1.25E-05
23 -9.00E-06 -7.25E-04 5.71E-05 -1.63E-05 -1.17E-04 1.26E-05 5.32E-06 -9.99E-06
24 -6.95E-06 -6.38E-04 4.82E-05 -1.32E-05 -9.88E-05 1.02E-05 4.30E-06 -8.08E-06
25 -5.41E-06 -5.64E-04 4.10E-05 -1.08E-05 -8.39E-05 8.30E-06 3.51E-06 -6.59E-06
26 -4.27E-06 -5.02E-04 3.50E-05 -8.85E-06 -7.17E-05 6.82E-06 2.88E-06 -5.42E-06
27 -3.39E-06 -4.48E-04 3.01E-05 -7.32E-06 -6.16E-05 5.64E-06 2.39E-06 -4.48E-06
28 -2.72E-06 -4.02E-04 2.60E-05 -6.11E-06 -5.33E-05 4.71E-06 1.99E-06 -3.74E-06
29 -2.21E-06 -3.62E-04 2.27E-05 -5.15E-06 -4.65E-05 3.97E-06 1.68E-06 -3.15E-06
30 -1.79E-06 -3.27E-04 1.98E-05 -4.33E-06 -4.05E-05 3.34E-06 1.41E-06 -2.65E-06
31 -1.47E-06 -2.96E-04 1.73E-05 -3.67E-06 -3.55E-05 2.83E-06 1.20E-06 -2.25E-06
32 -1.21E-06 -2.69E-04 1.53E-05 -3.13E-06 -3.13E-05 2.42E-06 1.02E-06 -1.92E-06
33 -1.01E-06 -2.45E-04 1.35E-05 -2.69E-06 -2.76E-05 2.07E-06 8.75E-07 -1.64E-06
34 -8.39E-07 -2.24E-04 1.20E-05 -2.31E-06 -2.45E-05 1.79E-06 7.54E-07 -1.42E-06
35 -7.04E-07 -2.06E-04 1.07E-05 -2.00E-06 -2.18E-05 1.55E-06 6.52E-07 -1.23E-06
36 -5.94E-07 -1.89E-04 9.53E-06 -1.74E-06 -1.95E-05 1.34E-06 5.67E-07 -1.06E-06
37 -5.03E-07 -1.74E-04 8.54E-06 -1.52E-06 -1.75E-05 1.17E-06 4.94E-07 -9.28E-07
38 -4.28E-07 -1.61E-04 7.68E-06 -1.33E-06 -1.57E-05 1.03E-06 4.32E-07 -8.12E-07
39 -3.66E-07 -1.49E-04 6.92E-06 -1.16E-06 -1.42E-05 9.01E-07 3.80E-07 -7.13E-07
40 -3.14E-07 -1.38E-04 6.25E-06 -1.03E-06 -1.28E-05 7.94E-07 3.34E-07 -6.28E-07
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l

Figure 3.4: Plots of the first radial expansion coefficients vlAmAlB l of the multipolar PES
of the H2O – HCN system.

Table 3.2: Comparison of the first bound states using the exponential and Fourier Trans-
form form of the PESs for the SPFs 10/100/60

Energy Exponential form Fourier Transform form
E0 -1457.281 -1457.281
E1 -1442.898 -1442.898
E2 -1442.898 -1442.898
E3 -1399.824 -1399.824

earize the PES formula, where the potential V is expressed as a product. This method

generates approximately 9569 lines of potential using 445 expansion coefficients. The

second approach applies Fourier transformation to the PES, reducing the number of lines

to around 6147 for the same number of coefficients. Mathematically, the MCTDH code

has to do more work to read and process the potential lines in the linearized form. When

calculating the ground state to determine the global minimum of the potential by prop-

agating a single wave packet, the first approach took about 9 hours to converge, while

the Fourier-transform version converged in 4 hours with the same results as shown in Ta-
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ble 3.2. This demonstrates the advantage of using the Fourier transform of the potential

for better efficiency in calculations.

3.4 Parameters used for the calculations

The rovibrational states calculations were carried out using the improved relaxation method,

specifically the block improved relaxation approach, as detailed in the theoretical section.

The input files for the calculations include the operator file, which contains the Hamil-

tonian and all physical constants, the Natpot folder, which holds the radial expansion

coefficients, and the input file, which specifies the calculation parameters. I used the PES

transformed by the Fourier transform because of the very short calculation time.

For the calculations, the basis wave function was chosen as follows

Ψ(r0, αA, βA, γA) = ΨA(αA, βA, γA)ΨB(αB, βB)χ(R) (3.4.1)

where ΨA and ΨB are the initial wave functions of the H2O and HCN. χ(R) is the radial

distribution used to describe the intermolecular distance.

The choice of the DVR influences the accuracy and convergence of results. In these

calculations, the goal is to correctly describe the low-energy states of a quantum system by

solving the Schrödinger equation, especially for complex systems like H2O – HCN clusters.

A well-chosen DVR can capture the details of the potential, ensure good localization

of wave functions, and accelerate the convergence of energy levels. The relaxation is

performed using the following DVRs.

• The FFT DVR is used to describe the intermonomer distance, with 96 grid points

ranging from 2 to 22 bohr, with 20 SPFs.

• The Wigner DVR is used for βA with 12 grid points ranging from 0 to π with 100

SPFs.

• The associated Legendre (Kleg) DVR is used to describe the βB primitive basis,
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with 24 grid points ranging from 0 to π with 60 SPFs.

• αA,γA, and αB are described by their corresponding momentum representation KαA

with 23 grid points ranging from −11 to 11, KγA with 11 grid points ranging from

−5 to 5, and KαB
with 11 grid points ranging from −5 to 5

It has been found that a relatively small number of basic functions is sufficient, but the

default integrator parameters need to be adjusted to achieve accurate relaxation of the

wave function. We can note that default parameter such as the integrators and schemes

can result in a final energy lower than that of the ground state E0. So, some tests

have to be done to check which integrator can be appropriate for better convergence.

The algorithm converges quickly when propagating four wave packets on an appropriate

energy scale, but it becomes challenging to converge at higher energy values. By default,

the integrator used for the SPF is the Bulirsch-Stoer (BS) [204] with an accuracy of 10−6,

but it deviates from the exact value E = −1457.281 cm−1 by about 0.004 cm−1, which

is a significant error for quantum chemistry calculations, but the results can be further

improved by using a different integrator. More accurate results were obtained using 8th-

order Runge-Kutta (RK) integrators for the SPF and Davidson (rDAV) for the A-vector

(especially for real Hamiltonian) with an accuracy of 10−8. We also followed the two

convergence steps by increasing the size of the primitive basis and the number of SPFs

to improve the accuracy of the results. Calculations converged with 45,000 SPFs, but for

better accuracy in excited levels, we opted for 120,000 SPFs. Finally, the Constant Mean

Field (CMF) integration scheme with a step size of 1.0 and a tolerance of 10−7 was used.

INTEGRATOR-SECTION INTEGRATOR-SECTION

CMF= 1.0, 1d-7 CMF= 1.0, 1d-7

BS/spf = 1d-6, 0.01 RK8/spf = 1d-9, 0.01

rDAV/A = 800, 1d-8 rDAV/A = 800, 1d-8

END-INTEGRATOR-SECTION END-INTEGRATOR-SECTION



Section 3.5. Results and discussions Page 79

3.5 Results and discussions

As mentioned earlier, the rovibrational calculations using the Ernesto and Dubernet [210]

potential were submitted before those of Vindel et al. [120]. That is why some parameters

such as the rotational constants were not the same for better comparison in our article

(Tajouo et al. [217]). In this section, the results obtained are compared to those of

Vindel et al. [120], as well as to the available experimental data.

3.5.1 The bound states calculations and characterization

At low energy with J = 0, the calculated binding energy is −1457.281 cm−1, with a

zero-point energy (ZPE) of 357.2 cm−1. In contrast, Vindel et al. [120] reported values

of −1488.342 cm−1 and 364.64 cm−1 for binding energy and ZPE, respectively. Our com-

puted binding energy is slightly higher, whereas the ZPE is slightly lower. These differences

are attributed to variations in computational methodologies, as previously discussed. The

ZPE is calculated using the formula ZPE = D0−De, where D0 is the ground state energy

(first binding energy determined in the MCTDH by setting the system’s reference energy

to 0 cm−1) and De is the well depth of the PES. Table 3.3 presents, for each bound state,

the expected values of the parameters < R >, < βA >, and < θB >. The expectation

values of the polar angles are calculated using the expression < anglej >= cos−1(anglej),

where < anglej > corresponds to the expectation value of the anglej for a given state. It

is found that for the ground state, < βB > is 25.21◦ and < θB > is 171.05◦. The values

calculated in Vindel et al. [120] are 27.942◦ and 170.13◦. This implies that the molecular

axis of HCN is closely aligned with the intermolecular axis of the H2O – HCN system, with

a deviation angle of 8.95◦ and 10◦ in Vindel et al. [120]. In microwave spectroscopy of the

H2O – HCN dimer, the orientation of the HCN axis relative to the intermolecular axis is

described by the complementary angle of θB. These experimental values are 10.16◦ [209]

and 9.4◦ [207], respectively, and correspond very well to our complementary angle of 8.95◦

in the ground state compared to 9.87◦ in Vindel et al. [120].
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Table 3.3: Calculated bound states for H2O – HCN. The parameters < R > and ∆R are
given in bohr; < βA >, ∆βA, < θB >, and ∆θB are in degrees and are defined in the
text.

N parity Energy(cm−1) < r0 > ∆r0 < βA > ∆βA < θB > ∆θB

0 + -1457.281 7.1343 0.2045 25.210 13.693 171.050 4.394

1 + -1363.804 7.0980 0.2073 28.940 13.590 167.046 5.254

2 - -1346.292 7.1191 0.2073 31.959 16.730 167.567 5.220

3 + -1327.215 7.2260 0.3571 25.823 13.928 170.478 4.921

4 + -1285.608 7.1390 0.2073 34.320 16.134 170.163 4.893

5 - -1284.047 7.0860 0.2288 31.827 15.355 162.468 7.293

6 + -1239.668 7.1618 0.3588 30.171 14.043 165.780 6.228

7 + -1232.440 7.0838 0.2102 36.531 16.346 164.330 5.517

8 - -1224.844 7.1694 0.3558 30.286 15.131 165.694 6.142

9 + -1219.591 7.2085 0.3623 32.205 16.925 166.880 5.660

The deviation of the H2O molecule from the C2v planar geometry of the complex is

quantified by the angle βA, which describes the out-of-plane orientation of H2O. This

angle depends on the magnitude of the average vibrations. In these calculations, by

definition, the polar angle is between 0 and 180◦ and can only take positive values. Even

for a flat equilibrium geometry where βA = 0◦, the expected value of < βA > will always

be positive and non-zero. According to Table 3.3, the calculated value of < βA > for

the ground state is 25.210◦ comparing to 27.94◦ in Vindel et al. [120], reflecting the

significant amplitude of the out-of-plane vibrational orientation. This result matches with

the spectroscopic value of 20◦ reported in Reference [207]. However, Reference [209]

reports a value of 50.9◦ based on a microwave spectroscopic study. This higher value is

attributed to the large-amplitude out-of-plane vibration of H2O in the H2O – HCN complex.

However, the method used for this averaging in their work is not clearly specified.

In the case of the variation of the intermolecular distance in the ground state, our

calculation estimates < r0 >= 7.134 bohr in Table 3.3, compared to 7.135 bohr in
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Vindel et al. [120]. The values obtained using the two PESs are in excellent agreement

with the intermonomer center-of-mass distances measured by microwave spectroscopy,

which are 7.123 and 7.137 bohr in References [209] and [207], respectively. The calcula-

tions of the average positions of the bound states show that the results obtained in this

work are close to those reported in Vindel et al. [120], which can be explained by the

use of different methods used to calculate the PESs and rotational constants. Regarding

comparisons with experimental results, the data obtained with the two potentials show

good agreement.

3.5.2 The rovibrational states

MCTDH does not yet have internal tools dedicated to the treatment of rovibrational states,

which requires manual processing of results after each step of improved relaxation. The

calculations are performed by initially propagating four wave packets. Each obtained wave

function is then used as the initial wave function for a new propagation, this time with a

single wave packet. The primitive basis and the SPF maintain the same parameters, while

taking into account the type of relaxation used: for propagating multiple wave packets, the

MCTDH keyword relaxation=0 is used, while for a single wave packet, relaxation=lock

is defined.

For J = 0, the rovibrational states must have a projection K = 0 of J . This is enforced

by ensuring that the average values of the moments associated with the angles αA and αB

satisfy the relation < kαA
> + < kαB

>= 0. Similarly, for J = 1, the projections must

satisfy < kαA
> + < kαB

>= 0, 1, and for K = 0, 1, the rovibrational levels correspond

to the symmetries Σ and Π. The rovibrational characters jkakc are determined as follows:

the initial states of H2O are expressed as a linear combination of Wigner-D matrices, in

the simplified form jkakc , where j represents the rotational angular momentum, and ka

and kc are the projections on the body-fixed (BF) z-axis. Each rotational state can be

denoted as |jkm⟩, where m is the projection of j on the BF z-axis and k is its projection
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on the SF z-axis. Thus, the rotational states of H2O are written as follows

|jkm⟩ =
j∑

m1=−j

Cm1m|j, k,m⟩ (3.5.1)

with m1 = ka − kc, m1 ranging from −j to j.

For each evaluation, it is necessary to determine the rotational states taking into account

their degeneracy, which is 2j + 1. For example, for j = 0, the rotational state of H2O is

|0, 0, 0⟩ and the eigenvalue is 0. For j = 1, there are three rotational states. The states

for j = 2 and j = 3 were calculated using an external FORTRAN script. To determine the

characters jkakc , the rovibrational wave function is projected onto the rotational states of

H2O, and these characters are obtained by selecting the projection of the rovibrational state

onto the corresponding rotational state of H2O. If the rovibrational wave function is Ψ, its

projection onto the rotational state of H2O is pi = Ψ|P̂i|Ψ⟩ and P̂i = |jkakc,m⟩⟨jkakc,m|

is the projector on each rotational state |jkakc,m⟩. The corresponding jkakc for each

rovibrational state is obtained by choosing the largest magnitude after the summation of

each contribution of the projection of |jkakc,m⟩.

The calculations of the rovibrational states for the H2O – HCN complex are reported in

Tables 3.4-3.6, corresponding to total angular momentum J ranging from 0 to 2. Table 3.4

presents the vibrational energy levels where the calculated energies are compared to those

obtained using another method. In this Table 3.4, comparisons are made with other

calculations using another PES developed for the same system. Energies are relative to

the ground state at −1457.281 cm−1 and are given in cm−1.. These include the ground

state, HCN libration, H2O wagging, O – – C stretching, H2O torsion, and H2O rocking.

Each of these vibrational modes reflects specific molecular motions within the complex:

• Ground state: Represents the lowest energy level of the system, where no vibrational

excitation occurs with < r0 >= 7.1343 bohr.

• HCN libration: A rotational oscillation of the HCN molecule within the complex,

which is influenced by its interaction with the H2O molecule with an energy of
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93.477 cm−1 and < r0 >= 7.0980 bohr compared to the value of 94.632 cm−1 in

Vindel et al. [120]

• H2O wagging: Describes the oscillatory motion of the water molecule as its hydrogen

atoms move up and down, also referred to as the water inversion mode with an en-

ergy of 110.989 cm−1 compared to the value of 112.514 cm−1 in Vindel et al. [120].

• O – – C stretching: Corresponds to the stretching vibration between the oxygen of

H2O and the carbon of HCN, which involves the periodic elongation and contraction

of the O – – C bond with an energy of 130.065 cm−1 compared to the value of 128.65

cm−1 in Vindel et al. [120].

• H2O torsion: Refers to the twisting motion of the water molecule, where its atoms

rotate around the molecular z-axis with an α0 = αA−αB. The harmonic frequency

corresponds to the energy of 171.673 cm−1 and 174.288 cm−1 in Vindel et al. [120].

• H2O rocking: This mode involves the rocking motion of the water molecule, where

the entire molecule moves back and forth like a pendulum with an energy of 173.234

cm−1 compared to the value of 178.238 cm−1 in Vindel et al. [120].

The variations in intermolecular distances < r0 > and ∆r0 increase significantly with the

number of excited states. In the ground state, these values are 7.1343 and 0.2045 bohrs

compared to 7.135 and 0.2050 bohrs in Vindel et al. [120], respectively, while they reach

7.2260 and 0.3571 bohr compared to 7.226 and 0.360 bohr in Vindel et al. [120] for the

first vibrational excited state. In comparison, the expectation values of angles < βA > and

< θB > remain almost unchanged compared to those of the ground state. This indicates

that the complex undergoes significant stretching upon excitation. In comparison to the

Vindel et al. [120] results, the calculated values in this work are slightly lower

These values correspond to the harmonic frequencies of the system, indicating the energy

associated with each vibrational mode. We observe a slight difference between the har-

monic frequencies calculated from the two potentials. Indeed, each potential describes

the interactions between H2O and HCN molecules differently, which influences the char-
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acteristics of the vibrational states of the complex. These variations, although minor, can

have an impact on the energy levels.

Tables 3.5 and 3.6 present the rovibrational energy levels for J = 1, 2. We can also note

here that there are differences in the calculations, which can probably be explained by

the different values of the rotational constants used in the two works. The rotational

constants used in this work are identical to those used in previous studies by Wang and

Carrington [62], as well as Ndengué et al. [69], on the H2O – H2 complex. These refer-

ences ensure some consistency in the comparison of results, although the slight variations

observed may be related to differences in the representation of potential energy surfaces

or the calculation methods used for rovibrational states. These differences can also be

explained by the relatively low number of SPFs used, especially as energy increases. In-

deed, as one moves away from the ground states towards higher energy levels, a larger

number of SPFs is needed to properly capture the complexity of the rovibrational states

of the system.

Table 3.4: Table: Low energy rovibrational levels of para and ortho-H2O – HCN for J = 0.

p/o-H2O Assignment MCTDH Vindel et al. [120]
p Σ(111) 0.000 0.00
o Σ(101) 93.477 94.631
o Σ(101) 110.989 112.514
p Σ(111) 130.066 128.65
o Σ(221) 171.673 174.288
p Σ(111) 173.234 178.238
o Σ(101) 217.613 217.665
p Σ(211) 224.841 227.084
p Σ(211) 229.862 232.162
o Σ(101) 237.690 273.827
p Σ(111) 253.893 251.131
o Σ(212) 254.397 256.959
o Σ(212) 260.083 263.109
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Table 3.5: Same as Table 3.4 for J = 1.

p/o-H2O Assignment MCTDH Vindel et al. [120]
p Σ(111) 0.205 0.203
o Σ(101) 14.595 14.594
o Σ(101) 14.595 14.595
p Σ(111) 90.031 91.098
p Σ(111) 90.032 91.099
p Σ(111) 93.684 94.631
o Σ(101) 111.194 112.514
o Σ(101) 130.267
p Π(111) 143.018 144.325
o Π(101) 144.518 144.325
o Σ(221) 171.877
p Σ(111) 173.442 174.288
p Π(111) 214.898 214.694
o Σ(101) 217.817 217.664

Table 3.6: Same as Table 3.4 for J = 2.

p/o-H2O Assignment MCTDH Vindel et al. [120]
p Σ(111) 0.611 0.609
o Σ(101) 15.001 14.999
o Σ(101) 15.003 15.002
o ∆(110) 58.101 58.102

3.5.3 Microwave transitions frequencies and rotational constants

The comparison between experimental and theoretical results for the H2O – HCN complex

is presented in Table 3.7. The rotational energy levels obtained from the calculations

are used to determine the microwave rotational transition frequencies. For comparison,

experimental values reported by Fillery-Travis et al. [209], as well as theoretical values

from Vindel et al. [120], are included. The computed microwave rotational transition

frequencies show excellent agreement with the experimental measurements. However, a

slight discrepancy between the results of this work and those of Vindel et al. [120] can be

observed. This difference might stem from the SAPT (DFT) [120] and CCSD(T) [210]

used or possibly from variations in the rotational constants used in this work.

Table 3.8 provides the ground-state rotational constants A, B, and C for the H2O – HCN
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complex, based on 5D-PES calculations within the rigid rotor approximation for the J = 1

rovibrational states. A comparison of these constants with experimental values and those

from Vindel et al. [120] reveals good overall agreement. The values of B and C are quite

close, indicating that the H2O – HCN complex behaves as a nearly prolate symmetric top.

Table 3.7: Calculated Microwave transition frequencies (cm−1) for H2O – HCN. rel.
er.=relative error

Transition MCTDH(cal) Vindel [120](theo) exp [209] % rel. er.(exp-cal) % rel. er.(exp-theo)

101 ← 000 0.2046 0.2031 0.2034 0.59 0.14
202 ← 101 0.4079 0.4062 0.4068 0.27 0.14
211 ← 110 0.4091 0.4069 0.4075 0.39 0.14
212 ← 111 0.4078 0.4052 0.4058 0.49 0.14
303 ← 202 0.6138 0.6102 0.59
312 ← 211 0.6136 0.6113 0.38
313 ← 212 0.6131 0.6088 0.71

Table 3.8: Calculated rotational constants (in GHZ) for the intermolecular ground states
of H2O – HCN using MCTDH and compared with the previous theoretical(theo) and ex-
perimental(exp) results.

Rot. Constant MCTDH(cal) Vindel [120](theo) exp [209] %(exp-cal) %(exp-theo)
A 434.528 434.492
B 3.059 3.057 3.062 0.62 0.16
C 3.043 3.032 3.036 0.23 0.13

Our results are summarized in the following publication.
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Water and hydrogen cyanide are two of the most common species in space and the atmosphere with

the ability of binding to form dimers such as H2O–HCN. In the literature, while calculations characteriz-

ing various properties of the H2O–HCN cluster (equilibrium distance, vibrational frequencies and rota-

tional constants) have been done in the past, extensive calculations of the rovibrational states of this

system using a reliable quantum dynamical approach have yet to be reported. In this work, we intend to

mend that by performing the first calculation of the rovibrational states of the H2O–HCN van der

Waals complex on a recently developed potential energy surface. We use the block improved relaxation

procedure implemented in the Heidelberg MultiConfiguration Time-Dependent Hartree (MCTDH) pack-

age to compute the states of the H2O–HCN isomer, from which we extract the transition frequencies

and rotational constants of the complex. We further adapt an approach first suggested by Wang and

Carrington—and supported here by analysis routines of the Heidelberg MCTDH package—to properly

characterize the computed rovibrational states. The subsequent assignment of rovibrational states was

done by theoretical analysis and visual inspection of the wavefunctions. Our simulations provide a Zero

Point Energy (ZPE) and intermolecular vibrational frequencies in good agreement with past ab initio cal-

culations. The transition frequencies and rotational constants obtained from our simulations match well

with the available experimental data. This work has the broad aim to propose the MCTDH approach as a

reliable option to compute and characterize rovibrational states of van der Waals complexes such as the

current one.

1 Introduction

Water (H2O) and hydrogen cyanide (HCN) are common compo-
nents of planetary and interstellar environments,1–3 contribut-
ing significantly to their rich chemistry. For instance, H2O is
the most abundant molecule in cometary atmospheres and
HCN is amongst the few dozen molecules that have been
observed around comets. Furthermore, hydrogen bonding is a

fundamental phenomenon in chemistry, and its importance
has been widely recognized in various fields of study, including
atmospheric chemistry, biological processes, catalytic reac-
tions, and materials science.4–7 The HCN molecule is scientifi-
cally fascinating for multiple reasons. It is a highly anharmonic
system that possesses a wide range of vibrational states, which
combined with its triatomic nature, makes it a convenient
model-system for the accurate study of predissociation and to
develop/test theoretical methodologies that can be applied to
more complex systems.8,9 The H2O–HCN is a relevant complex
in astrophysics,9,10 composed of two common molecules in
planetary environments and comets.1,2 In the Insterstellar
Medium (ISM), H2O is also one of the most abundant mole-
cules after CO and H2.

The interaction between water and hydrogen cyanide has
been extensively studied,11–16 with a special interest in the
theoretical investigation of its structure and spectroscopy. This
interaction leads to two different isomers. In one, HCN acts as
the proton donor (H2O� � �HCN), and in the other one HCN acts
as the proton acceptor (HCN� � �H2O), as shown in Fig. 1, with
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the H2O� � �HCN isomer being the more stable.17–19 Moreover, the
isomerization reaction between water and hydrogen cyanide has
been studied (using high-level ab initio calculations20,21 and
microwave spectroscopy22,23) as well as for its isotopes11 (using
the pulsed-nuzzle technique, Fourier-transform microwave
spectroscopy and a modified Balle/Flygare Fourier-transform
microwave spectrometer associated with a sample source pulsed
supersonic nozzle). While numerous works in the past two
decades have surveyed (some even in full dimensionality) the
rovibrational states of water containing heterodimers with linear
molecules of astrophysical relevance (such as H2O–H2,24–26

H2O–CO,27–32 H2O–HF,33–35 H2O–CO2
36 and H2O–HCl,37–39 just

to name a few) there is to our knowledge no published report of
rovibrational states calculations for the H2O–HCN system, either
in full dimensionality nor even in the rigid rotor approximation.
Not even after the publication of a new state-of-the-art five-
dimensional potential energy surface (PES) of H2O–HCN by
Quintas-Sánchez and Dubernet15 (referred to as the QSD PES
later in the text); which, despite being built primarily for astro-
physical simulations, turn out—as we will show here—to be
quite reliable for spectroscopic studies as well.

We present in this work the first calculations of the low-lying
rovibrational states for the H2O–HCN complex, obtained using
the MultiConfiguration Time-Dependent Hartree (MCTDH)
method. The paper is organized as follows. In the next section,
we describe the methodology and computational procedure
followed for the MCTDH calculations. Following that, in
another section, we present and discuss our results. Finally,
we summarize our work and discuss future avenues of research
for this system and others.

2 Computational procedure
2.1 Rovibrational states calculations with MCTDH

The rovibrational spectrum of the H2O–HCN cluster is studied
using the MCTDH algorithm.40–43 MCTDH is a time-dependent
method in which each degree of freedom is associated with a
small number of orbitals (or single-particle functions, SPFs)
which, through their time dependence, allow an efficient
description of the molecular dynamical processes. The total
MCTDH wave function is expanded in Hartree products, that is,

products of SPFs:

CðQ1; . . . ;Qf ; tÞ ¼
Xn1
j1¼1
� � �
Xnf
jf¼1

Aj1���jf ðtÞ
Yf
k¼1

jðkÞjk
ðQk; tÞ

¼
X
L

ALFL;

(1)

where f is the number of degrees of freedom (DOF) of the
system, Q1,. . .,Qf are the nuclear coordinates, AL�Aj1� � �jf

denotes
the MCTDH expansion coefficients, and f(k)

jk (Qk,t) are the nk

SPFs associated with each degree of freedom k (i.e., they form a
time dependent variable basis along k). The subsequent equa-
tions of motion for the coefficients and SPFs are derived after
substituting the wave function ansatz into the time-dependent
Schrödinger equation. To solve the equations of motion, the k
SPFs are represented on a (fixed) primitive basis or discrete
variable representation (DVR)-grid44–46 of Nk points:

fðkÞjk
ðQk; tÞ ¼

XNk

ik¼1
c
ðkÞ
ik jk
ðtÞwðkÞik

ðQkÞ; (2)

where ideally the nk of eqn (1) is such that nk { Nk. Thus, the
MCTDH method propagates the wave function on a small, time-
dependent, variationally optimized basis set of single-particle
functions, which in turn are defined on a fixed time-
independent primitive basis set.

The MCTDH algorithm is more efficient when the Hamilto-
nian operator is written as a sum of products (SOP) of single-
particle operators. The Kinetic Energy Operator (KEO) can
easily be expressed in the required form when using polysphe-
rical coordinates, such as the Jacobi coordinates used in this
work. We followed the subsystem KEO derivation presented by
Gatti and Iung,47 which was used in some of our previous work
to describe an asymmetric rotor–atom collision48 and an asym-
metric rotor–diatom collision and spectroscopy.26,49 In the
specific case of dimers, this separation of subsystem is similar
to the formulation for dimers given in the seminal work by
Brocks et al.50 As we did in our previous MCTDH calculations,51

we do not work in the Body-Fixed (BF) frame but in the E2

Fig. 1 Structures of H2O–HCN (corresponding to the global minimum)
and HCN–H2O (corresponding to the secondary minimum) isomers.

Fig. 2 Definition of the dimer BF coordinates system used in ref. 15 to
represent the PES of the H2O–HCN system.
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frame,26,47 which is obtained by rotation of the two first Euler
angles of the SF frame (cf. Fig. 2 and 3). This representation
leads to a decoupling of the modes of each monomer and is
particularly useful for inelastic calculations with the MCTDH
approach.49 The KEO in the E2 frame can be expressed as

2T̂ ¼ � 1

m
@2

@R2
þ 2T̂A þ 2T̂B

þ 1

mR2
~Jy~J þ ð~LA þ ~LBÞ2 � 2ð~LA þ ~LBÞ~J
� �

E2

;

(3)

where m is the reduced mass of the H2O–HCN cluster, and the A
and B subscripts refer to the H2O and HCN fragments respec-
tively. The rigid rotor Hamiltonian of the H2O molecule is
expressed as52,53

T̂A ¼
A

2
LA;þ

2 þ LA;�
2 þ LA;þLA;� þ LA;�LA;þ

� �

� C

2
LA;þ

2 þ LA;�
2 � LA;þLA;� � LA;�LA;þ

� �
þ BLzBFA

2;

(4)

with the H2O rotational constants: A = 27.88063 cm�1,
B = 9.27771 cm�1 and C = 14.52177 cm�1.54 The rigid rotor
kinetic energy of the HCN fragment can be written
simply as T̂B = BHCN

-

LB
2, with the rotational constant BHCN =

1.4782218 cm�1.55,56 The reduced mass used for the H2O–HCN
system was m = 10.805547045 a.m.u.

The final form of the KEO as implemented in the MCTDH
code is then

2T̂ ¼ � 1

m
@2

@R2
þ 2T̂A þ 2T̂B

þ 1

mR2
JðJ þ 1Þ þ ~LA

2 þ ~LB
2 � 2LA;z

2 � 2LB;z
2

� �

þ 1

mR2
LA;þLB;� þ LA;�LB;þ � 2LA;zLB;z

� �

þ 1

mR2
CþðJ;KÞðLA;þ þ LB;þÞ
� �

þ 1

mR2
C�ðJ;KÞðLA;� þ LB;�Þ
� �

;

(5)

with

C�ðJ;KÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJðJ þ 1Þ � KðK � 1Þ

p
: (6)

2.2 The potential energy surface

The potential energy operator, just as the KEO, also needs to be
expressed in a sums of products form. Usually, for systems of
the appropriate dimension (o6) for which the PES is not
expressed in the product-form already, there exists an efficient
fitting procedure (Potfit,57,58 implemented in the MCTDH
package59) to obtain the appropriate representation. For poten-
tials in even higher dimensionality, a MultiGrid Potfit,60 a
Multi-Layer Potfit,61 or even more recently, a Monte-Carlo imple-
mentation of the Canonical Polyadic Decomposition (CPD)62 for
MCTDH are now available to transform general potentials into
a product form. However, some of these implementations
can lead to a prohibitive number of terms in the potential
expansion—and thus slow down computations—while for
others the handling of the system’s symmetries becomes
problematic—and thus may restrict, or poorly represent, the
whole range of the potential for this type of application. In this
study, just as we did in our previous work for H2O–H2,26 we
overcome this problem by taking advantage of the fact that the
potential is already represented in a multipolar form15 and that
we only have to make a transformation to re-express it in
coordinates more suitable for the MCTDH calculations.

The PES from ref. 15 is originally expressed as:

VðR; y;j; y0;j0Þ ¼
X
i

viðRÞ�tiðy;j; y0;j0Þ; (7)

with i = {lA,mA,lB,l}, and

�tiðy;j; y0;j0Þ ¼
1

2p
alA ;mA

XlA
r1¼�lA

XlB
r2¼�lB

bi;r1
lA lB l

r1 r2 r

 !

� Pr2
lB
ðcos y0ÞPr

l ðcos yÞ cosðr2j0 þ rjÞ;

(8)

where the expression in large brackets is a Wigner 3-j symbol,
and the factors alA,mA

and bi,r1
are given by:

alA ;mA
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lA þ 1
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2dmA ;0

p ; (9)

and

bi;r1 ¼
1

2p
dmA ;r1 þ ð�1ÞlAþmAþlBþld�mA ;r1

� �
: (10)

Indices r1, r2, and r are dependent through r = �(r1 + r2). The
maximum order of the terms involved in the expansion are
determined by lA = 7, lB = 12, mA = 4, and l = 18 (with mA Z 0,
and lA and lA + lB + l always being even because of symmetry
considerations) resulting in a total of 445 one-dimensional
vi(R) terms in eqn (7). The angles (y,j) and (y0,j0) represent
respectively the collisional direction and the HCN fragment
orientation in the BF frame, as represented in Fig. 2. As can be
seen in the figure, the BF of the original PES is defined such
that its origin is the center of mass of the H2O molecule, the
z-axis is its C2 axis, with the positive z in the direction of the

Fig. 3 Definition of the H2O–HCN in the rigid rotor approximation and
coordinates system used to compute the rovibrational states. The red solid
frame is the E2 frame.
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O atom and the xz plane being the plane containing the H2O
molecule.

Fig. 4 shows a two-dimensional cut of the QSD PES as a
function of R and y (the other three angular coordinates are
fixed at their corresponding values for the global minimum: j =
01, y0 = 01, and j0 = 01). Notice that the global minimum of the
potential—corresponding to the H2O� � �HCN isomer—is
located at the bottom of the figure (y = 01 and R = 7.162 Å),
with a well depth of 1814.51 cm�1. A secondary minimum (not
shown in the figure) corresponding to the HCN� � �H2O isomer,
is located at y = 119.611, j = 01, y0 = 74.491, j0 = 1801 and R =
7.004 Å, with a well depth of 1377.30 cm�1.

In the MCTDH implementation, the dynamics of this system
in the E2 frame is described by six coordinates: the fragments’
separation R and five angles (aA, bA, gA, yB and jB), as shown in
Fig. 3. The origin of the E2 frame is the center of mass of H2O,
as it was the case for the BF frame. The z-axis is in the direction
of

-

R, the vector connecting the centers of mass of the two
molecules (cf. Fig. 3). The three Euler angles (aA, bA, gA)
determine the orientation of the H2O molecule in our E2 frame,
while the other two spherical angles (yB and jB) define the
orientation of the HCN molecule.

As van der Avoird and Nesbitt pointed out,24 there are two
ways to transform the PES coordinates from the BF Frame to
the E2 Frame. In the first approach, the coordinates are related
according to y = bA; f = p � gA; and y0, f0 can be expressed in
terms of aA, bA, gA, yB, fB with the use of an inverse Euler
rotation matrix;24 then, the PES in the appropriate frame can be
numerically generated. This procedure, used by Wang and
Carrington,25 is not convenient for this work as it would require
building a new SOP expansion of the PES after the surface is
numerically transformed. We should point out that our BF and
E2 Frames correspond respectively to the Molecule Fixed (MF)
and the Dimer Fixed (DF) Frames described in the work of
Wang and Carrington. The second approach, which is the one

we used, relates the coefficients of the multipolar expansion in
both frames24 and thus allows to generate the PES in the E2

Frame directly in a SOP form. The correctness of the new
multipolar expansion in the E2 frame can be conveniently
verified by comparing the new PES values with the corres-
ponding ones generated using the original PES. This approach
saves a significant amount of time and allows more flexibility in
the calculations. It is worth noticing that this transformation
was already tested and checked in our previous work on H2O–
H2,26 which used a multipolar PES constructed with the same
type of coordinates as the ones used by Quintas-Sánchez and
Dubernet.15

2.3 Details of the computations

The rovibrational bound states of the H2O–HCN complex are
obtained with the block improved relaxation method42,63

implemented in the Heidelberg MCTDH package.59 The block
improved relaxation is derived from the improved relaxation
method,64,65 a MCSCF approach where the SPFs are optimized by
relaxation66 (propagation in negative imaginary time) but the
coefficients vector (A-vector) is determined by diagonalization of
the Hamiltonian matrix evaluated in the set of present SPFs
using the Davidson algorithm.67 MCTDH is, thus, used here as a
time-independent method, where however the optimized basis
functions are obtained by relaxation, a time dependent
approach. The working equations of the improved relaxation
and block improved relaxation have already been extensively
described elsewhere42,64,65 and do not need to be repeated here.

The primitive basis, its range, and the number of SPFs used
for the calculations of the rovibrational states are summarized
in Table 1. We performed all the calculations reported in this
work using the block improved relaxation method—proceeding
in blocks of three states, starting from the ground state and
progressing to highly excited states. The relaxation time for a
converged calculation with a block of three wavefunctions took
approximately 72 hours of computational time using 16 pro-
cessors on a Linux Cluster. For the evaluation of levels with
J 4 0, one could start the calculations from the previously
converged results corresponding to J � 1, and thus save a

Fig. 4 2D cut of the PES. The figure shows the global minimum (De =
1814.51 cm�1) which is the H2O� � �HCN isomer.

Table 1 Parameters of the primitive basis used for the rovibrational
calculations of H2O–HCN. FFT stands for the Fast Fourier Transform.
Wigner stands for the Wigner DVR. KLeg is the extended Legendre DVR.
K stands for the momentum representation of a set of angles: the first and
third Euler angles aA and gA of H2O, and the second spherical angle fB of
HCN, both monomers in the rigid rotor approximation. The units for
distance and angle are Bohrs and radians respectively. We additionally
would like to stress that the range of gA, aA and fB are actually the ranges of
their respective momentum representation kg, ka and kf respectively

Coordinate
Primitive
basis

Number
of points Range

Size of
SPF basis

R FFT 96 2.0–22.0 10–20
bA Wigner 12 0–p 20–100
gA K 23 �11,11
aA K 11 �5,5
yB KLeg 24 0–p 40–60
fB K 11 �5,5
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significant amount of computational time to reach conver-
gence. To describe the orientation of the H2O and the HCN
fragments in the E2 frame, a primitive basis composed of Fast
Fourier Transform (FFT) functions for the intermolecular dis-
tance R, was coupled with a Wigner-DVR basis for bA, and a two-
dimensional extended Legendre-K DVR (replacing fB by kf),
while aA and gA are replaced by their momentum representation
ka and kg. For testing purposes, we also ran ( J = 0) calculations
with the angular primitive basis composed of the Wigner-DVR
basis and a two-dimensional Legendre DVR. The (Wigner, K, K)
and (KLeg, K) DVRs are thus replaced in these tests by their
counterparts the (Wigner, Exp, Exp) and (PLeg, Exp) DVRs,
where KLeg and PLeg are respectively the extended Legendre
DVR and two dimensional Legendre DVR. As mentioned in our
previous work,26 while calculations in real space coordinates
basis at J = 0 may be slightly faster than calculations in real and
momentum basis, we used the real and momentum basis
because it is the only one that allows J 4 0 calculations with
the MCTDH description of our chosen frame and operators.

After transforming the PES from eqn (7) to the E2 frame, we
can write

VðR; bA; gA;aA;yB;jBÞ ¼
X
rb ;rg
ra ;ry

~Vrb ;rg
ra;ry
ðRÞfrb ;rg

ra;ry
ðoA;oBÞ; (11)

where

frb ;rg
ra;ry
ðoA;oBÞ ¼ D

ðrbÞ
rargðaA; bA; gAÞ�Cry;�raðyB;jBÞ; (12)

with D
ðrbÞ
rargðaA; bA; gAÞ and Cry,�ra(yB,fB) being respectively the

Wigner D-matrix and the Racah normalized spherical harmo-
nics. The action of the potential on the wavefunction can then
be obtained using ka, kg and kf to express the angles aA, gA, and
fB. In the following, we drop the indices A and B for simplicity.

V̂CðR; b; kg; ka; y; kjÞ ¼
X
rb ;rg
ra;ry

�Vrb;rg
ra;ry
ðR; b; kg; ka; y; kjÞ

�CðR; b; kg � rg; ka � ra; y; kj þ raÞ:
(13)

We selected the primitive basis set by testing the conver-
gence of the low-lying energy levels for various choices of the
DOF parameters. The ones reported in Table 1 yield conver-
gence of the results to within 0.02 cm�1 or less for the low-lying
states. Also, the number of SPFs was increased in the calcula-
tions from a relatively small number for the lower levels to
significantly larger values for the excited states: this grows
quickly because of the deep well of the potential and the rapidly
growing density of states with increasing energy.

A point of emphasis to ease the reading of this manuscript:
in the following sections, J,K will relate to the rotation of the
dimer, while j,k will be associated to the rotation of the H2O
monomer.

The Wigner-DVR can be implemented in two forms in
MCTDH. In one, the 3 Euler angles can be used as they are
defined to characterize each of the degrees of Freedom of the

Wigner-DVR. In the other, the a and g angles could be Fourier
Transformed into the K component used in the calculations.
This approach is also used with the Extended Legendre DVR
implemented in MCTDH where the azimuthal angle can be
Fourier Transformed and limited to values smaller than
the expected size of the primitive basis: which is what was
done here.

2.4 Symmetry and assignment of states

The current implementation of the Wigner-DVR in the MCTDH
package does not allow even/odd symmetry differentiation
while performing the calculations using a direct product basis.
Hence, it was not possible to selectively compute (ro)vibrational
states that have a specific symmetry with respect to the H2O
fragment axis. Nevertheless, using the computational proce-
dure described above we are able to obtain a large number of
states (some real and some fictitious) which can be challenging
to assign directly. In previous calculations of this type of
cluster, such as the H2O–H2 calculations performed by van
der Avoird and Nesbitt,24 or Wang and Carrington,25 the
primitive basis was constrained such that K, the projection of
the total angular momentum, satisfies: K = mA + mB. Wang and
Carrington proposed a method to characterize the rovibrational
states according to the abundance of the character of the rigid
rotor rotational state of H2O in the wavefunction: that is,
characterizing it along the most abundant jkakc

, where ka and
kc are the projections of the total angular momentum J on the
inertial axis in the prolate and oblate limits.

In this work, we are able to go beyond the analysis we
performed previously on a similar system26 (H2O–H2) to do a
characterization in a similar fashion as Wang and Carrington.25

First, as we did in our previous work on H2O–H2, the S, P, . . .

characters of the wavefunction can be extracted after the
MCTDH calculation by looking at the output file of a single
state calculation. Here, by summing the average values of the a
and f DOFs (which correspond to the mA and mB used by Wang
and Carrington), we can determine K as K = hai + hfi. This
approach not only makes it possible to determine K but also
turns out to filter physical states from fictitious ones; since we
are using a direct basis with no constraints on the basis
functions, the computational procedure is free to generate for
instance for J = 0, states having a projection K 4 0, which is not
physical. By applying the K = hai + hfi criterion, we can discard
all the nonphysical states from the results. In Table 3, we show
the lowest 8 states from a block improved relaxation calcula-
tion, where 6 of the 8 are nonphysical.

The H2O character ( jkakc
) of the rovibrational state was

obtained by projection of the rovibrational wavefunction onto
the rotational states of H2O. The specific jkakc

character pre-
sented in Tables 4–7 was assigned by selecting the largest
projection of the rovibrational state to the H2O rotational states
considered. The projection of the rovibrational state |Ci is
obtained from the relation pi = hC|P̂i|Ci, where the projector P̂i

onto a rovibrational state | jkakc,mi writes P̂i = | jkakc,mih jkakc,m|.
The contributions of each projection | jkakc,mi are then summed
to obtain the contribution of the | jkakc

i rotational state to the
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wavefunction. Additional details on this derivation are provided
in the Appendix.

3 Results and discussion

The primary motivation of this work is the lack of availability in
the literature of work reporting calculations of rovibrational
states of the H2O–HCN complex with only a couple of excep-
tions. We also independently performed here ab initio calcula-
tions at a higher level of theory (CCSD(T)-F12) to serve as a basis
of comparison for the rovibrational state ( J = 0) calculations.

3.1 Comparison with harmonic frequencies

A limited number of published results on the vibrational states
of H2O–HCN are available in the literature. So far, only harmonic
frequencies14,68 have been reported for this system and some of
its isotopologues/isotopomers. This limits the validation of our
new results. Nevertheless, in Table 2 we compare the previously
reported harmonic frequencies obtained by Heikkilä et al.14 (2nd
order Møller–Plesset perturbation theory (MP2) with 6-
311++G(2d,2p)) and Tshehla and Anthony68 (MP2 with 6-31G**
split-valence polarized basis set) with our new CCSD(T)-F12b/VTZ-
F12 harmonic frequencies and the full variational vibrational
frequencies ( J = 0) obtained from MCTDH using the QSD PES.

The four different approaches compared in the table exhibit
significant, but not drastic, variations between each of the three
sets of harmonic frequencies as well as with the full MCTDH
calculations. Of course harmonic frequencies are notoriously
inaccurate for low frequency modes corresponding to large
amplitude motion. This particular complex is somewhat more
tightly bound with its rather large well depth, so the compar-
ison is still sensible. Of the three harmonic calculations, the
CCSD(T)-F12 method employed in our new calculations is most
similar to that underlying the QSD PES, yet especially for
certain modes there are significant differences between those
harmonic frequencies and the more complete MCTDH results.

The MCTDH rovibrational calculations reflect the quality of
the electronic structure calculations (CCSD(T) with counter-
poise correction for basis set superposition error) and fitting
quality of the QSD PES. The significant variation observed,
most notably for the HCN libration and H2O torsion modes, is

not surprising given the different methods employed, but
points to the valuable contribution that an experimental
measurement could make.

The assignment of the nodal excitation of the lowest vibra-
tional states is straightforward and can be done by analysis and
visual inspection of the vibrational wavefunctions. However, it
becomes more difficult with increasing energy as the modes
become mixed and the coordinate system is no longer ideal25

for their visual assignment.

3.2 Rovibrational states and rotational constants

The rovibrational states of the H2O–HCN cluster for J = 0,. . .,3 are
computed using the quantum mechanical method described
above. The convergence of an MCTDH calculation is tested with
respect to both bases: the primitive basis and the SPF basis. In this
study, we first performed a series of calculations for J = 0, varying
the SPFs basis sizes to determine the required size to reach
convergence. Then, using that SPF basis, we modified the primitive
basis to determine an appropriate basis that ensured a converged
calculation while balancing computational cost. The primitive basis
reported in Table 1 is the one finally selected, and all the results
presented in this work were obtained using that basis. Finally, to
ensure consistency, we once again vary the SPF basis to ensure that
the vibrational levels do not vary significantly. The results of these
last convergence tests are presented in Table 3, where we show
the convergence of the ground state and the first two excited
states with increasing SPFs basis size. As already mentioned,
MCTDH calculations are likely to produce real and fictitious
states: the states with energy E1, E2, E3, E4, E5, and E6 are six
examples of those spurious states coming directly from MCTDH
calculations that we filter out from our results using the analysis
procedure described before. By systematically testing the con-
vergence of our results with different basis sizes, we were able to
ensure that our calculations are accurate and reliable.

Despite some limitations of the current implementation of
the MCTDH method in the Heidelberg MCTDH package (i.e.,
lack of symmetry of the Wigner-DVR), important information
can be obtained from the calculations of Tables 4–7 using
various analysis procedures. First, the primitive basis selected
for the calculation connects the average value of the angular
modes a and f to mA and mB respectively, which is necessary to
define K = mA + mB. Thus by simply checking the output file
from the MCTDH calculation, the major character (S,P,. . .) of
the eigenstates can be extracted. Tables 4–7 show the energy
levels of H2O–HCN reported relative to the 5D ground state
energy at �1457.281 cm�1. In the tables, the energy levels are
labeled with the values of K, the projection of the total angular
momentum on the z-axis of the system, with K = 0, K = 1, K = 2,
and K = 3 corresponding to S, P, D, and F states respectively.

Second, the ‘weight’ and ‘assignment’ columns are based on
the magnitude of the contribution of each jkakc

to the total
wavefunction as referenced in the work of Wang and
Carrington.25 A more detailed description of how this proce-
dure has been applied in this context is provided in the
Appendix. For this work, we evaluated the weights for the
J = 0,. . .,3 rotational states and neglected the others. As such,

Table 2 Harmonic and variational intermolecular frequencies of H2O–
HCN. Heikkilä are the results from Heikkilä et al.14 (MP2 with 6-
311++G(2d,2p)), Tshehla are the results from Tshehla and Anthony68

(MP2 with 6-31G** split-valence polarized basis set), Harm are our new
CCSD(T)-F12b/VTZ-F12 ab initio harmonic frequencies, and MCTDH cor-
responds to the results of this work—obtained on the QSD PES at J = 0. All
energies are in cm�1

Mode Heikkilä Tshehla Harm MCTDH

n1 (HCN libration) 98.9 57.2 72.7 93.4
n2 (H2O wagging) 101.6 110.0 84.6 110.9
n3 (O� � �C stretch) 139.9 133.8 121.2 130.0
n4 (H2O torsion) 144.6 222.4 147.8 171.6
n5 (H2O rocking) 243.1 255.0 239.1 237.6
ZPE* 364.1 389.2 332.7 357.2
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the ‘Cumulative Weight’ that is obtained only sums the con-
tributions of all the partial weights contributions from J =
0,. . .,3. As the cumulative weight is often above 75% and the
individual weight is usually near or above 20%, the rotational
state assignment is quite reliable assuming that higher rota-
tional states have a negligible contribution to that specific
wavefunction. However, while we attempt to associate a major
H2O rotational character to the rovibrational wavefunctions, it
is worth pointing out that for several of these states the
contribution of a specific H2O rotational state was just margin-
ally higher than others, and it is actually more likely that two or
three H2O rotational states contribute to the character of a
specific rovibrational state rather than just a single state.

Third, we can also specify the para/ortho-H2O parity of the
rovibrational state by assessing the major character obtained in

the ‘assignment’ column. In fact, the overlaps of the rovibrational
wavefunctions are only non-zero for para/ortho states according to
the character of the most dominant H2O rotational states. This
specific aspect supports the idea that states from different rota-
tional symmetries (para/ortho) do not mix in the generation of
rovibrational states of the cluster (at least at low energies as
displayed here) and thus the implementation of symmetry on
the Wigner-DVR in MCTDH, allowing to separate para from ortho
H2O states in the calculations would definitely help in reducing
the cost of the calculations while producing yet accurate results.

One current limitation that we experience in our setup is the
inability to implement the inversion symmetry in the MCTDH

Table 3 Convergence of the ground state rovibrational energy (cm�1) of H2O–HCN for J = 0. In the table, the first column represents the SPF basis,
where a1/a2/a3 stands for the number of SPF along the first mode R (after extensive testing along the R mode, we determined that the mode achieves
convergence with an SPF value of 8. However, in order to ensure a higher level of accuracy, we have opted to set the SPF value to 10), the second
combined mode Wigner/K/K, and the third combined mode KLeg/K, as suggested in Table 1. The energy E0 is the ground state energy of this system and
E7 is the first excited state. E1, E2, E3, E4, E5, and E6 are nonphysical energy levels that are filtered out from our results

SPF

Energy

E0 E1 E2 E3 E4 E5 E6 E7

10/60/40 �1457.280 �1442.897 �1442.897 �1399.824 �1399.824 �1367.465 �1367.464 �1363.799
10/70/40 �1457.280 �1442.898 �1442.898 �1399.824 �1399.824 �1367.466 �1367.466 �1363.797
10/80/40 �1457.280 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.803
10/90/40 �1457.281 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.803
10/100/40 �1457.281 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.804

10/60/50 �1457.280 �1442.897 �1442.897 �1399.823 �1399.823 �1367.464 �1367.464 �1363.799
10/70/50 �1457.280 �1442.898 �1442.898 �1399.825 �1399.825 �1367.466 �1367.465 �1363.801
10/80/50 �1457.280 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.802
10/90/50 �1457.281 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.803
10/100/50 �1457.281 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.804

10/60/60 �1457.280 �1442.897 �1442.897 �1399.824 �1399.823 �1367.464 �1367.464 �1363.798
10/70/60 �1457.280 �1442.898 �1442.898 �1399.824 �1399.824 �1367.466 �1367.466 �1363.802
10/80/60 �1457.280 �1442.898 �1442.898 �1399.824 �1399.824 �1367.467 �1367.467 �1363.802
10/90/60 �1457.281 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.804
10/100/60 �1457.281 �1442.898 �1442.898 �1399.825 �1399.825 �1367.467 �1367.467 �1363.804

Table 4 Low energy rovibrational levels of H2O–HCN for J = 0. The
definition of weight and cumulative weight (cum. wgt.) is given in the text.
p/o-H2O specifies the para/ortho-H2O character of the rovibrational
states. Energies are relative to the ground state at �1457.281 cm�1 and
are given in cm�1. The weights and cumulative weights are dimensionless

p/o-H2O Assignment Energy Weight Cum. wgt.

p S(111) 0.000 0.343 0.934
o S(101) 93.477 0.224 0.861
o S(101) 110.989 0.198 0.894
p S(111) 130.066 0.343 0.913
o S(221) 171.673 0.328 0.861
p S(111) 173.234 0.276 0.849
o S(101) 217.613 0.225 0.856
p S(211) 224.841 0.253 0.793
p S(211) 229.862 0.234 0.835
o S(101) 237.690 0.204 0.898
p S(111) 253.893 0.341 0.913
o S(212) 254.397 0.212 0.687
o S(212) 260.083 0.220 0.755

Table 5 Same as Table 4 for J = 1

p/o-H2O Assignment Energy Weight Cum. wgt.

p S(111) 0.205 0.343 0.912
o S(101) 14.595 0.243 0.899
o S(101) 14.595 0.243 0.854
p S(111) 90.031 0.309 0.878
p S(111) 90.032 0.309 0.878
p S(111) 93.684 0.309 0.879
o S(101) 111.194 0.198 0.894
o S(101) 130.267 0.224 0.856
p P(111) 143.018 0.343 0.913
o P(101) 144.518 0.245 0.900
o S(221) 171.877 0.328 0.765
p S(111) 173.442 0.276 0.825
p P(111) 214.898 0.307 0.884
o S(101) 217.817 0.225 0.856
p S(211) 225.049 0.253 0.807
p S(211) 230.101 0.234 0.830
o S(101) 237.891 0.204 0.898
p S(111) 254.090 0.341 0.913
o S(212) 254.601 0.212 0.687
p P(111) 255.658 0.250 0.839
o S(212) 260.290 0.220 0.752
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code unlike other authors such as Wang and Carrington.25 The
global structure of the MCTDH code requires a particular
attention and care in the selection of subroutines that would
need to be modified to properly integrate the symmetries. This
type of project, which is quite significant and is being planned,
is also very important as it should enhance the ability of the
Heidelberg MCTDH package in dealing with the type of pro-
blems and systems that we investigate here.

The calculation and assignment of the rovibrational energy
levels allows us to compute the rotational transition frequen-
cies, from which we deduce the rotational constants of the rigid

rotor H2O–HCN system. The rovibrational energy levels of a
molecular system can be described by a set of quantum
numbers, which represent the rotational and vibrational states
of the molecule. In the rigid rotor approximation, H2O–HCN is
an asymmetric rotor whose rotational states can be described
using jKaKc

, where Ka and Kc are specified as above for H2O.
Thus, our calculations at J = 0 will provide for instance the 000

state (along with various vibrational excitations), while the
calculations at J = 1 will provide the 101, 111 and 110 states
(with various rovibrational excitations). Although there are
currently no experimental rovibrational energy levels available
for comparison with the theoretical values, there are some
experimental measurements of other spectroscopic proper-
ties—such as the rotational constants and transition frequen-
cies—that can be used to assess the accuracy of the theoretical
model and provide a mean to validate our results. The theore-
tical transition frequencies we obtain from our calculations are
reported in Table 8 and are in excellent agreement with the
observed values by Fillery et al.,22 the largest error being 0.71%.

In Table 9, calculated rotational constants are determined
from the J = 1,� � �, 3 levels. A number of approaches can be used
to reasonably estimate the rotational constants of a molecular
system from the rovibrational states—such as fitting an expan-
sion with several coefficients. Usually, a first-order approxi-
mation which links the rotational energy levels of an
asymmetric top for the total angular momentum J = 1 (101 =
B + C, 110 = A + B and 111 = A + C) with A a B a C is applied.
However, in this case this procedure leads to a degeneracy of B
and C, because of the near degeneracy of the 2nd and 3rd state
obtained in Table 5 at the precision displayed. The values of A,
B and C obtained in this case are respectively 434.473 GHz,
3.067 GHz and 3.065 GHz. Here we supplemented these calcu-
lations, with the first order approximation of the rotational
constants for J = 2 and J = 3. For J = 2 we obtain for A, B and C

Table 6 Same as Table 4 for J = 2

p/o-H2O Assignment Energy Weight Cum. wgt.

p S(111) 0.611 0.343 0.912
o S(101) 15.001 0.243 0.899
o S(101) 15.003 0.243 0.856
o D(110) 58.101 0.246 0.845
p S(111) 90.441 0.309 0.883
p S(111) 90.442 0.309 0.883
o S(101) 94.095 0.224 0.861
o S(101) 111.602 0.198 0.888
p S(111) 130.666 0.343 0.913
o S(101) 144.919 0.245 0.900
o S(101) 172.254 0.328 0.861
p S(111) 173.854 0.276 0.857
p P(111) 215.308 0.307 0.884
o S(101) 218.223 0.225 0.865
p S(211) 225.467 0.252 0.803
p S(211) 230.535 0.234 0.831
p D(211) 236.557 0.244 0.810
o S(101) 238.292 0.204 0.898
p S(111) 254.482 0.341 0.913
o S(212) 255.008 0.212 0.686
p P(111) 256.082 0.251 0.838
o S(212) 260.701 0.220 0.753

Table 7 Same as Table 4 for J = 3

p/o-H2O Assignment Energy Weight Cum. wgt.

p S(111) 1.215 0.343 0.911
o S(101) 15.608 0.243 0.899
o S(101) 15.613 0.243 0.915
p D(211) 58.711 0.285 0.849
p S(111) 91.055 0.309 0.883
p S(111) 91.060 0.309 0.883
o S(101) 94.711 0.224 0.860
o S(101) 112.215 0.198 0.894
p S(111) 131.264 0.343 0.913
o S(101) 145.513 0.245 0.901
p G(101) 155.500 0.261 0.814
o S(110) 172.812 0.210 0.860
p S(111) 174.473 0.276 0.853
p P(111) 215.909 0.307 0.884
o S(101) 218.882 0.225 0.865
p S(111) 226.081 0.256 0.805
p S(211) 231.128 0.234 0.830
p D(211) 237.172 0.245 0.810
o S(101) 238.959 0.204 0.898
p S(111) 255.067 0.341 0.913
o S(212) 255.618 0.212 0.686
p P(111) 256.704 0.251 0.838
o G(312) 261.059 0.336 0.710
o S(212) 261.316 0.220 0.753

Table 9 Calculated rotational constants of H2O–HCN using MCTDH and
compared with the previous theoretical(theo) and experimental (exp)
results, units in GHZ. With (Theo1) (CCSD(T)) level of theory,15 (Theo2)
MP2/aug-cc-pVTZ level of theory,12 (Theo3) MP2/6-311++G(2df,2p) level
of theory,17 (Theo4) MP2/6-311++G(2df,2p) level of theory,13 (Theo5) MP2/
aug-cc-pVDZ level of theory,19 (Exp1),22 and (Exp2)11

MCTDH Theo1 Theo2 Theo3 Theo4 Theo5 Exp1 Exp2

A 434.528 423.753 583.647 402.514 401.031 429.98
B 3.059 3.073 3.183 3.046 3.046 3.04 3.062 3.046
C 3.043 3.051 3.159 3.026 3.027 3.01 3.037 3.020

Table 8 Selected rotational jKaKc
transition frequencies of H2O–HCN,

energy units are in cm�1

Transition MCTDH Experiment22 % error

101 ’ 000 0.2046 0.2034 0.59
202 ’ 101 0.4079 0.4068 0.27
211 ’ 110 0.4091 0.4075 0.39
212 ’ 111 0.4078 0.4058 0.49
303 ’ 202 0.6138 0.6102 0.59
312 ’ 211 0.6136 0.6113 0.38
313 ’ 212 0.6131 0.6088 0.71
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434.501 GHz, 3.061 GHz and 3.040 GHz. And for J = 3,
434.610 GHz, 3.047 GHz and 3.024 GHz. The values reported
in Table 9 is an average for A, B and C of these values.

The comparison of these numerical results with experimen-
tally determined values and also previous calculations shows
the quality of the PES in describing the interactions and
provides some confidence in its reliability for collisional
dynamics.

We further investigated the rovibrational energy levels of the
H2O–HCN by examining the wavefunctions associated with
each level. These wavefunctions can provide relevant informa-
tion about the molecular structure and behavior of the hetero-
dimer, the type of motion associated with each vibrational

mode, and even the deviation of the progression from the
normal mode to local mode behavior. Table 2 summarizes
the character of motion associated with the various vibrational
modes of H2O–HCN. Fig. 5 describes the mode n1, which is the
librational motion of the HCN molecule with respect to the H2O
molecule. The libration mode involves the oscillation of the
HCN molecule around the g axis that is perpendicular to the
H2O–HCN bonding axis corresponding to ortho-H2O–HCN S
state (K = 0) J = 0 at the equilibrium position where the
wavefunction has a maximum located at R = 7.096 Bohr. In
Fig. 6 we also have the ortho-H2O–HCN state assigned to the
mode n2 which describes the wagging motion of the water
molecule with respect to the HCN molecule and its plot
represents pivoting of the water molecule around its O–H
bonding axis of ortho-H2O–HCN S state. For J = 0, the angular
plot at R = 7.096 Bohr in Fig. 7 shows the mode n3 corres-
ponding to the O� � �C stretch of the wavefunction of para-H2O–
HCN state localized near the global minimum, with the plot
describing the stretching or contracting of the bond between
the O-atom of the water molecule and C-atom of the HCN
molecule. Fig. 8 and 9 show the most excited states localized at
the global and secondary minima, with both the same assign-
ment S which is the H2O rocking mode corresponding to the
para-H2O–HCN and ortho-H2O–HCN states respectively.

4 Conclusion

This paper describes the calculation of low-lying rovibrational
states of the H2O–HCN heterodimer in the rigid rotor approxi-
mation using the potential energy surface developed by
Quintas-Sánchez and Dubernet15 and the MCTDH method for
values of the total angular momentum quantum number J
between 0 and 3. The rovibrational states have been reported

Fig. 5 Wavefunction cut (R, g) of H2O–HCN at E = 93.477 cm�1.

Fig. 6 Wavefunction cut (b, g) of H2O–HCN at E = 110.90 cm�1.

Fig. 7 Wavefunction cut (b, g) of H2O–HCN at E = 130.0 cm�1.
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with considerable detail assigning the para/ortho (p/o) nature of
H2O for each total angular momentum with a computational
approach similar to the one previously used by us26 for the
rovibrational states of H2O–H2. While the calculation for the
specific H2O–HCN complex is new and we believe deserves to
be highlighted here, one of the main ideas of this paper is to
present the MCTDH method and code as a reliable tool to
perform this type of calculation more routinely: that is spectro-
scopic calculations involving molecular dimers. Methodologi-
cally, we went beyond what was presented in our previous work
on H2O–H2 by presenting an extensive set of tools that are

either already available in the MCTDH code, or that could be
implemented with minimal effort, which could be used to
perform a deep analysis of the rovibrational states of a variety
of systems and extract their character and symmetry in addition
to the transition frequencies, rotational constants, and wave-
function visualization. This is particularly useful as there is
available an open source tool (the MCTDH code) that allows the
community to study various systems that are relevant to the
astrophysics and atmospheric chemistry communities. These
are presented as alternatives to other approaches such as those
by Carrington et al.69,70 and Bačić et al.36,71,72 Those approaches
are efficient for this type of application, as has been demon-
strated previously. Here, we are highlighting capabilities, ver-
satility, and open access of the MCTDH package.

The results presented here show a very good agreement with
transition frequencies and rotational constants observed
experimentally. However, the lack of experimental rovibrational
energies is an opportunity for this system.

In future work, we plan to survey some isotopologues of this
system such as D2O–HCN, which could be relevant for astro-
physical applications. Experimental results for isotopically sub-
stituted clusters have already been reported. Gutowsky et al.11

have observed the rotational transition frequencies of the water
and hydrogen cyanide dimer using a modified Balle/Flygare
Fourier transform microwave spectrometer associated with a
sample source pulsed supersonic nozzle. It will be interesting
to assess those results in the light of our present calculations.
Finally, in the spirit of the work we initiated on H2O–H2, we
plan to produce converged quantum scattering cross-sections
using the MCTDH method which we proved before to be robust
enough49 for this type of study.
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Appendix

The basis on which each rovibrational state is computed can be
written as a sum of the individual basis functions multiplied by

Fig. 8 Wavefunction cut (R, g) of H2O–HCN at E = 224.841 cm�1.

Fig. 9 Wavefunction cut (R, g) of H2O–HCN at E = 237.690 cm�1.
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some coefficients,25,30

jCi ¼
X

jAkAmA ;m

CjAkAmA ;mj jA; kA;mAijmi (14)

where m = { jB(mB); JKM;n0} and n0 labels the radial basis
functions. The coefficients discussed in the context of the wave
function determine the contribution of each basis function to
the overall wave function and depend on the specific rovibra-
tional state of the system.

The rotational wavefunction of an asymmetric top H2O
molecule can be described by | jA,kA,mA;Ka,Kci with jA as the
total angular momentum, kA as the projection of the total
angular momentum jA along the principal axis of rotation,
mA, the eigenvalue of jA onto the laboratory frame (body-fixed
Z-axis)49

One can re-expand eqn (14) as

jCi ¼
X

jAKaKcmA;m

CjAKaKcmA ;mjjA;mA;Ka;Kcijmi (15)

The expansion coefficients CjAKaKcmA,m from eqn (15),

CjAKaKcmA ;m ¼
X
kA

CjAkAmA ;ma
ð jAmAÞ
kA ;KaKc

(16)

The coefficients að jAmAÞ
kA ;KaKc

described in eqn (16) can be obtained

by diagonalizing the rotational Hamiltonian of the water mono-
mer in the | jA,kA,mAi basis.

j jA;mA;Ka;Kci ¼
X
kA

ajAmA
kA ;KaKc

j jA; kA;mAi (17)

| jA,kA,mAi is the Wigner-D matrix describing the rotation of
the molecule from the principal axis frame to the laboratory
frame. The contribution of each state | jKaKc

i form eqn (17) is
given by

zjAKaKc ;m ¼
X
m

X
mA

CjAKaKcmA ;m
2 (18)

We assign the | jKaKc
i based on the highest magnitude of zjAKaKc,m.

The H2O nature is para H2O with (�1)(Ka�Kc) = +1 and ortho H2O
with (�1)(Ka�Kc) = �1.
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3.6 Conclusion

The main goal of this work was to calculate the spectroscopic properties of the vdW

H2O – HCN system in the rigid rotor approximation and analyze them. To do that, an

improved FORTRAN routine used to automate the representation of the PES of the

H2O – H2 [69] system has been applied here since it was not possible to represent the

PES using the POTFIT algorithm. We are particularly pleased with this new approved

technique as it offers a streamlined solution for researchers using MCTDH to study this

system. The bound states and rovibrational states were calculated for the values of the to-

tal angular momentum quantum number J from 0 to 2 as well as the microwave rotational

transition frequencies and rotational constants. A comparison of the results obtained to

those of the group of Vindel et al. [120], which were carried out with another potential

developed for the same system. The calculated ground state binding energy is −1457.281

cm−1 and −1488.342 cm−1 in Vindel et al. [120], with the rotational constants A, B,

and C being 434.528, 3.059, and 3.043 GHz, respectively, compared to 434.492, 3.057,

and 3.032 reported by Vindel et al. [120]. Our results show slight differences, which can

be explained by the calculation methods used. Compared to experimental values, both

methods are in good agreement, demonstrating the accuracy of the potentials used. Rovi-

brational calculations provide precise spectroscopic data (microwave frequencies and in-

tensities of transitions) necessary to model and predict the interactions of these molecules

with solar or infrared radiation, playing a role in the energy and chemical balances of

atmospheres [218, 120, 207]. Another major contribution of this work lies in the use of

MCTDH for the detailed analysis of rovibrational states. This method not only allows

for accurate calculation of the energy states but also predicts the distribution of weights

associated with each state, providing a deep understanding of their structure and dynam-

ics. Developed scripts are used to accurately analyze these states in jkakc performed with

the MCTDH method. These scripts are designed to be applicable to similar systems and

will allow for a detailed analysis of the obtained results. They will be made available in

our GitHub repositories 2 providing an accessible resource for the scientific community to

2https://github.com/MolQuantDynLab-Haverford/MolQuantDynLab-Repository
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facilitate the reproduction and extension of our studies on complex molecular systems.



4. The rovibrational states

calculations and collisional dynamics

of the rigid (H2O)2 Dimer

4.1 Introduction

The water dimer ((H2O)2) has been intensively studied for its contribution to many fields

of science [219, 220]. Due to its higher concentration in the Earth’s atmosphere [221, 222],

it is also the main subject of studies related to atmospheric processes [223], such as water

continuum absorption [224] and chemical reactions [111]. The main source of information

on the water dimer come from its experimental spectroscopic measurements, and to

understand these measurements, a potential energy surface describing the interaction

between water monomers has to be performed.

Figure 4.1: Structure of the Water dimer equilibrium. The first monomer in the figure is
a proton acceptor, and the second is a proton donor.

In this chapter, the calculations of the rovibrational states and collisional dynamics of the

101
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water dimer will be presented. The Hamiltonian of the rigid (H2O)2 will be discussed, along

with the procedure used to represent the PES in the correct form and its implementation

in the MCTDH code. The chapter will also outline the difficulties encountered, both

analytical and numerical, as well as the methods used to resolve them. Finally, the results

obtained during this work will be presented.

4.2 Representation of the Hamiltonian for the water

dimer

The two monomers are labeled A and B, respectively. The system is defined by in-

tramolecular coordinates (interatomic distances and bond angles), which describe the

rotations from an axis of each monomer fixed at their equilibrium positions (ROH=0.9579

and ⟨HOH = 104.5◦) [118], as well as by intermolecular coordinates ωx = (αx, βx, γx),

x∈
{
A,B

}
are the Euler angles , characterizing the relative movements between the

monomers as shown in Figure 4.1. The coordinate system used to describe the motion of

water dimer molecules is as follows: two sets of Euler angles (αA, βA, γA) and (αB, βB,

γB) are used to describe the orientations of each monomer with respect to the body-fixed

(BF) frame. The polar angles (α, β) are the coordinates of the vector R⃗ connecting the

centers of mass of monomers GA and GB with respect to the space-fixed (SF) frame.

The BF frame z-axis of the system is aligned with the vector R⃗. In this frame, we

embedded a distance R (which is the distance between the centers of mass of the two

monomers) along the BF z-axis. This BF frame is equivalent to the E2 frame of Gatti and

co-workers [165] and Ndengué and co-workers [69]. The BF frame follows the definition

by Brocks et al. [214].

For the asymmetric tops, the Hamiltonian in the body-fixed (BF) is derived using the
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Figure 4.2: Body-fixed coordinates for (H2O)2 in the rigid rotor approximation.

approximation employed by Brocks et al. [214] and is expressed as follows:

Ĥ =T̂A
rot + T̂B

rot +
1

2µABR2

[
− ∂

∂R
R2 ∂

∂R
+ Ĵ2 + Ĵ†Ĵ + (ĵA + ĵB)

2 − 2(ĵA + ĵB).Ĵ

]
E2

+ V (R,ωA, ωB), (4.2.1)

where ωA = (αA, βA, γA) and ωB = (αB, βB, γB) are the Euler angles that specify the

orientation of monomers; T̂A
rot and T̂B

rot are the Kinetic Energy Operators (KEO) of the

monomers A and B; R stands for the center of mass (COM) between the monomers; the

operator Ĵ is the total angular momentum, ĵA and ĵB are the angular momenta of each

fragment A and B, and µAB is the dimer reduced mass. The quantity V (R,ωA, ωB) is

the PES.

The KEO of a water monomer is given by:
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T̂ x
rot =

Ax

2
(ĵ2x,+ + ĵ2x,− + ĵx,+ĵx,− + ĵx,−ĵx,+)−

Cx

2
(ĵ2x,+ + ĵ2x,− − ĵx,+ĵx,− − ĵx,−ĵx,+)

Bxj
2
zBFx

, (4.2.2)

where Ax, Bx, and Cx are the rotational constants and x can be A or B. The body-fixed

superscript implies that the set of (x, y, z) refers to the components of jx along the

principal axes of monomers A and B, respectively [119]. To perform the calculations, the

final form of the KEO implemented in the MCTDH is expressed as follows

2T̂ = − 1

2µABR2

∂2

∂R2
+ 2T̂A

rot + 2T̂B
rot +

1

µABR2

(
J(J + 1) + j⃗2A + j⃗2B − 2j2A,z − 2j2B,z

)
E2

+
1

µABR2
(jA,+jB,− + jA,−jB,+ − 2jA,zjB,z)E2

+
1

µABR2
(C+(J,K)(jA,+ + jB,+)) +

1

µABR2
(C−(J,K)(jA,− + jB,−))E2, (4.2.3)

with

C±(J,K) =
√
(J(J + 1)−K(K ± 1) (4.2.4)

ĵA(B) = ĵA(B),x ± iĵA(B),y (4.2.5)

Same as in the H2O – HCN system, in the reduced dimensionality, the KEO of the H2O

can be rewritten as follows [214, 215]

T̂ x
rot =

(Ax + Cx

2

)
ĵ2 +

[
B −

(Ax + Cx

2

)]
ĵ2zBF +

(Ax − Ax

4

)(
ĵ2+ + ĵ2−

)
(4.2.6)

With ĵA(B),+ = ĵx + iĵy and ĵA(B)− = ĵx − iĵy.

With the H2O rotational constants: Ax = 27.8806 cm−1, Bx = 14.5216 cm−1 and

Cx = 9.2778 cm−1 [63, 62], with the mass of hydrogen=1.007825035 AMU and the mass

of oxygen=15.99491463 AMU [63].
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4.3 Theoretical intermolecular potential energy sur-

face

In this section, I will present the ab initio CCpol-8s and multipolar potential energy surfaces

used and the reasons for choosing the multipolar PES. Let’s briefly introduce the PESs

available for the water dimer. The high-quality potentials have been constructed due to

the importance of the water dimer, and a recent review provides a good summary [225].

Among the PESs calculated to describe the water dimer, the most accurate rigid monomer

is called the Coupled-Cluster polarized CCpol-8s [118] with eight-shell basis set. Another

potential energy surface, called Symmetry Adapted Perturbation Theory-5st (SAPT-5st)

with six DOF, has also been found interesting for calculating the spectroscopic properties

of the water dimer and has been extensively studied [78].

4.3.1 The Ab initio CCpol-8s Potential Energy Surface

The rigid rotor CCpol-8s PES used in this work was constructed in 2008 [118]. It is

an extension of the CC-pol water pair potential developed in 2007 [226] and has been

successfully used in simulation to predict the spectrum of the water dimer. To obtain this

PES, the intermolecular interaction between water monomers from the coupled cluster

calculations of the CCpol [226] water pair potential has been fitted using 2510 geometry

points and was already benchmarked with the experimental data [227]. This new form that

includes eight sites is referred to as CCpol-8s. They used the functional form expressed

as follows

V (A,B) =
∑

a∈A,b∈B

uab(rab) + V ind
2 (A,B) (4.3.1)

uab(rab) = f1(δ
ab
1 , rab)

qaqb
rab︸ ︷︷ ︸

1

+ exp(−βabrab)
3∑

m=0

Cab
m r

m
ab︸ ︷︷ ︸

2

+
∑

n=6,8,10

fn(δ
ab
n , rab)

Cab
n

rnab︸ ︷︷ ︸
3

(4.3.2)

where V ind
2 (A,B) represents the induction interaction between monomers A and B, and
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uab are site-site potentials depending on distance rab between sites. In equation 4.3.1,

The first term (1) stands for the electrostatic energy, adjusted by an attenuation function

to avoid short-distance divergences. The second term (2) is the repulsive component of

the potential, which decreases exponentially with the distance between the rab monomers

A and B. The third term describes the dispersion energy, also modified by an attenuation

function to ensure correct asymptotic behavior of the two-body term. The free parameters

δabn , Cab
n , and βab were determined from the same ab initio calculated points above, while

the attenuation functions fn(r, δ
ab
n ) are used to adjust the long-range terms, taking into

account the overlaps of the electronic functions expressed as follows.

fn(r, δ
ab) = 1− exp−δabr

n∑
j=0

(δabr )j

j!
(4.3.3)

This ab initio potential is defined in terms of the Euler angles ωx(αx, βx, γx) x=A,B·,

with respect to the body-fixed (BF) frame. The two monomers are connected by a vector

R⃗ connecting their centers of mass, which undergoes a rotation described by the polar

angles (α, β) with respect to the space-fixed (SF) frame. The dimer geometry depends

on the angles αA and αB only through the difference α = αB − αA. Thus, the potential

actually depends on the inter-monomer distance R and five angles.

The ab initio CCpol-8s PES used in the work was provided in the supplementary ma-

terial of reference [118]. The equilibrium position of the ab initio CCpol-8s is found

to be at: R=5.5 bohr,
(
αA, βA, γA

)
=
(
0◦, 118.956◦, 0◦

)
, and

(
αB, βB, γB

)
=
(
−

180◦, 124.879◦, 270◦
)
, and the global minimum at De = −1785.15 cm−1 [118], obtained

using an optimized steepest descent method and compared to the experimental value

De = −1748.775 cm−1 [227].

Figures 4.3, 4.4, and 4.5 show one- and two-dimensional contour plots of the potential

energy surface ab initio. In Figure 4.3, the α, β, and γ coordinates of each monomer

have been fixed at values close to the equilibrium position of the surface. In Figure 4.4,

the coordinates in both directions R and γA; and γA and γB in Figure 4.5 vary while
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the others are fixed at values close to the equilibrium values of the surface represented.

The figures show the global minimum at −1785.15. For Figures 4.4 and 4.5 showing

the surface in two directions, we observed a very large barrier between the equivalent

equilibrium positions of the potential.

Figure 4.3: 1D cut of the ab initio PES. The angles are fixed at their equilibrium values.
The figure shows the global minimum at R=5.5 bohr (De=−1785.15 cm−1 for (H2O)2
dimer).

4.3.2 Representation of the PES in MCTDH: Fit and Potfit

Similar to the KEO, the potential energy operator must be expressed as a SOP form. There

is an effective algorithm called POTFIT [173, 192, 193] implemented in the MCTDH

package for low-dimensional systems that are not yet in the SOP form. The POTFIT

algorithm requires storing the PES on a direct product primitive grid, which becomes

challenging for systems with 6 DOFs. Unfortunately, ab initio PESs often do not conform

to SPFs, especially in coordinates suitable for quantum dynamics calculations. Various

Potfit procedures have been proposed to convert such PESs into the product form, such as

MultiGrid [228], Multi-Layer [229], and Monte Carlo [230]. These methods are available

to convert a general potential into a SOP form. We decided to implement the analytical

PES, it resulted in a large number of Hamiltonian terms, which slowed down calculations

implemented in the MCTDH code, and the MCTDH code was unable to compile. Faced
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Figure 4.4: 2D contour plot of the ab
initio PES as a function of R and γA,
while the other angles are fixed at their
equilibrium values. The figure shows the
global minimum (De=−1785.15 cm−1

for the (H2O)2 dimer)

Figure 4.5: 2D contour plot of the ab
initio PES. γA and γB are varying while
the other angles are fixed at their equi-
librium values. The figure shows the
global minimum (De=−1785.15 cm−1

for (H2O)2 dimer).

with these challenges, we have developed a stronger alternative method for representing

the potential energy surface by reducing the terms used in its SOP form.

Our PES and KEO are expressed in Jacobi coordinates. This choice is appropriate for

describing the rotations and intermolecular vibrations of the water dimer. In most cases,

the KEO is already in this product form, and what we have to do is to transform the

PES. In the POTFIT algorithm, each degree of freedom requires a primitive basis on a

defined grid size and a maximum number of SPFs to accurately represent the PES. For a

large-dimensional system like the water dimer, there will be numerous functions, making

it difficult to express the potential in the SOP form due to POTFIT’s limitation on the

size of the primitive basis it can handle. The multipolar expansion of the CCpol-8s PES

is expressed as follows:

V (R,ωA, ωB) =
∑
{Λ}

v{Λ}(R)A{ν}(ωA, ωB), (4.3.4)
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Where

A{ν}(ωA, ωB) =
∑
MA

(MB=−MA)

(−1)LA+LB+L

LA LB L

MA MB M

×DLA
MAKA

(ωA)
∗DLB

MBKB
(ωB)

∗,

(4.3.5)

with Λ = (LA, KA, LB, KB, L) and ν = (LA, KA,MA, LB, KB,MB, L). In the body-

fixed frame M =MA +MB = 0. Therefore, MB = −MA.

This multipolar PES consists of a set of Wigner functions [231] DLA
MAKA

(αA, βA, γA)
∗ and

DLB
−MAKB

(αB, βB, γB)
∗ for the description of the rotations of the monomers A and B, the

values of LAmax and LBmax have been increased for convergence tests.

Dl
mk(α, β, γ)

∗ = (−1)m−kDl
−m−k(α, β, γ), (4.3.6)

Dl
mk(α, β, γ) = e−iαmdlmk(β)e

−iγk, (4.3.7)

where dlmk(β) is the Wigner d-function.

In this case, the LAmax and the LBmax are capped at a maximum total angular momentum

value of 8. The factor in large brackets in equation 4.3.5 is the Wigner 3-j symbol

multiplied by Wigner functions for the overall water dimer with quantum numbers LA and

LB, the total angular momentum of each monomer A and B, MA and MB, the projection

of each total angular momentum on a space-fixed z-axis, KA and KB, the projection of

MA and MB on the water dimer z-axis. One can notice that LA, LB, MA, and MB are

exact quantum numbers.
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0 ≤ LA ≤ LAmax; 0 ≤ LB ≤ LBmax;−LA ≤ KA ≤ LA;−LB ≤ KB ≤ LB;

|LA − LB| ≤ L ≤ LA + LB;

0 ≤MA ≤ LA; 0 ≤ α ≤ 360◦; 0 ≤ β ≤ 180◦; 0 ≤ γ ≤ 360◦, (4.3.8)

The radial expansion coefficients are calculated at each distance R employing Gauss-

Legendre quadrature in (βA, βB) and Gauss-Chebyshev quadrature in (γA, γB), with α =

αA − αB for the purpose of working in the body-fixed frame.

To achieve good convergence of the computed expansion coefficients v{Λ}(R) , we used the

maximum value of quadrature points equal to (18,12,18,12,12) for each angle (βA, γA, βB, γB, α),

respectively. The radial expansion coefficients v{Λ}(R) can be determined by projecting

the PES V (R,ωA, ωB) onto the basis angular potential A{ν}(ωA, ωB).

The v{Λ}(R) expansions of the PES are calculated using the following expression [119]:

vΛ(R) =
(2LA + 1)(2LB + 1)(2L+ 1)

64π4
×
∫
dωAdωBAν(ωA, ωB)V (R,ωA, ωB) (4.3.9)

=
(2LA + 1)(2LB + 1)(2L+ 1)

64π4

∑
MA

(−1)LA+LB+L

×

LA LB L

MA −MA 0

∫ DLA
MAKA

(ωA)
∗DLB
−MAKB

(ωB)
∗

× V (R,ωA, ωB)dωAdωB,

where dωX = sinβXdαXdβXdγX . One of the Euler rotational angles, either αA or αB,

can be set to zero and omitted from the integration. V (R,αA, βA, γA, αB, βB, γB) =

V (R, 0, βA, γA, α, βB, γB). With α = αB − αA
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Equation 4.3.9 can become:

vΛ(R) =
(2LA + 1)(2LB + 1)(2L+ 1)

64π4

∑
MA

(−1)LA+LB+L

LA LB L

MA −MA 0

 (4.3.10)

× 2π

∫ 2π

0

dα

∫ π

0

sinβA dβA

∫ 2π

0

dγA

∫ π

0

sinβB dβB

∫ 2π

0

dγB

× V (R, 0, βA, γA, α, βB, γB)Aν(ωA, ωB),

Figure 4.6: Expansion coefficients, as a function of the interatomic distance, for the
multipolar PES represented in equation 4.3.9, are shown.

The calculation of integrals presented significant challenges, especially in terms of numer-

ical aspects, as it was necessary to perform pre-computations for angular functions, which

were then stored as binary files. This helped reduce the memory storage in subsequent

steps. Each integration was then carried out by retrieving the R distance values from

these binary files. For a typical integration, I estimated a calculation time of approxi-

mately 194 days to obtain all 8037 expansion coefficients. These integrals were computed

on a high-performance computing cluster utilizing 32 processors. The calculation of the
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coefficients required approximately 93 days of continuous processing time, highlighting

the computational intensity of the task due to the complexity of the integrals involved.

The routine developed for calculating these coefficients is broadly applicable to all van der

Waals systems within the rigid rotor approximation. This general applicability holds as

long as the ab initio potential is adapted to the specific system and suitable basis functions

are selected.

In Figure 4.6, the main coefficients expansion of the PES are represented, identified

by five indices: These terms are indicated with the indices (LA,KA,LB,KB,L). It is

useful to recall that KA and KB are even numbers, while LA and LB obey the condition

|LA − LB| < L < LA + LB. The dipole-dipole interaction term corresponds to the case

LA = LB = 1 (with L = 2 and KA = KB = 0), giving it the label 10102 [53]. It is

observed that this term is negative and of high amplitude, with a value of approximately

−41 cm−1 at a distance of R = 25 bohr. Even at a higher distance of R = 35 bohr,

it remains significant, around −15 cm−1. Upon verification, I have confirmed that the

dipole-dipole interaction term follows the expected asymptotic behavior of a dipole-dipole

interaction, v10102 ≈ 1
R3 . It is also noteworthy that Figure 4.6 reveals that the amplitude

of v10102 exceeds that of the isotropic term v00000 over the entire range of considered

distances R. The well depth of v00000 is approximately −134 cm−1, with a minimum

located at a distance close to 6.55 bohr.

Other notable terms of dipole-dipole (LA = 1) or quadrupolar (LA = 2) type are also

represented in Figure 4.6. Although these terms are less important than v10102, they

decrease faster as the intermolecular distance increases. However, some of them reach

a magnitude comparable to that of the elastic term v00000, highlighting that the PES is

anisotropic even at long-range distances.

4.3.3 Reduction of the analytical multipolar PES

The original formula of the analytic potential, expressed using Wigner functions, is a

complex potential. However, in the framework of the MCTDH method, it is not possible
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to represent a potential in complex form. Therefore, it was necessary to reformulate the

potential by exploiting the different symmetry operations related to the rotations of the

Euler angles for the water dimer. In this section, we will present in detail these symmetry

operations and their impact on the potential and the associated expansion coefficients.

This analysis will help us understand how symmetry can simplify the potential and make

it possible to integrate it into MCTDH.

In 1977 [64], the theoretical spectroscopy performed by Dyke showed that the water dimer

belongs to symmetry group G16, and that some of these symmetries are equivalent. Eight

distinct symmetry operations belong to the G8 symmetry group.

The rigid water dimer possesses several symmetry operations that affect the expansion

coefficients. One can notice that the potential energy surface V (R,ωA, ωB) remains

invariant under all symmetry operations and the expansion coefficients v{Λ}(R) must also

remain invariant. We obtained the following symmetry conditions [64]: This operation

• Identity operation • Inversion operation

transforms changes the Euler angles as follows:

ωA(αA, βA, γA) = ωA(π + αA, π − βA, π − γA),

ωB(αB, βB, γB) = ωB(π + αB, π − βB, π − γB), (4.3.11)

and

V (R,αA, βA, γA, αB, βB, γB) = V (R, π + αA, π − βA, π − γA, π + αB, π − βB, π − γB)

(4.3.12)
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As consequence, the expansion coefficients are obtained as follows:

vLAKALBKBL(R) = (−1)LA+LB+LvLA−KALB−KBL(R) (4.3.13)

• Identity operation • Permutation operation

This operation changes the positions of each monomer; i.e, the Euler angles are given as

follows:

ωA(αA, βA, γA) = ωB(αA, βA, γA),

ωB(αB, βB, γB) = ωA(αB, βB, γB), (4.3.14)

and

V (R,αA, βA, γA, αB, βB, γB) = V (R,αB, βB, γB, αA, βA, γA) (4.3.15)

As consequence, the expansion coefficients are obtained as follows

vLAKALBKBL(R) = (−1)LA+LBvLBKBLAKAL(R) (4.3.16)

This operation is the rotation of one water monomer with axis trough its oxygen atom.

It changes the Euler angles as follows

ωA(αA, βA, γA) = ωB(αA, βA, γA + π),

ωB(αB, βB, γB) = ωA(αB, βB, γB), (4.3.17)
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• Identity operation • C2ν symmetry of the water molecule:

and

V (R,αA, βA, γA, αB, βB, γB) = V (R, , αA, βA, γA + π, αB, βB, γB) (4.3.18)

as consequence, the expansion coefficients are obtained as follows

vLAKALBKBL(R) = (−1)KAvLAKALBKBL(R) (4.3.19)

vLAKALBKBL(R) = (−1)KBvLAKALBKBL(R) (4.3.20)

Equations 4.3.18 and 4.3.19 mean that the expansion coefficients can be written as follows

vLAKALBKBL(R) = 0, (4.3.21)

when the values of KA and/or KB are odd.

Combining these symmetry conditions, we can find that the PES can be rewritten as

follows:
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V (R,ωA, ωB) =
∑

LALBL

LA∑
MA=0

LA∑
KA=0

LB∑
KB=0

(−1)LA+LB+L

LB LA L

MA −MA 0


× 2(

1 + δMA0

)(
1 + δKA0

)(
1 + δKB0

)
×

[[
vLAKALBKBL(R)

(
cos
(
MA

(
αA − αB

)
+KAγA +KBγB

)
dLA
MAKA

(βA)d
LB
−MAKB

(βB)

+(−1)LA+LB+Lcos
(
MA

(
αA − αB

)
−KAγA −KBγB

)
dLA
MA−KA

(βA)d
LB
−MA−KB

(βB)

)

+vLAKALB−KBL(R)

(
cos
(
MA

(
αA − αB

)
+KAγA −KBγB

)
dLA
MAKA

(βA)d
LB
−MA−KB

(βB)

+(−1)LA+LB+Lcos
(
MA

(
αA − αB

)
−KAγA +KBγB

)
dLA
MA−KA

(βA)d
LB
−MAKB

(βB)

)]]
(4.3.22)

The analytical expression shown above (equation 4.3.22) of the multipolar PES in the

reduced form is presented with more details in the appendix.
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Table 4.1: Five important vLAKALBKBL expansion coefficients of the water dimer PES.
R and vLAKALBKBL given in bohr and Hartree (Ha) respectively.

R v00000 v10001 v10102 v20002 v22002
4 5.60E-02 -3.43E-04 -6.87E-02 7.55E-03 2.02E-03

4.25 3.33E-02 -1.75E-04 -5.25E-02 3.50E-03 8.68E-04
4.5 1.94E-02 -6.59E-05 -4.11E-02 1.60E-03 3.80E-04

4.75 1.09E-02 -4.43E-05 -3.29E-02 7.37E-04 1.70E-04
5 5.76E-03 -4.29E-05 -2.69E-02 3.48E-04 7.81E-05

5.25 2.78E-03 -3.90E-05 -2.24E-02 1.74E-04 3.84E-05
5.5 1.08E-03 -3.22E-05 -1.90E-02 9.40E-05 2.08E-05

5.75 1.51E-04 -2.55E-05 -1.63E-02 5.57E-05 1.25E-05
6 -3.26E-04 -2.06E-05 -1.41E-02 3.54E-05 8.10E-06

6.25 -5.41E-04 -1.73E-05 -1.23E-02 2.36E-05 5.51E-06
6.5 -6.07E-04 -1.52E-05 -1.09E-02 1.61E-05 3.83E-06

6.75 -5.95E-04 -1.39E-05 -9.67E-03 1.11E-05 2.68E-06
7 -5.44E-04 -1.28E-05 -8.64E-03 7.68E-06 1.89E-06

7.25 -4.77E-04 -1.17E-05 -7.76E-03 5.40E-06 1.34E-06
7.5 -4.09E-04 -1.06E-05 -7.00E-03 3.86E-06 9.74E-07

7.75 -3.46E-04 -9.32E-06 -6.34E-03 2.82E-06 7.24E-07
8 -2.90E-04 -7.95E-06 -5.76E-03 2.12E-06 5.54E-07

8.25 -2.43E-04 -6.53E-06 -5.25E-03 1.64E-06 4.36E-07
8.5 -2.03E-04 -5.11E-06 -4.80E-03 1.30E-06 3.53E-07

8.75 -1.70E-04 -3.76E-06 -4.41E-03 1.05E-06 2.91E-07
9 -1.43E-04 -2.52E-06 -4.06E-03 8.63E-07 2.43E-07

9.25 -1.20E-04 -1.43E-06 -3.74E-03 7.15E-07 2.04E-07
9.5 -1.02E-04 -5.04E-07 -3.46E-03 5.96E-07 1.72E-07

9.75 -8.62E-05 2.54E-07 -3.21E-03 4.96E-07 1.45E-07
10 -7.29E-05 8.47E-07 -2.98E-03 4.13E-07 1.22E-07

10.25 -6.16E-05 1.29E-06 -2.78E-03 3.42E-07 1.02E-07
10.5 -5.19E-05 1.60E-06 -2.59E-03 2.83E-07 8.48E-08

10.75 -4.35E-05 1.79E-06 -2.42E-03 2.33E-07 7.02E-08
11 -3.61E-05 1.89E-06 -2.26E-03 1.91E-07 5.79E-08

11.25 -2.98E-05 1.92E-06 -2.12E-03 1.56E-07 4.75E-08
11.5 -2.42E-05 1.88E-06 -1.99E-03 1.27E-07 3.88E-08

11.75 -1.95E-05 1.81E-06 -1.87E-03 1.03E-07 3.16E-08
12 -1.53E-05 1.71E-06 -1.75E-03 8.36E-08 2.56E-08
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4.4 The Equilibrium Positions of (H2O)2 Rigid Multi-

polar PES

The equilibrium position of the multipolar potential in equation 4.3.22 is calculated using

the Steepest descent method by increasing the value of the total angular momentum

LAmax and LBmax. Our results are summarized in Table 4.2, showing agreement between

the values obtained using the exact ab initio CCpol-8s potential and the value obtained

by Wang and Carrington [63].

Table 4.2: The equilibrium position of the multipolar PES when increasing the values of
LAmax and LBmax

LAmax/LBmax αA βA γA αB βB γB Re(Bohr) De(cm−1)
0 0 117.55 -0.47 50 -0.47 122.70 6.56 -133.78
1 -0.47 0 -0.43 49.6 0 122.74 5.531 -1322.34
2 0 55.86 -90 0 -90 0 5.45 -1922.71
3 0 72.58 0 -180 107.41 180 4.54 -2592.3
4 0 125.83 0 -180 163.99 270 5.55 -1673.51
5 0 120.33 0 -180 131.34 270 5.445 -1838.08
6 0 65.775 90 -180 63.321 0 5.455 -1803.09
7 0 54.737 90 -180 60.356 0 5.529 -1763.2
8 0 53.176 90 -180 59.956 0 5.501 -1789.59

Ref. [63] 0 54.36 90 -180 60.05 0 5.508 -1785.66
Ref. [118] 0 61.04 0 -180 55.12 90 5.5 -1785
Exp. [118] -1748.775± 24.482

4.4.1 Comparison of the ab initio and multipolar PESs

The convergence of the expansion coefficients was tested by increasing the value of the

angular momentum of the multipolar potential for each monomer. Figure 4.7 shows that

starting from a total angular momentum value of 6 for each monomer, the calculations

exhibit good convergence with respect to the ab initio potential displayed in Figure 4.8.

This is further supported by the root mean square error (RMSE) of the multipolar potential

with respect to the ab initio potential as shown in Table 4.3 at high energies (when the

two monomers are very close) and at low energies (when the two monomers are very

distant).
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Figure 4.7: Convergence of the PES as a function of the intermolecular distance R.
The other coordinates are fixed at the equilibrium positions. The figure shows the global
minimum for LAmax = LBmax = 6, 7, 8.

Figure 4.8: 1D cut of the ab initio PES and multipolar PES at LAmax = LBmax = 8.
R varies while the other coordinates are fixed at the equilibrium positions. The figure
shows the global minimum (De=−1785.15 cm−1 for ab initio and -1789.59 cm−1 for the
multipolar PES (H2O)2 dimer).

Figures 4.9 and 4.10 show the approximation of the multipolar potential to the ab initio

PES at large intermolecular distances. We also observed a weak representation of the
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Figure 4.9: Error between the ab initio PES and multipolar PES for LAmax = LBmax = 8.

Figure 4.10: Error of the multipolar PES for LAmax=LBmax=6,7,8 with respect to the
ab initio PES.

potential at short distances. Figures 4.11 and 4.12 show that the two-dimensional contour

plots are visually identical, demonstrating an accurate transformation of the analytical

multipolar potential ready to be implemented in the MCTDH package. We also remind

you that the coordinate values set are close to the equilibrium values of the surface

represented.
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(a) (b)

Figure 4.11: 2D contour plots of the potential of H2O – H2O as a function of γA and
γB. The other coordinates are fixed at the equilibrium positions. Figure 4.11a shows the
ab initio PES, and Figure 4.11b shows the multipolar PES. The figures show the global
minimum of −1785.15 cm−1 and −1789.59 cm−1, respectively

(a) (b)

Figure 4.12: 2D contour plot of the potential of (H2O)2 as a function of R and γA. The
other coordinates are fixed at the equilibrium positions. Figure 4.12a shows the ab initio
PES, and Figure 4.12b shows the multipolar PES. The figures display the global minimum
of −1785.15 cm−1 and −1789.59 cm−1, respectively
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Table 4.3: The RMSE of the multipolar potential with respect to the ab initio potential.
E+ is for positive values of the potential and V− for negative values

LAmax/LBmax E+ V− < 0
6 627.518 56.644
7 567.824 42.63
8 189.543 12.001

Table 4.3 shows that the potential is better represented at higher distances with

a low RMSE value. This RMSE is displayed in Figure 4.14a. For the energies greater

than or equal to zero, i.e., at the lower intermolecular distances, the RMSE is 627.518,

567.824, and 189.543 cm−1 for the values of LAmax/LBmax 6, 7, and 8, respectively. For

the energies less than zero, i.e., at higher intermolecular distances, the RMSE values are

56.644, 42.63, and 12.001 cm−1 for the values of LAmax/LBmax 6, 7, and 8, respectively.

One can find that the PES is well described at the higher intermolecular distances than

at lower distances.

After running several numerical tests to ensure the correct expression of the multipolar

PES, the implementation of the PES in the MCTDH code is carried out. This is achieved

through a FORTRAN routine that generates the PES in the sum-of-products form. One of

the methods for verifying the correctness of the implementation is to compare the contour

plots of the implemented PES with the analytical potential using the same geometry

points. A comparison of the two-dimensional contour plots of the multipolar potential

and that implemented in the MCTDH code is shown in Figure 4.13.

Figures 4.13a and 4.13b show that the 2D contour plots of the analytical multipolar PES

and that implemented in the MCTDH are visually identical. We also remind you that the

coordinate values set are close to the equilibrium values of the surface represented. We

can notice that the representations of the two-dimensional contour plots of the potential

energy surface are the tests to ensure that it is well implemented in the MCTDH because

this step is the main node of the calculations.

The exponential form of the PES is advantageous because it allows us to accurately check

its representation in the MCTDH with respect to all angular orientations, but it cannot be
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(a) (b)

Figure 4.13: Comparison of the 2D contour plots of the analytical PES in Figure 4.13a
and the PES implemented in MCTDH in Figure 4.13b for (H2O)2 as a function of γA and
γB.

used to perform calculations for a total angular momentum greater than zero (Jtot > 0)

because this approach is not yet implemented in the MCTDH package. To solve this

problem, we opted for a Fourier transformation (FT) of some angles the potential. In the

Wigner functions, the angles αA, γA, αB, and γB can be Fourier Transformed into the

K component (projection of the total angular momentum) used in the calculation. Each

angle is replaced by its momentum representation kαA
, kγA , kαB

, and kγB .

In the following, the PES can be given as:

V̂ (R, kαA
, βA, kγA ; kαB

, βB, kγB) =
∑
{Λ}

v{Λ}(R)Â{ν}(kαA
, βA, kγA ; kαB

, βB, kγB),(4.4.1)

In the MCTDH code, the kinetic energy operator and the potential energy surface are

written line by line. In cases like the water dimer, the number of potential terms can

exceed the computational limits of MCTDH, complicating the calculations. To address

this issue, we have opted to numerically reduce the sum-of-products (SOP) terms of

the potential energy surface (PES), ensuring that each expansion coefficient corresponds

uniquely to a specific combination of Wigner functions. However, after factorization, the
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number of expansion coefficients increases while the number of lines in the PES decreases.

It has been observed that MCTDH takes more time to open and read the factorized files

containing the new expansion coefficients. The factorization is done to reduce the number

of lines of the Hamiltonian implemented in the MCTDH code because a high number of

lines prevents the code from compiling. With the reduced multipolar PES, considering

a case with LAmax=LBmax=8 and using the exponential form of the PES, initially, there

are 8037 expansion coefficients with 572658 lines of the potential energy surface. After

factorization, the number of expansion coefficients reduced to 48969, corresponding to

48969 lines of the PES. The advantage of this factorization is that it enables us to

represent the potential energy surface (PES) up to values of LAmax=LBmax=8, which was

not feasible with the unfactorized PES. There is a reduction in calculation time using

the factorized potential, which is more advantageous for systems with a small number

of degrees of freedom. The factorized potential significantly reduces calculation time,

making it especially advantageous for systems with a large number of degrees of freedom

(DOF). As shown in Table 4.4, we conducted test calculations for LAmax=LBmax=8 using

32 processors, progressively increasing the number of single-particle functions (SPFs).

The results demonstrate that the factorization procedure applied to the PES yields faster

computations compared to calculations with the unfactorized PES. Because symmetries

Table 4.4: Computational time of the ground state at LAmax=LBmax=8. The time is
given in hour.

SPFs Time (Unfactorized PES) Time (Factorized PES)
10/10/10 210 80
10/20/20 260 120
10/30/30 430 160

are not yet implemented for the Wigner functions, the relaxation time to converge a

ground state calculation for a number of SPFs 10/30/30 (10 for R, 30 for α and γ, 30 for

β) took approximately 4 weeks. Note that each set of degrees of freedom in the Wigner

functions is represented in combined modes in the SPFs section as follows



Section 4.4. The Equilibrium Positions of (H2O)2 Rigid Multipolar PES Page 125

sbasis-section

R = 10

βA, γA, αA = 30

βB, γB, αB = 30

end-sbasis-section

We can notice that the advantage of using the factorization of the PES allows us to

reduce the lines and run the calculations with a higher size of the Hamiltonian in less

computational time. Tables 4.5 and 4.6 show the reduction of the size of the multipolar

PES. We find that it is more advantageous to use the Fourier Transform form with fewer

potential terms

Table 4.5: Factorization of the multipolar PES in the exponential form

LAmax/LBmax Unfactorized PES Factorized PES
6 117463 lines 12993 lines
7 258110 lines 25240 lines
8 564515 lines 48969 lines

Table 4.6: Factorization of the multipolar potential energy surface in the Fourier Trans-
form form.

LAmax/LBmax Unfactorized PES Factorized PES
6 37618 lines 4599 lines
7 80346 lines 8568 lines
8 170755 lines 15993 lines

The mathematical formulation of this factorization of the PES can be given as follows:

V (R,ωA, ωB) =
∑
{Λ}

vi{Λ}(R)A{ν}(ωA, ωB), (4.4.2)

The new analytical formula for the PES is expressed as follows
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(a) (b)

Figure 4.14: Variation of the RMSE is shown in Figure 4.14a, and the computational
time using the factorized and unfactorized PESs is shown in Figure 4.14b.

V (R,ωA, ωB) =
∑
{Λ}

P k
{Λ}(R)A{ν}(ωA, ωB), (4.4.3)

where the new radial expansion coefficients P k
{Λ}(R) and the angular functions

A{ν}(ωA, ωB) are unique, i from 4.4.2 and k from 4.4.3 are such that k > i.
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Figure 4.15: The two different forms (Exponential and Fourier) and the process of fac-
torization to optimize computational efficiency in MCTDH calculations

Figure 4.15 shows a brief description of the two distinct approaches for representing the

PES in the MCTDH calculations: the Exponential and Fourier forms. Both forms begin

with the initial PES but diverge in terms of computational demands and efficiency. The

Exponential form requires more CPU time when using the initial PES, but through fac-

torization, it becomes more efficient, reducing computational time. Similarly, the Fourier

form can also start with the initial PES, but the factorization of this form allows for a

more efficient representation, significantly decreasing CPU time.

4.5 Rovibrational states calculations with MCTDH

In this section, we introduce the primitive basis chosen for the improved relaxation method,

tailored to optimize the computational efficiency.
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• FFT stands for the Fast Fourier Transform (FFT) functions in R mode [148].

• K stands for the momentum representation corresponding to the Fourier Transform

of the angles α and γ [69]. The units for distance and angle are bohrs and radians,

respectively.

• Wigner stands for the Wigner DVR [215].

One can also note that the two primitive bases are presented to show the reader the two

possible approaches for performing the calculations. Table 4.7 presents the primitive base

used for the initial potential, while Table 4.8 shows the primitive base after applying the

Fourier transformation. It is also worth noting that this transformation affects the kinetic

energy operator. Calculations performed with the base from Table 4.7 offer the advantage

of representing the wave function taking into account the entire dimer geometry, whereas

in Table 4.8, only the angles βA and βB can be represented,but it can still be used to

perform calculations for total angular momentum J > 0. For the final calculations, I used

the Fourier transform form, which implies that the parameters of the primitive base from

Table 4.8 were adopted.

Table 4.7: Parameters used for the relaxation calculations. CMF is the Constant Mean
Field integrator scheme, RK8 is the Runge-Kutta procedure of order 8, and DAV is the
Davidson integrator.

Coordinates Primitive basis Number of points Range The size of the SPFs
R FFT 32 4 - 10 8-10
βA Wigner 11 0–π 10–100
γA Exp 21 0–2π 10–100
αA Exp 21 0–2π 10–100
βB Wigner 11 0–π 10-100
γB Exp 21 0–2π 10–100
αB Exp 21 0–2π 10–100

Integrator Scheme A-vector SPF
Type CMF DAV RK8

Time step 1 0.01 800
Accuracy 10−6 10−9 10−9

Using the Fourier Transform of the PES:
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Table 4.8: Parameters used for the relaxation calculations of (H2O)2.

Coordinate Primitive Number of Range Size of
Basis Points SPF basis

R FFT 32 4–10 8–10
βA Wigner 11 0–π 10–100
γA K 21 -10,10
αA K 21 -10,10
βB Wigner 11 0–π 10–100
γB K 21 -10,10
αB K 21 -10,10

Integrator Scheme A-vector SPF
Type CMF DAV RK8
Time step 1.0 0.01 800
Accuracy 10−6 10−9 10−9

Tables 4.7 and 4.8 contain the parameters used to calculate rovibrational states. Table 4.7

shows the parameters used for the initial potential, and Table 4.8 shows the parameters

for the Fourier transform. Both forms of potential give the same results, with the only

difference being that calculations are quicker with the parameters in Table 4.8.

I performed several convergence tests to determine the values of excited rovibrational

states for J = 0. It was found that the calculations did not reach sufficient convergence

unless the number of SPFs was significantly increased, which also increased the calculation

time, requiring several days to obtain stable results. The goal was to observe the behavior

of energy level splittings, but this phenomenon did not manifest due to convergence issues.

These tests are summarized in tables 4.9 and 4.10. In general, I expected to see energy

levels appearing in pairs. The only viable solution to achieve a reasonable calculation time

was to opt for convergence with a single wave packet.
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Table 4.9: Convergence of vibrational levels for 8 wave packets with a primitive basis of
48/21/11/11/21/11/11

SPF 10/10/10 10/20/20 10/30/30 10/40/40 10/50/50 Teory [63] Exp [118]

ZPE 1055.345 1070.222 1078.193 1086.002 1088.688 1094.225 1093.54

E0 0.000 0.000 0.000 0.000 0.000 0.000 0.000

E1 4.431 2.488 0.013 1.121 0.029 0.4342 0.651

E2 4.445 3.507 1.463 5.389 14.034 0.7824 0.752

E3 5.602 4.580 1.475 6.752 14.321 12.4505 11.18

E4 11.818 11.864 11.561 16.54 15.313 12.8253

E5 28.780 12.795 11.597 16.581 15.313 13.1144

E6 30.927 13.197 15.181 17.00 15.366 60.6737

E7 31.024 25.208 15.22 17.021 15.366 63.3903

Table 4.10: Convergence of vibrational levels for 4 wave packets with a primitive basis of
48/21/11/11/21/11/11

SPF 10/10/10 10/20/20 10/30/30 10/40/40 10/50/50 Teory [63] Exp [118]

ZPE 1062.923 1084.688 1089.616 1090.248 1091.144 1094.225 1093.54

E0 0.000 0.000 0.000 0.000 0.000 0.000 0.000

E1 0.092 12.223 16.411 5.780 4.923 0.4342 0.651

E2 12.476 18.337 17.070 16.434 15.673 0.7824 0.752

E3 12.648 18.337 17.162 16.435 15.574 12.4505 11.18

In Tables 4.9 and 4.10, the primitive basis 48/21/11/11/21/11/11 is associated to the

numbers of grid points of each degree of freedom (R/αA/βA/γA/αB/βB/γB) and the

10/50/50 is associated the numbers of the SPFs for each degree of freedom in combined

modes, that is, R = 10, (αA, βA, γA) = 50, and(αB, βB, γB) = 50
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4.6 Comparison of the Zero-Point Energy (ZPE)

. Due to challenges in achieving convergence with calculations of rovibrational states for

the water dimer, despite employing a factorized potential with fewer Hamiltonian terms,

we opted to focus solely on computing the zero-point energy. This was accomplished

by expanding the size of the primitive basis and increasing the number of single-particle

functions (SPFs). The results of these calculations were then compared to those obtained

using the same PES [118, 63, 116] and are reported in Table 4.11. In this table, the first

column represents the SPF basis, where a1/a2/a3 stands for the number of SPF along the

first mode R (After extensive testing along the R mode). The parameter a1 represents

the number of SPFs associated with R, while a2 and a3 correspond to the numbers of

SPFs for the Euler angles of each monomer in combined modes.

Table 4.11: The convergence of the ground state energy with the number of the SPFs
for the primitive basis (32/11/21) and (48/11/21) for J = 0. ZPE is the Zero-Point
Energy (ZPE). Units in cm−1.

Primitive Basis
(32/11/21) (48/11/21)

ZPE ZPE
10/50/50 1092.142 1092.154
10/60/60 1093.862 1093.873
10/70/70 1093.926 1093.936
10/80/80 1093.976 1093.979
10/90/90 1093.993 1093.996

10/100/100 1094.003 1094.004
Ref. [63] 1094.225 1094.225

Ref. [118] 1093.54 1093.54
Ref. [116] 1094 1094

Figure 4.16 shows the probability density of the ground-state wave function as a function

of the coordinates R and the angle γB, fixed at values close to the equilibrium values of

the represented surface. The wave function is localized at the global minimum, which

is observed by exploring all the other minima. The discrepancy between these positions

arises from the low energy barrier that separates the equivalent global minima. When

the energy increases, the function has difficulty exploring all eight potential wells and
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Figure 4.16: Wavefunction of the ground state energy level of the water dimer as a
function of R and γB.

located at the equilibrium position at R=5.5 bohr. This also highlights the importance of

tunneling between rovibrational states of the water dimer.

4.7 Discussion of the Zero Point Energy of the (H2O)2

We used the CCpol-8s PES version from the SI of reference [118]. In Table 4.11, we

compare our zero-point energy with those obtained previously using the same ab initio PES

in the rigid rotator approximation. As mentioned before, the size of the primitive basis and

the number of SPFs contribute to the convergence of the calculations, and these effects

can be seen in Table 4.11. Despite some limitations in the current implementation of the

MCTDH method within the Heidelberg MCTDH package, such as the lack of symmetry

in the Wigner-DVR functions, we managed to extract valuable information regarding the
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ground state energy of our system. Throughout our work, we attempted to converge

our calculations by employing a maximum of 10000 SPFs with a zero-point energy of

1094 cm−1, where the results were approximately the same for two sets of primitive

bases (32/11/21) and (48/11/21). The results obtained by Wang and Carrington [63]

using the Lanczos method, Cencek et al. [118] using the Coupled Cluster method, and

Leforestier et al. [116] using the Symmetry-Adapted Lanczos method were 1094.225,

1094.54, and 1094 cm−1, respectively, using the ab initio CCpol-8s PES. In comparison

with our results, we found that MCTDH, despite using the multipolar PES, is able to

calculate the binding energy of the water dimer. Moreover, as shown in Table 4.11, the

ZPE converges slowly, with a maximum error of 0.001 cm−1 between the two sets of

primitive bases. We can say that the main source of a slight difference between our

results and those of other authors is due to the different rotational constants used.

4.8 Collisional dynamics of H2O+H2O system

After successfully testing the representation of the PES by performing rovibrational state

calculations on the rigid rotor water dimer, we initiated the inelastic collisional calculations

using the MCTDH method. As stated in the introduction, the water molecule is one of

the most abundant and important molecules in the interstellar medium. Collisional data

from two water molecules are used in the analysis of data from star-forming regions [232].

Inelastic collisions between two water molecules, H2O + H2O, play a role in the transfer of

collisional energies in environments such as the atmosphere of icy planets [233], cometary

comae [234], and the atmosphere of water-rich exoplanets [235]. Inelastic collision studies

on this system have already been carried out.

Describing the collision between H2O molecules is challenging in quantum mechanics

because both molecules have to be considered as asymmetric top rotors. This complexity

results in a very large number of quantum states for the entire H2O + H2O system. Earlier

studies were performed using the MQCT to model rotational collisions between H2O +

H2O. This method (MQCT) approximates the translational motion of the water molecules
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responsible for scattering classically using the average trajectory approach, while their

internal motions, such as rotations and vibrations, are treated quantum mechanically [53,

236]. However, there is not yet a method able to treat this system in the full quantum

approach. Performing the inelastic collision of this system could be a benchmark using

the MCTDH approach and allows us to learn more about collision theory, especially for

large molecules, and obtain new databases such as the rate coefficients that are suitable

for astronomical and astrophysical applications. In the following, we will present the steps

we have followed to try to perform these inelastic collision calculations and the difficulties

encountered.

4.8.1 Perfoming calculations

To perform the scattering calculations, we used the same PES as describes in the spec-

troscopic calculations. By using the multipolar expression of the PES with the same

transformation, we can extend the PES to any radial distance for an accurate description

of the low-energy regions of the cross section. For the purpose of calculations, as we are

working in the momentum representation for the degrees of freedom γ and α , we replace

the angles γA, αA, γB, and αB of each monomer with their momentum representations

m1, k1, m2, and k2.

The scattering calculations with the MCTDH code begin with the construction of the

initial wave function. Since the monomers are rigid rotors, the initial wave function

is considered as the product of the rotational state of each monomer and a Gaussian

function along the dissociative radial coordinate R, which describes the distance between

the centers of mass. The Gaussian parameters are chosen to cover the entire energy

range of the system, with a negative momentum. Thus, the initial wave function can be

expressed as follows:

Ψi(R, βA,m1, k1, βB,m2, K2) = Ψi(βA,m1, k1, βB,m2, k2)χ(R)

= ψi,1(βA,m1, k1)ψi,2(βB,m2, k2)χ(R), (4.8.1)
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where Ψi is the production of the initial rotational states of each monomer H2O (ψi,1)

and H2O (ψi,2).

After constructing the initial wave function, we proceeded to determine the CAP parame-

ters. As described in the theoretical section, the intensity of the CAP is determined using

the plcap program, implemented in the MCTDH package. The length of the CAP was

selected at 40 bohr, its strength is 3.732× 10−8, and its order 4.

We have thus defined the primitive basis as well as the SPF bases for the calculations.

Table 4.12 presents the primitive bases and the number of SPFs used for wave packet

propagation. A primitive basis using the Fast Fourier Transform (FFT) function was

selected to model the intermolecular distance R, in combination with the Wigner-DVR

method to represent the orientation of the two monomers in the E2 reference frame.

Table 4.12: Primitive basis and SPFs used for the wavepacket propagation.

Coordonate Primitive basis Number of points Range Size of the SPFs basis
R FFT 192 4.0–40 10–50
βA Wigner 6 0–5 10–50
m1 K 11 -5 to 5
k1 K 11 -5 to 5
βB Wigner 6 0–5 10–50
m2 K 11 -5 to 5
k2 K 11 -5 to 5

4.8.2 Convergence of the calculations

The convergence of MCTDH calculations relies on several factors: the primitive basis, the

SPF basis, the propagation interval, the CAP intensity, and the propagation duration. In

this study, the number of DVR points for the radial degree of freedom was adjusted to

ensure sufficient density over the considered interval. In the following sections, detailed

convergence tests were rigorously performed, and the results will be presented progressively

at each stage of the calculations.

Convergence with the radial dissociative coordinate range
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To establish the integration interval at Jtot = 0, we performed two separate calculations.

The first one covered R ranging from 4 to 50 bohr, with 192 grid points. The second one

considered R from 4 to 60 bohr, with 388 grid points. In each calculation, the position

of the CAP was adjusted without changing the density of points. For all tests, we opted

for a total of 1000 SPFs (nR×nβA
×nβB

= 10× 10× 10). As anticipated, widening the

grid and shifting the CAP did not lead to an improvement in the calculation results.

(a) Flux as a function of energy for SPF
basis size 50.

(b) Flux as a function of energy for SPF
basis size 60.

Figure 4.17: Flux as a function of energy for different sizes of the SPF basis at Jtot=0.
”Ener. distr.” represents the energy distribution for the system.

Figure 4.17 illustrates the flux calculations performed using 32 processors for an energy

range between 0 and 400 cm−1. These two calculations took 25 and 28 days, respec-

tively, for a propagation of 10000 fs. In terms of memory usage, the wave function in

each calculation occupies approximately 1.5 GB, which is important for determining the

transition probability. As shown in the figures, modeling collisions at low energy poses a

particular challenge. We chose a Gaussian wavepacket centered at 42 bohrs with a width

of 1.3 a.u. and an initial momentum space of -4.5 a.u., where the negative sign indicates

that the wavepacket is directed toward the interaction region. In the second calculation,

the Gaussian is centered at 52 bohrs with a width of 1.0 a.u., and the initial momentum

is again -4.5 a.u.

The total values of incoming and outgoing flux were not satisfactory with the increase in
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the primitive basis. The goal was to obtain very close values for these two values of the

flux, as well as to have the flux curve converging towards that of the energy distribution

function. However, these results were not achieved, indicating that the base used does

not allow for an accurate description of the evolution of energy flux. For the modes R

ranging from 4 to 50 bohr, with 192 grid points, the values of the flux were given as

follows

0.792686285 (total outgoing flux)

0.979222171 (total incoming flux),

and

0.802686285 (total outgoing flux)

0.989222171 (total incoming flux),

for the modes R ranging from 4 to 60 bohr, with 388 grid points. The total outgoing flux

should be 1, if there is only one channel and no operators/projectors are applied. This

difficulty persists despite these adjustments, suggesting that other factors, such as the

symmetries of Wigner functions, may limit the accuracy of the low-energy description by

impacting the wave function. when the calculations

Convergence with the SPFs

One of the main advantages of the MCTDH method lies in its variational nature. However,

while the primitive basis is fixed for a given calculation, it is necessary to determine an

appropriate SPF basis to improve the results by increasing its size. The convergence

of the SPF basis can be evaluated in two ways. The first method involves performing

several calculations by increasing the number of SPFs and observing the convergence of

the transition probability. In scattering calculations, once we achieve convergence with

the primitive basis set, we can proceed to refine the convergence of the Single Particle

Functions (SPFs). This step-by-step approach ensures that the primitive basis accurately

represents the system’s fundamental states, allowing the SPFs to capture finer details in

the scattering process for more precise results. The second method is to examine the
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natural populations of the weakly populated SPFs during propagation and ensure that

they remain below a specified tolerance. In our calculations, we obtained values on the

order of 10−2 and 10−3, which are insufficient to guarantee the accuracy of the results.

Figures 4.18a and 4.18b of Figure 4.18 show the population of 25,000 SPFs as a function

of time for Jtot = 0. From these figures, it is evident that the calculations require a

large number of SPFs to achieve convergence.In the limit where the number of Single

Particle Functions (SPFs) matches the number of primitive basis functions, we achieve

a numerically exact calculation. At this exact level, the total flux can be accurately

approximated by the energy distribution of the propagated wave function. This ensures

that the energy distribution effectively reflects the true dynamics of the system, providing

a reliable representation of the scattering process. We use the program plnat implemented

in the MCTDH package to plot the natural population of the SPFs. A challenge with these

collisional calculations is that each propagation requires approximately 16.5 GB of memory

to store the wave function and takes around 60 days for propagation. This significant

computational cost makes the process slow and memory-intensive. The supercomputer

does not have to shut down during the propagation to avoid distorting the propagation

time step and creating errors in transition probability calculations. In this case, you just

need to submit a new calculation. In figures 4.18a and 4.18b, one can be observed that

increasing the number of SPFs does not improve the convergence of the basis compared

to the R mode. The convergence following this mode reaches a value of 2.047 × 10−2

for an SPF configuration of 50/50/50 and 9.047 × 10−3 for 60/60/60. These values

are insufficient to ensure robust convergence, which is necessary before moving on to

propagation calculations for angular moments J > 0.
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(a) (b)

Figure 4.18: Population of the SPF as a function of time for Jtot = 0.

4.9 Conclusion

The main goal of this work was to study the rovibrational states and collisional dynamics

of the water dimer. To achieve this, I began by outlining the procedures involving sym-

metry operations to transform the potential energy surfaces (PESs) of the water dimer

into a suitable form for conducting MCTDH calculations. The primary objective was to

map out the potential energy surface for this system using the MCTDH code. Through

meticulous calculations involving the convergence of both primitive and single-particle

function (SPF) bases, I successfully determined the zero-point energy (ZPE). These com-

putations provided valuable insights into the challenges and limitations associated with

the MCTDH methodology. The ZPE was reported with respect to the number of SPFs,

and the results presented here show good agreement with previous literature. Additionally,

I presented the initial stages of scattering calculations for two water molecules. While full

convergence has not been achieved yet, as shown in Figure 4.17, there is a noticeable

difference between the energy distribution function and the flux energy. During wave

packet propagation, it is crucial to monitor the calculations closely to prevent unexpected

interruptions that could lead to energy loss from the wave function, affecting the accuracy
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of the propagation time interval. This disruption would directly impact the calculation

of probabilities and cross sections, but the technical issue has been addressed in newer

versions of the MCTDH package. I also plan to replicate these calculations using the ML-

MCTDH (Multi-Layer Multi-Configuration Time-Dependent Hartree) [237, 238] method

by expressing the time-dependent primitive basis functions as a linear combination of mul-

tiple layers of time-independent primitive bases. All routines and scripts developed in the

course of this work will be made publicly available in a dedicated GitHub repository 1.

1https://github.com/MolQuantDynLab-Haverford/MolQuantDynLab-Repository



5. PES and Rovibrational states

calculations of the N2O-CO vdW

complex

In this chapter, the spectroscopic properties of the van der Waals N2O – CO clusters using

a newly calculated ab initio PES in the rigid rotor approximation will be presented. As

one can read in the introduction, CO and N2O have been long-standing interest molecules

in the atmosphere. The N2O – CO complex can be seen as an ideal system for explor-

ing intermolecular van der Waals interactions in atmospheric chemistry. Understanding

the physical and chemical properties of these greenhouse molecules, along with their in-

termolecular interactions, provides valuable insights for atmospheric and environmental

sciences, as well as for applications in industry. These insights deepen our knowledge of

molecular behavior in atmospheric conditions, aiding in the modeling of climate processes,

the study of environmental impacts, and the development of industrial technologies in-

volving greenhouse gases. However, the N2O – CO system is relatively new within the

MCTDH community, since its potential could not be directly implemented in the stan-

dard MCTDH code. As a result, it became essential to propose an alternative method

for representing this type of potential. In comparison to the calculations done on the

H2O – HCN system, the N2O – CO system has a significantly larger reduced mass. This

increased reduced mass makes the computational process much harder to converge. This

is similar to the challenges faced with the CO – CO [60] system, as recently reported in

the literature. To the best of our knowledge, only one published Potential Energy Surface

(PES) of Jiang [145] currently exists in the literature with rovibrational state calculations

for the N2O – CO system. Therefore, constructing a new PES provides valuable data for

comparison and further evaluation of existing results. In this work, we have developed an

ab initio PES to gain deeper insights into the structure and dynamics of the N2O – CO

complex. The accuracy of the new PES is evaluated by comparing the theoretical ro-

141
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tational transition frequencies with experimental measurements, allowing us to assess its

precision in representing the molecular interactions of this system. In the following sec-

tions, the Hamiltonian as well as its kinetic energy operator and the PES for the N2O – CO

system will be discussed. Then the results obtained from this work will be presented com-

paring to those from a different potential (PES of Jiang [145]) constructed for the study

of the same system and with experimental measurements [3].

5.1 Interaction Hamiltonian for the N2O–CO system

The N2O and CO monomers are assumed to be in their ground vibrational state and are

approximated as linear rigid rotors with N-N, N-O, and C-O bond lengths fixed at their

average values, that is, (rNN=1.127 Å and rNO=1.185 Å) [239] and rCO=1.1615 Å [240]

as shown in Figure 5.1 where the two linear rigid monomers are labeled as (a) and (b).

Their relative geometry is described using the Jacobi coordinate system

{
R, θ1, θ2, ϕ

}
.

Here, R represents the distance between the center of mass of N2O and CO. The angles

θ1 and θ2 denote the polar angles, which describe the orientation of the molecular axes

of N2O and CO, respectively, relative to the vector R⃗, with R = ||R⃗||. The ϕ is the

out-of-plane torsional angle, capturing the rotation of the monomers around the R axis

as shown in Figure 5.1.

The rovibrational Hamiltonian for the van der Waals N2O – CO complex in the Born-

Oppenheimer approximation has been used for other type of calculations before [119, 241]

and written in the Jacobi coordinates as follows

Ĥ = T̂ rot
a + T̂ rot

b + T̂ int
ab + V̂int(R, θ1, θ2, ϕ) (5.1.1)
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Figure 5.1: Jacobi coordinates for the N2O – CO complex. The angle ϕ is the out-of-plane
torsional angle.

The terms in the Hamiltonian can be defined as follows

T̂ int
ab =

1

2µab

[ ∂2
∂R2

+
(Ĵ − ĵa − ĵb)2

R2

]
(5.1.2)

T̂ rot
a = Aaĵ

2
a (5.1.3)

T̂ rot
b = Bbĵ

2
b (5.1.4)

Here T̂ int
ab is the internal KEO of the system, T̂ rot

x=a,b are the rotational KEO of each

mononomer, µab is the reduced mass of the system, R is the intermolecular distance be-

tween the center of mass, Ba and Bb are the rotational constants of N2O and CO, respec-

tively and V̂int(R, θ1, θ2, ϕ) is the inter-monomer PES used to describe the intermolecular

interaction between N2O and CO. The total kinetic energy operator implemented in the
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MCTDH code is expressed as follows [201]

2T̂ = − 1

µab

∂2

∂R2
+ (2Ba +

1

µabR2
)ĵ2a + (2Bb +

1

µabR2
)ĵ2b

+
1

µabR2
(ĵa+ĵb− + ĵa−ĵb+ + J(J + 1)− 2k2a − 2k2b − 2kakb)

− C+(J, ka + kb)

µabR2

(
ĵa+ + ĵb+

)
− C−(J, ka + kb)

µabR2

(
ĵa− + ĵb−

)
(5.1.5)

Where

ĵ2a = − 1

sinθ1

∂

∂θ1
sinθ1

∂

∂θ1
+

ka
sin2θ1

, (5.1.6)

ĵ2b = − 1

sinθ2

∂

∂θ2
sinθ2

∂

∂θ2
+

kb
sin2θ2

(5.1.7)

and

ĵa± = ± ∂

∂θ1
− kacotθ1, (5.1.8)

ĵb± = ± ∂

∂θ2
− kbcotθ2, (5.1.9)

with

C±(J,K) =
√

(J(J + 1)−K(K ± 1). (5.1.10)

With an additional shift k → k ± 1 in equations (5.1.8) and (5.1.9) to lower or raise

the magnetic quantum number. In equation (5.1.5), J is the total angular momentum,

and K its projection on internuclear z-axis of the system. ĵa and ĵb refer to the angular

momenta of the monomers N2O and CO; ka and kb are the projections of the monomers’s

angular momenta on the body-fixed (BF) frame.

We used the masses of the N2O – CO as follows: 1.0 AMU for H, 12.0 AMU for C,

15.99491461959 AMU for O and 14.0030740048 AMU for N, and the rotational constants

are Ba = 0.419011 cm−1 and Bb = 1.922528 cm−1 [242, 60]. The potential V (R, θ1, θ2, ϕ)

needs to be implemented in the MCTDH package in order to run simulations.
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5.2 N2O–CO Potential

The potential energy surface (PES) used in the calculation was calculated in Richard

Dawes’ group at Missouri CST using the Coupled-Cluster with Single, Double, and Per-

turbative Triple excitations [CCSD(T)]-F12b level [243, 244]. The calculations were per-

formed with the CVnZ-F12 [245, 243] basis set. The recently developed PES by Jiang [145]

used the [CCSD(T)]-F12a [246, 247] level with the aug-cc-pVTZ basis set [248, 249] and

included 30,000 randomly selected ab initio points. We found that the PES exhibits two

minima, corresponding to different stable configurations of the N2O – CO complex. These

minima represent local energy troughs where the system is most stable, and they provide

insight into the preferred geometries and interaction potentials of the complex as shown

in Figure 5.1. The interaction potential, V (R, θ1, θ2, ϕ) was calculated using the following

expression [250]

V (R, θ1, θ2, ϕ) = EN2O−CO(R, θ1, θ2, ϕ)− EN2O(R, θ1, θ2, ϕ)− ECO(R, θ1, θ2, ϕ),(5.2.1)

Where EN2O−CO(R, θ1, θ2, ϕ) is the total electron energy of the whole system, and EN2O(R, θ1, θ2, ϕ)

and ECO(R, θ1, θ2, ϕ) are the electronic energies of monomer N2O and CO, respectively.

To derive analytical representation of the N2O – CO ab initio PES we use contracted

normalized bispherical harmonics [251] (Equation 5.2.2) as follows:

V (R, θ1, θ2, ϕ) =
∑
lalbl

vlalbl(R)Alalb(θ1, θ2, ϕ), (5.2.2)

where the basis functions Alalb(θ1, θ2, ϕ) are written as

Alalbl(θ1, θ2, ϕ) =

min(la,lb)∑
ma=0

γi
ϵi

(1 + δma)

 la lb l

ma −ma 0


×Plama(θ1)× Plbma(θ2)cos(maϕ), (5.2.3)
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with

γi = 2(−1)ma(
2la + 1

2π
)

1√
4π

(−1)(la+lb), (5.2.4)

and

ϵi =

√
(2la + 1)(lb + 1)

2

√
(la −ma)!(lb −ma)!

(la +ma)!(lb +ma)!
, (5.2.5)

where, Plm is an associated Legendre polynomial and ⟨ · · · | · · · ⟩ is a Clebsh-Gordan

coefficient. The angles ϕ can be decoupled in order to describe each monomer such as

ϕ = (ϕa − ϕb). The rotational motion of N2O and CO are la and lb respectively. The

expression in large brackets is a Wigner 3-j symbol matrix, and l = |la − lb|, ..., la + lb.

The global minimum was identified in a configuration where the carbon atom of the CO

molecule is directed toward the moiety of the N2O molecule, with an energy of approx-

imately −409.57 cm−1 and an intermolecular separation of 7.17 bohr. When compared

to the global minimum reported by Jiang et al. [145], which had an energy of −411.58

cm−1, the potential well calculated in this study is slightly higher. A second minimum was

found in a geometry where the oxygen atom of the CO molecule approaches the moiety

of the N2O molecule. It should be noted that the configuration considered in the study by

Jiang et al. [145] corresponds to the CO – N2O system. The distance between the oxygen

of CO and the N2O was determined to be 6.65 bohr, with an energy of −306.71 cm−1.

This differs from Jiang et al. [145] second minimum, where the energy was reported as

−302.00 cm−1, showing that our calculated interaction energy is slightly lower. These

discrepancies between the two potential energy surfaces may stem from differences in the

ab initio methods employed in the calculations.
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Table 5.1: Equilibrium position of the N2O – CO for the first PES

R(bohr) θ1(◦) θ2(◦) ϕ(◦) V(cm−1)
This work Global min 7.17 82.36 12.67 0 409.57
This work Local min 6.55 82.03 154.6 180 302.00
Jiang et al. [145] Global min 7.23 82.7 167.8 0.00 411.58
Jiang et al. [145] Local min 6.55 82.1 25.4 180 308.68

5.3 Representation of the potential energy surface

As the MCTDH method dictates, to make a calculation, the potential must be in the SOP

form. While adding code for a new PES into the MCTDH program package is generally

straightforward, there are cases where it is preferable to use an existing PES routine to

generate a related PES. In such cases, we can reduce the PES’s dimensionality by creating

an effective potential, which is derived from the full-dimensional PES by averaging over

specific Degrees of Freedom (DOFs) and then applying a Fourier transform on the angular

DOFs. This can be achieved using the projection program.

The projection program takes a potential V (q1, · · · , qm) from an existing PES routine

and removes selected DOFs (q1, · · · , qp) by integrating over them with specific projection

functions χk(qk) as shown in equation 5.3.1. This process produces a reduced (m − p)-

dimensional projected potential.

Vproj(qp+1, · · · , qm) =
∫
dq1 · · · dqpχ1(q1) · · ·χp(qp)V (q1, · · · , qm), (5.3.1)

Numerically, this is done by evaluating both the PES and the projection functions on DVR

grid points x
(k)
αk and using DVR weights ωαk

(k) as shown in equation 5.3.2.

Vproj(x
p+1
αp+1

, · · · , xmαm
) =

∑
α1

· · ·
∑
αp

ω(1)
α1
χ1(x

(1)
α1
) · · ·ω(p)

αp
χp(x

(p)
αp
)V (x(1)α1

, · · · , x(m)
αm

)

(5.3.2)

The program stores the resulting projected potential Vproj as a vpot file, which can then

be processed through a subsequent POTFIT run.
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During the projection process, the first p DOFs are removed, allowing any DVR basis to

be chosen for these DOFs. However, the remaining (m− p) DOFs must use a DVR basis

that matches the one required for the later POTFIT step.

This projecting method was used by Gatti [162] to simulate the inelastic collision of para-

H2 and para-H2, and by Ndengue [60] to compute the inelastic cross sections of the rigid

rotor CO – CO system using the E2 reference in the rigid rotor approximation and it is

repeated in this work for the N2O – CO PES.

Table 5.2 contains the parameters used for the projection run, POTFIT and the rovibra-

tional states calculations. Table 5.2 also presents the integrators and integration scheme

use for the relaxation process. For the polar angles θ1 and θ2, we employed the ex-

tended Legendre DVR, while K represents the conjugate momenta associated with the

two torsional angles ϕ1 and ϕ1 .

Table 5.2: Parameters used for the rovibrational calculations of N2O – CO. FFT stands
for the Fast Fourier Transform DVR, KLeg is the extended Legendre DVR, K stands for
the momentum representation of the ϕ1 and ϕ2. The units for distance and angle are
bohrs and radians respectively. CMF is the Constant Mean Field integrator scheme, RK8
is the Runge-Kutta procedure of order 8, and DAV is the Davidson integrator.

Coordinate Primitive Number of Range Size of
Basis Points SPF basis

R FFT 96 5.0–12.0 8–10
θ1 KLeg 51 0–π 10–90
ϕ1 K 25 -12,12
θ2 KLeg 45 0–π 10–60
ϕ2 K 23 -11,11

Integrator Scheme A-vector SPF
Type CMF DAV RK8
Time step 0.25 0.1 800
Accuracy 10−6 10−7 10−7

The DVRs used during the projection step must be consistent with those applied in the

subsequent POTFIT procedure and quantum calculations to ensure accuracy. However,

an exception can be made for the torsional angles ϕ1 and ϕ2, where the DVR grid can be

adjusted specifically within the POTFIT algorithm without affecting the overall consistency
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of the calculations.

The PES in equation 5.2.2 is given in the rigid rotor approximation as follows:

V (R, θ1, θ2, φ
BF
1 ) (5.3.3)

with φBF
1 = ϕ1 − ϕ2.

The PES used is fitted with the POTFIT procedure after replacing φBF
1 by a momentum

variable Ω

ṼΩ(R, θ1, θ2, φ
BF
1 ) = (2π)−1

∫ 2π

0

e−ıΩφBF
1 V (R, θ1, θ2, φ

BF
1 ) dφBF

1 (5.3.4)

or

V (R, θ1, θ2, φ
BF
1 ) =

∑
Ω

ṼΩ(R, θ1, θ2)× eıΩφBF
1

=
∑
Ω

ṼΩ(R, θ1, θ2)× eıΩϕ
E2
1 e−ıΩϕ

E2
2 (5.3.5)

because φBF
1 = ϕE2

1 − ϕE2
2 as shown in Figure 5.2. The action of the potential on the

wave function then writes

(ṼΨ)(R, θ1, k1, θ2, k2)

=
∑
Ω

ṼΩ(R, θ1, k1, θ2, k2)×Ψ(R, θ1, k1 − Ω, θ2, k2 + Ω) (5.3.6)

The best representation of the potential was achieved by making projections for positive

Ω values, ranging from 0 to 14. Several convergence tests were carried out according to

the Ω value and already at 4, our calculations converged and for good accuracy on the

calculation, we considered the values of Ω = 0, ..., 7. Like we do for MCTDH calculation,
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Figure 5.2: Jacobi Coordinate system used to represent the PES implemented in the
MCTDH.

we conducted convergence tests on the primitive basis and the SPFs basis. One of the

issue with this projecting method is that if it is necessary to change this primitive basis

chosen for a calculation, another projection calculation will need to be redone. The initial

potential is expressed in Jacobi coordinates (R,θ1, θ2,φBF
1 )) and a Fourier transform is

applied to have the potential in the appropriate by adjusting the function ṼΩ(R, θ1, θ2), for

Ω = 0, ..., 7 and using the POTFIT algorithm. Table 5.2 presents the primitive basis with

the mean error in the projection of potential of 0.3644 cm−1. The errors obtained during

the sum of product fit of the PES are ṼΩ(R, θ1, θ2) (mev), the weights Ω = 0, ..., 7 are

0.0125 , 0.0128, 0.0062, 0.0035, 0.0023, 0.0013, 0.0013, and 0.0008 meV. In Figures 5.3:

Figures 5.3a- 5.3c illustrate the contour lines of the natural potential adjusted by the

POTFIT algorithm at the value of Ω = 0, as well as the projected potential. These

visualizations allow for a visual comparison of the quality of the fit between the two

potentials. The obtained fit has a maximum error of 10−7 cm−1 and the RMSE of 0.1536

cm−1, indicating a very high agreement between the adjusted potential and the projected

potential. The colored areas in Figure 5.3c highlight where the fitting error is most

significant. These regions correspond to locations in the variable space where the PES

exhibits less regularity, making the fitting more complex.
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(a) (b) (c)

Figure 5.3: Contour plots for Ω = 0 at θ2 = 12.67◦: Figure 5.3a is the natural PES,
Figure 5.3b is the projected PES, and Figure 5.3c is the absolute error between the
natural PES and projected PES.

5.4 Rovibrational state energy levels

This section focuses on the results obtained by applying the MCTDH method to study

the rovibrational states of the N2O – CO system with a potential represented using the

projection method. The rovibrational energy levels are calculated for the values of the

total angular momentum J from 0 to 3. We first present the calculations of the vibrational

states by setting the total angular momentum value to 0. We proceeded with calculations

by propagating four wave packets, and for a given primitive basis and SPF as shown in

Table 5.2, the calculation takes approximately 4 days. One of the main factors contributing

to the very high computation time is the large dimension of the basis functions used

in this work. As shown in Table 5.2, the size of the basis for θ1 and θ2 required for

convergence is 51 and 45, respectively. The rovibrational states are reported in Tables 5.4–

5.6 compared with the available results in the literature. For these calculations, most of

the recorded states are indeed non-physical. These states arise from the relaxation of

constraints imposed on the calculations and are not due to the block-improved relaxation

method. Therefore, if calculations using other methods also relax constraints as we did

here, one should expect to observe the same non-physical states. The physical states

output from the rovibrational calculations obey several constraints, including K = mA +

mB ≤ J . Since this constraint cannot be enforced in the MCTDH calculation as Wang

and Carrington [62] could do, we are generating states that obey all constraints except
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that specific one. Consequently, we obtain states that violate that constraint and the

known physics of the problem, which are labeled as non-physical states. This is the same

procedure used for the H2O – HCN work, where the characters Σ, Π, . . . of the wave

function are determined and extracted after performing a propagation of a single wave

packet once the calculation is completed.

The ground state energy for the J = 0 state of the N2O – CO complex is found to be

−297.367 cm−1 in this work. When compared to the value reported by Jiang et al. [145],

which was −299.6052 cm−1, the energy calculated here is slightly higher. The zero-point

energy (ZPE) obtained in this study is approximately 112.203 cm−1. In comparison with

the work of Jiang [145], the reported ZPE is 111.973 cm−1, making the ZPE calculated

in this work slightly lower. These differences in both the bound state energy and the ZPE

could be attributed to the different computational methods employed in the two studies.

According to reference [252], the vibrational states are classified into modes of in-plane

disrotation, out-of-plane torsion, dissociation, and in-plane conrotation. In Table 5.3 the

first intermolecular excited state corresponds to the in-plane disrotation mode, with a

frequency of 24.8734 cm−1, as calculated in this study. This is in good agreement with

the value of 24.9488 cm−1 reported by Jiang et al. [145], indicating that our PES provides

a reliable prediction of bound states. The second excited state is associated with the out-

of-plane torsion mode, for which this work predicts a frequency of 40.9548 cm−1, closely

matching the 40.898 cm−1 value reported by Jiang et al. [145]. The third excited state,

characterized by two nodes in the θ1 coordinate of the wave function, can be interpreted

as the second excitation of the in-plane disrotation mode, with a frequency approximately

twice that of the first in-plane disrotation. The fourth excited state corresponds to the

dissociation mode, with a frequency of 52.8774 cm−1, compared to the 52.6551 cm−1

reported by Jiang et al. [145]. The first in-plane conrotation mode occurs at the sixth

intermolecular excited state, yielding a frequency of 66.45 cm−1, which is consistent with

the 66.5211 cm−1 reported by Jiang et al. [145]. At higher excitation levels, the vibrational

modes may become highly mixed, making mode assignment more challenging.

We further extended the calculations to determine the rovibrational levels for J = 0, 1, 2, 3,
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Table 5.3: Harmonic and variational intermolecular frequencies reported by Jiang [145]
and the MCTDH results correspond to those obtained in this work at J = 0. All energies
are in cm−1.

Mode MCTDH Jiang [145]
ν1 (disrotation mode) 24.8734 24.9488
ν2 (torsion mode) 40.9548 40.898
ν3 (dissociation mode) 52.8774 52.6551
ν4 (conrotation mode) 66.450 66.5211
ZPE∗ 112.203 111.973

as presented in Tables 5.4– 5.7. The results show a strong agreement between the values

obtained in this study and those reported by Jiang et al. [145]. The rovibrational energy

levels of the N2O – CO complex are characterized using the asymmetric top quantum

numbers JKaKb
, where J represents the total angular momentum of the system, and ka

and kb denote the projections of J onto the a- and c-axes in the principal axes of inertia.

Table 5.4: The N2O – CO vibrational energy levels for J = 0. With the ZPE=112.203
cm, energies are relative to the dissociation energy −297.367 cm−1. The units are given
in cm−1.

N Assignment MCTDH Theo [145]

0 Σ(K = 0) 0.00 0.00
1 Σ(K = 0) 24.8734 24.9488
2 Σ(K = 0) 40.9548 40.9000
3 Σ(K = 0) 49.1829 49.1858
4 Σ(K = 0) 52.7670 52.6551
5 Σ(K = 0) 65.5236 65.5027
6 Σ(K = 0) 66.4500 66.5211
7 Σ(K = 0) 72.3879 72.3886
8 Σ(K = 0) 72.8325 72.8527
9 Σ(K = 0) 78.4051 78.5800

Table 5.5: Same as Table 5.4 for J = 1.

Jkakc Assignment This work Theory [145]

101 Σ(K = 0) 0.1192 0.1190
111 Σ(K = 0) 0.4846 0.4839
110 Σ(K = 0) 0.4932 0.4925
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Table 5.6: Same as Table 5.4 for J = 2.

Jkakc Assignment This work Theory [145]

202 Σ(K = 0) 0.3574 0.3570
212 Σ(K = 0) 0.7143 0.7133
211 Σ(K = 0) 0.7402 0.7391
221 Γ(K = 2) 1.8366 1.8343
220 Γ(K = 2) 1.8368 1.8344

Table 5.7: Same as Table 5.4 for J = 3.

Jkakc Assignment This work Theory [145]

303 Σ(K = 0) 0.7143 0.7135
313 Σ(K = 0) 1.0587 1.0573
312 Σ(K = 0) 1.1105 1.1090
322 Γ(K = 2) 2.1939 2.1911
321 Γ(K = 2) 2.1946 2.1919
331 ∆(K = 3) 4.0426 4.0374
330 ∆(K = 3) 4.0425 4.0374
322 ∆(K = 3) 6.6058 –
321 ∆(K = 3) 6.6069 —

5.5 Transition frequencies and Rotational constants

In this section, 25 pure rotational transitions for the N2O – CO complex in its ground

state are summarized in Table 5.8, which also includes the deviations from the values

reported by Jiang et al. [145] as well as the observed rotational transition frequencies.

As shown in Table 5.8, the calculated microwave transition frequencies closely match

both theoretical and experimental data. The deviations calculated for the transitions

observed [3] in this work are around 0.0005 cm−1. When compared to the deviations

reported by Jiang et al. [145], which are in the range of 0.0004 cm−1, it is evident

that the potentials derived in this work provide a reliable basis for calculating transition

frequencies.

We extracted the rotational constants from the transition frequencies using the formulas

from ref. [253]: 101 = B + C, 111 = A+ C, and 110 = A+B
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Table 5.8: Rotational jKaKc transition frequencies of N2O – CO; (Exp) [3]. The unit is
given in cm−1.

Transition This work (Cal) Theo [145] Exp [3] Cal - Exp Theo - Exp
111 ← 000 0.48463 0.4839 0.4842 0.00043 -0.0003
110 ← 101 0.374086 0.3734 0.3738 0.000286 -0.0004
202 ← 101 0.238213 0.2379 0.238 0.000213 -0.0001
212 ← 111 0.229679 0.2294 0.2295 0.000179 -0.0001
211 ← 110 0.246954 0.2467 0.2468 0.000154 -0.0001
212 ← 101 0.595124 0.5942 0.5946 0.000524 -0.0004
211 ← 202 0.382827 0.3822 0.3825 0.000327 -0.0003
303 ← 202 0.356927 0.3565 0.3566 0.000327 -0.0001
313 ← 212 0.344413 0.344 0.3441 0.000313 -0.0001
312 ← 211 0.370318 0.3699 0.3700 0.000318 -0.0001
312 ← 303 0.396218 0.3955 0.3959 0.000318 -0.0004
322 ← 221 0.357385 0.3568 0.3569 0.000485 -0.0001
321 ← 220 0.357994 0.3574 0.3575 0.000494 -0.0001
322 ← 413 0.589858 0.5891 0.589 0.000858 0.0001
404 ← 303 0.47517 0.4746 0.4748 0.00037 -0.0002
414 ← 313 0.459019 0.4585 0.4586 0.000419 -0.0001
413 ← 312 0.493537 0.4929 0.4931 0.000437 -0.0002
423 ← 322 0.476186 0.4756 0.4758 0.000386 -0.0002
422 ← 321 0.477686 0.4771 0.4772 0.000486 -0.0001
413 ← 404 0.414585 0.4139 0.4142 0.000385 -0.0003
505 ← 404 0.592794 0.5921 0.5923 0.000494 -0.0002
515 ← 414 0.573467 0.5728 0.5730 0.000467 -0.0002
514 ← 413 0.616583 0.6158 0.6161 0.000483 -0.0003
505 ← 414 0.264548 0.2644 0.2643 0.000248 0.0001
514 ← 505 0.438374 0.4376 0.4380 0.000374 -0.0004

The asymmetry of the N2O – CO system was determined by calculating the asymmetry pa-

rameter k defined as k = (A−C−2B
C−A ), which was found to be k = −0.9534. This indicates

that the system can be considered a near-asymmetric prolate top, as the parameter is close

to −1. The results show strong agreement between the values calculated in this work,

those reported by Jiang et al. [145], and experimental data. The close match between the

predicted transition frequencies and rotational constants with the observed [3] values and

the data from Jiang et al. [145]. demonstrates that the potential energy surface (PES)

used in this study for the N2O – CO system is highly accurate.

The information on the dynamics of the N2O – CO complex generally comes from the
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Figure 5.4: Probability densities
plot as a function of (R, θ1) of
N2O – CO at E = 0.0 cm−1

Figure 5.5: Probability densities
plot as a function of (R, θ1) of
N2O – CO at E = 24.8734 cm−1

Figure 5.6: Probability densities
plot as a function of (R, θ1) of
N2O – CO at E = 40.9548 cm−1

Figure 5.7: Probability densities
plot as function of (R, θ1) of
N2O – CO at E = 49.1825 cm−1

Figure 5.8: Probability densities
plot as a function of (R, θ1) of
N2O – CO at E = 52.8774 cm−1
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Table 5.9: Calculated rotational constants of N2O – CO using MCTDH, compared with
previous theoretical (theo) and experimental (exp) results. The units are given in cm−1.

Rot. Const. This work (Cal) Theo [145] Exp [3] Cal - Exp Theo - Exp

A 0.4293 0.4287 0.4290 0.0003 -0.0001
B 0.0639 0.0638 0.0638 0.0001 0.0000
C 0.0552 0.0552 0.0552 0.0000 0.0000

behavior of the probability density of the wave function of each vibrational level. To

better analyze these levels, the cuts of these densities along the intermolecular distance

R and the angle θ1 have been displayed. For the ground state (5.4), it is generally node-

less, reflecting the localization of the wave function at the global minimum. For the first

excitation corresponding to the second excited state, in the coordinate ϕ, (5.6) shows no

nodes along the other three directions. The wave function cuts for the first and third

excited states exhibit one and two nodes in θ1, respectively, as shown in Figures 5.5

and 5.7. The wave function for the third excited state extends over a slightly larger range

of the coordinate θ1. In Figure 5.8, the plot of the wave function of the fourth excited

state reveals a clear node along the R direction. I find that several wave functions are

localized around the global minimum, which is due to the depth of the potential existing

between the two minima, which is around −196 cm−1.

5.6 Conclusion

In this work, the main goal was to represent the potential energy surface of the N2O – CO

system in the MCTDH package to carry out calculations of the spectroscopic properties. I

used the projection method implemented in MCTDH to represent the PES for N2O – CO,

which is not in the form of a product. I calculated the rovibrational states, transition

frequencies, and rotational constants. The results I have obtained are in good agreement

with the theoretical results reported by Jiang et al. [145], who used a new PES for the

same system and experimental data available in the literature. This demonstrates that

the PES used in this work is highly accurate and can effectively describe the spectrum

of the N2O – CO system. The potential, implemented by the projection method, requires
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a large basis to ensure optimal accuracy. While the MCTDH method has previously

been employed to calculate the rovibrational states of various molecular clusters, this

study presents the first application of the MCTDH approach specifically geared towards

generating a database of spectroscopic properties of these clusters that are directly relevant

to atmospheric chemistry. This new application provides a foundation for future research

directions. Moving forward, we intend to extend this approach to additional molecular

systems and to refine several aspects of the current work. For instance, the present study

focuses solely on the rovibrational states in proximity to the global minimum (C-bound

configuration). In future work, we aim to compute the rovibrational states of an O-bound

configuration by reorienting the CO moiety, thereby exploring the local minimum. Another

important extension will be to expand the range of intermolecular distances analyzed here,

enabling the study of collisional dynamics between N2O and CO at large distances for

astronomical and astrophysical applications.



6. Conclusion and Perspectives

During this thesis work, we addressed several questions related to the quantum dynamics

of van der Waals molecular clusters. A presentation of the different concepts necessary

for the study of such systems allowed us, first of all, to describe the various approaches

to represent the potential energy surface in the MCTDH code. Then, the examina-

tion of the MCTDH wave packet propagation method highlighted the advantages that

time-dependent methods bring to numerical calculations, especially for the accuracy and

efficiency of the dynamic treatment of these systems. The purpose was to use the poten-

tial energy surfaces representation to compute the rovibrational state energy levels and

start a preliminary stage of collisional dynamics calculations using the MultiConfiguration

Time-Dependent Hartree (MCTDH) method [172, 173, 174, 148].

From a methodological point of view, significant progress was made during this thesis

regarding the representation of potential energy surfaces for systems with a large number

of degrees of freedom, as well as spectroscopic and collision calculations. Several molecular

clusters were studied in this work to assess of seeing the capabilities and limitations of

the MCTDH code in bridging the gap between the traditional POTFIT method of surface

implementation for small systems and those for large systems. Additionally, we have

provided the astrochemical and astrophysical community with a substantial database.

Now, we will provide a summary of every project presented in this work.

• H2O−HCN cluster: An accurate description of this cluster is key to better un-

derstanding the phenomenon of HCN isomerization in cometary atmospheres. The

algorithm we have developed to automatically generate the potential of this type

of system represents a major contribution to the MCTDH community. This tool

will automate the process of generating potentials, optimizing the time and re-

sources required for the study of multi-degree-of-freedom systems, and facilitating

the application of the MCTDH method to a wider variety of complex systems. We

have determined the spectroscopic properties for the H2O – HCN system using the

MCTDH code. The 5D rigid rotor multipolar potential energy surface constructed

159
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by Ernesto and Dubernet [210] has been used and implemented in the MCTDH

code. The rovibrational states of para-H2O – HCN and ortho-H2O – HCN have been

calculated and analyzed with a newer script to determine the jkakc states. We deter-

mined the transition frequencies and the rotational constants. The results obtained

were in good agreement with the previous theoretical [120] work with another PES

for H2O – HCN and experimental data [209].

• H2O−H2O cluster: Water is commonly detected in numerous media, including

the Earth’s atmosphere and the interstellar medium, making it a highly significant

system. For such a system, spectroscopic data will be important for analyses con-

ducted through observations. In order to compute the rovibrational states of the

water dimer, an approach for representing the rigid rotor CCpol-8s [118] (6D) PES

in the MCTDH package was developed. The accuracy of the results obtained was

in good agreement with the data available in the literature [63]. Collisional calcula-

tions of two water molecules using the potential in its factorized form have also been

initiated by introducing some preliminary steps, and the difficulties encountered in

achieving convergence have been identified. An increase in the number of SPFs

is necessary to achieve convergence, but this poses a challenge as increasing the

number of SPFs results in significant memory usage to store the wave function. We

have considered using the ML-MCTDH method, although its immediate application

is limited to the ground state. However, this approach would first be explored to

assess the extent to which calculations can converge.

• N2O−CO cluster: This system is significant due to the role of CO as a green-

house gas and N2O as a substance that contributes to ozone layer depletion in the

stratosphere. A new 4D-PES has been developed to investigate the spectroscopic

properties of this system. One challenge we faced is the large size of the primitive

basis, which makes the calculations costly due to the projection algorithm used to

represent this potential and determine the rotational states, transition frequencies,

and rotational constants. Our results closely match the theoretical [145] and ex-

perimental data [3] found in the literature. The calculations are intended for use in
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astrophysical and atmospheric applications.

The work outlined in this thesis opens up many perspectives for the future.

Building on previous work, we will study the collisions of the H2O – HCN system by ex-

tending the intermolecular distance and calculating the rovibrational states of all its iso-

topologues. Since we already have a coordinate transformation code and the potential

energy surface is available, we will only need to configure the parameters for the scattering

calculations.

Another focus of this work will be implementing symmetry of Wigner functions, calculating

the rovibrational states of the water dimer beyond the ground state and for angular

momentum values greater than zero. Subsequently, we will compute the spectra of the

water dimer using the dipole moment under the rigid rotor approximation. Additionally, we

will develop a new strategy for implementing the potential energy surface in the MCTDH

framework.

Other future objectives include the calculation of the rovibrational states of the N2O – CO

isotopologues and the collision calculations of N2O – CO. The calculations of the rovibra-

tional states of the isotopologues will be computationally efficient, as we already possess

the converged calculations for N2O – CO. This will allow us to simply read and refine

these existing results.

Another future direction of this work will involve calculating rovibrational states and cross

sections of the PO+ – H2 system for non-zero angular momentum values of H2 (j = 0).

This will be done using both the 4D and 2D potentials developed by François Lique’s

group at the University of Rennes, France, which have not been published yet. The

spectroscopic calculations will be used to assess the accuracy of this PES representation

in collision calculations. We have already conducted calculations of rovibrational states

and compared the results with those obtained from another code, as experimental data

are not yet available. Additionally, ongoing tests are being conducted on cross sections,

and some data are already available in the literature for comparison.
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It is essential to provide an overview of the application of MCTDH to small molecular

systems. For systems with fewer than four degrees of freedom, the implementation of the

potential in MCTDH is typically straightforward, particularly when the traditional POTFIT

algorithm is used to obtain an exact potential. These studies are often conducted on a

compact basis set, as demonstrated by my initial parallel investigation of the H2He+

system at the beginning of my thesis.

Appendix

Transformation of the CCpol-8s multipolar potential energy surface In this section, we

describe all the steps involved in transforming the multipolar potential energy surface of

the water dimer. The water dimer possesses several symmetry operations which can be

used to reduce the multipolar PES. For each symmetry operation, we present the changes

in the Euler angles and their impact on the multipolar potential formula.

• The first symmetry operation is the C2ν :

This operation transforms the angles describing each monomer as follows: ωA(αA, βA, γA) =

ωA(αA, βA, γA + π); ωB(αB, βB, γB) = ωB(αB, βB, γB + π); ω(α, β)

In the space-fixed frame, the polar angles ω(α, β) are for the overall rotation of the system

with respect to the z-axis.

V (R,ωA, ωB, ω) =
∑
{Λ}

v{Λ}(R)A{Λ}(ωA, ωB, ω), (.0.1)

AΛ(ωA, ωB, ω) =
∑

MA,MB ,M

(−1)LA+LB+L

LA LB L

MA MB M

×DLA
MAKA

(ωA)
∗DLB

MBKB
(ωB)

∗CL
M(α, β)

(.0.2)
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Here one can switch from space-fixed to body-fixed.

V (R,ωA, ωB, ω) =
∑
Λ

νΛ(R)
∑

MA,MB ,M

(−1)LA+LB+L

LA LB L

MA MB M

 (.0.3)

×DLA
MAKA

(αA, βA, γA)
∗DLB

MBKB
(αB, βB, γB + π)∗CL

M(α, β)

=
∑
Λ

νΛ(R)(−1)KB

∑
MA,MB ,M

(−1)LA+LB+L


LA LB L

MA MB M


×DLA

MAKA
(αA, βA, γA)

∗DLB
MBKB

(αB, βB, γB)
∗CL

M(α, β)

V (R,ωA, ωB, ω) =
∑
{Λ}

v{Λ}(R)
∑

MA,MB ,M

(−1)LA+LB+L

LA LB L

MA MB M


×DLA

MAKA
(αA, βA, π + γA)

∗DLB
MBKB

(αB, βB, γB)
∗CL

M(α, β)

=
∑
{Λ}

v{Λ}(R)(−1)KA

∑
MA,MB ,M

(−1)LA+LB+L

LA LB L

MA MB M


×DLA

MAKA
(αA, βA, γA)

∗DLB
MBKB

(αB, βB, γB)
∗CL

M(α, β) (.0.4)

The potential remains the same, so in body-fixed frame, (α, β) = (0, 0) and M =

MA +MB = 0, MB = −MA, CL
M(0, 0) = δM0. So the only worked case is M = 0.

When we include the transformation of these angles in equation .0.1, we obtain the

following equations:

V (R,ωA, ωB) =
∑
{Λ}

v{Λ}(R)(−1)KB

∑
MA

(−1)LA+LB+L

LA LB L

MA −MA 0


×DLA

MAKA
(αA, βA, γA)

∗DLB
−MAKB

(αB, βB, γB)
∗ (.0.5)
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V (R,ωA, ωB) =
∑
{Λ}

v{Λ}(R)(−1)KA

∑
MA

(−1)LA+LB+L

LA LB L

MA −MA 0


×DLA

MAKA
(αA, βA, γA)

∗DLB
−MAKB

(αB, βB, γB)
∗ (.0.6)

The equations obtained by applying C2ν symmetry to the potential are as follows:

v{Λ}(R) = (−1)KAv{Λ}(R),

v{Λ}(R) = (−1)KBv{Λ}(R) (.0.7)

From eqs. .0.7,

v{Λ}(R) = 0, (.0.8)

if KA and/or KB odd

• The second symmetry operation is the inversion:

This inversion changes the Euler angles as follows:

ωA(αA, βA, γA) = ωA(π + αA, π − βA, π − γA),

ωB(αB, βB, γB) = ωB(π + αB, π − βB, π − γB),

ω(α, β) = ω(π + α, π − β), (.0.9)

From equation .0.1

V (R,ωA, ωB) =
∑
{Λ}

vLA,−KA,LB ,−KB ,L(R)(−1)LA+LB+L
∑
MA

(−1)LA+LB+L

LA LB L

MA −MA 0


×DLA

MA−KA
(αA, βA, γA)

∗DLB
−MA−KB

(αB, βB, γB)
∗ (.0.10)
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After applying this symmetry operation, we obtain the following equation:

vLA,KA,LB ,KB ,L(R) = (−1)LA+LB+LvLA,KA,LB ,KB ,L(R), (.0.11)

• The third symmetry operation is the permutation:

This symmetry operation changes the Euler angles as follows:

ωA(αA, βA, γA) = ωB(αA, βA, γA),

ωB(αB, βB, γB) = ωA(αB, βB, γB),

ω(π + α, π − β), (.0.12)

Including the angles in equation .0.1, we obtain

V (R,ωA, ωB) =
∑
{Λ}

v{Λ}(R)
∑
MA

(−1)LA+LB+L

 LB LA L

−MA MA 0


×DLA

MAKA
(αB, βB, γB)

∗DLB
−MAKB

(αA, βA, γA)
∗

=
∑
{Λ}

vLB ,KB ,LA,KA,L(R)(−1)LA+LB

∑
MA

(−1)LA+LB+L

LA LB L

MA −MA 0


×DLA

MAKA
(αB, βB, γB)

∗DLB
−MAKB

(αA, βA, γA)
∗ (.0.13)

The expansion coefficient can be expressed as follows:

vLA,KA,LB ,KB ,L(R) = (−1)LA+LBvLB ,KB ,LA,KA,L(R) (.0.14)

Note that I have used the symmetry of Wigner functions.

• Symmetry operation of the Wigner d-functions and matrix 3j-symbol.

dlmk(β) = (−1)m−kdl−m−k(β) = (−1)m−kdlkm(β) (.0.15)
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LA LB L

MA −MA 0

 = (−1)LA+LB+L

LB LA L

MA −MA 0

 = (−1)LA+LB+L

 LA LB L

−MA MA 0


(.0.16)

In the body-fixed coordinates:

V (R,ωA, ωB) =
∑
{Λ}

v{Λ}(R)
∑
MA

(−1)LA+LB+L

LB LA L

MA −MA 0

×DLA
MAKA

(ωA)
∗DLB
−MAKB

(ωB)
∗

(.0.17)

LB LA L

0 0 0

 ̸= 0 (.0.18)

if LA + LB + L even and as shown above,

vLA,KA,LB ,KB ,L(R) = (−1)LA+LB+LvLA,KA,LB ,KB ,L(R) (.0.19)

Combining these symmetry conditions, one can find that the PES can be re-written as

follows:
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V (R,ωA, ωB) =
∑

LALBL

LA∑
MA=0

LA∑
KA=0

LB∑
KB=0

(−1)LA+LB+L

LB LA L

MA −MA 0


× 2(

1 + δMA0

)(
1 + δKA0

)(
1 + δKB0

)
×

[[
vLAKALBKBL(R)

(
cos
(
MA

(
αA − αB

)
+KAγA +KBγB

)
dLA
MAKA

(βA)d
LB
−MAKB

(βB)

+(−1)LA+LB+Lcos
(
MA

(
αA − αB

)
−KAγA −KBγB

)
dLA
MA−KA

(βA)d
LB
−MA−KB

(βB)

)

+vLAKALB−KBL(R)

(
cos
(
MA

(
αA − αB

)
+KAγA −KBγB

)
dLA
MAKA

(βA)d
LB
−MA−KB

(βB)

+(−1)LA+LB+Lcos
(
MA

(
αA − αB

)
−KAγA +KBγB

)
dLA
MA−KA

(βA)d
LB
−MAKB

(βB)

)]]
(.0.20)
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[10] Michaël De Becker. Astrochemistry: the issue of molecular complexity in astro-

physical environments. arXiv preprint arXiv:1305.6243, 2013.

168

http://www-ssg.sr.unh.edu/ism/what1.html


REFERENCES Page 169

[11] Floris van der Tak. Radiative transfer and molecular data for astrochemistry. Pro-

ceedings of the International Astronomical Union, 7(S280):449–460, 2011.

[12] Ewine F Van Dishoeck. Astrochemistry: overview and challenges. Proceedings of

the International Astronomical Union, 13(S332):3–22, 2017.

[13] Satoshi Yamamoto. Introduction to astrochemistry. Editorial: Springer, 614, 2017.

[14] James Lequeux. The interstellar medium. Springer Science & Business Media, 2004.

[15] David A Williams. Gas and dust in the interstellar medium. In Journal of Physics:

Conference Series, volume 6, page 1. IOP Publishing, 2005.

[16] John C Brandt and Robert D Chapman. Introduction to comets. Cambridge Uni-

versity Press, 2004.

[17] Nicolas Thomas. Light curves, orbits, and reservoirs. In An Introduction to Comets,

pages 1–26. Springer, 2020.

[18] Martin Rubin, Kathrin Altwegg, Jean-Jacques Berthelier, Michael R Combi, Johan

De Keyser, Stephen A Fuselier, Tamas I Gombosi, Murthy S Gudipati, Nora Hänni,

Kristina A Kipfer, et al. Volatiles in the H2O and CO2 ices of comet 67p/churyumov–

gerasimenko. Monthly Notices of the Royal Astronomical Society, 526(3):4209–

4233, 2023.

[19] Anita L Cochran, Anny-Chantal Levasseur-Regourd, Martin Cordiner, Edith Hadam-

cik, Jérémie Lasue, Adeline Gicquel, David G Schleicher, Steven B Charnley,

Michael J Mumma, Lucas Paganini, et al. The composition of comets. Space

Science Reviews, 197:9–46, 2015.

[20] Nicolas Biver and Dominique Bockelée-Morvan. Complex organic molecules in

comets from remote-sensing observations at millimeter wavelengths. ACS Earth

and Space Chemistry, 3(8):1550–1555, 2019.



REFERENCES Page 170

[21] D Despois, N Biver, D Bockelée-Morvan, and J Crovisier. Observations of molecules

in comets. Proceedings of the International Astronomical Union, 1(S231):469–478,

2005.

[22] Robin T Garrod. Simulations of ice chemistry in cometary nuclei. The Astrophysical

Journal, 884(1):69, 2019.

[23] Jesse C Mcnichol and Richard Gordon. Are we from outer space? a critical review of

the panspermia hypothesis. Genesis-In The Beginning: Precursors of Life, Chemical

Models and Early Biological Evolution, pages 591–619, 2012.

[24] David Tepfer. The origin of life, panspermia and a proposal to seed the universe.

Plant Science, 175(6):756–760, 2008.

[25] Joseph L Kirschvink and Benjamin P Weiss. Mars, panspermia, and the origin of

life: where did it all begin. Palaeontologia electronica, 4(2):8–15, 2002.

[26] Andrew McKellar. Evidence for the molecular origin of some hitherto unidentified in-

terstellar lines. Publications of the Astronomical Society of the Pacific, 52(307):187–

192, 1940.

[27] Walter Sydney Adams. What lies between the stars. Publications of the Astronom-

ical Society of the Pacific, Vol. 53, No. 312, p. 73, 53:73, 1941.

[28] AE Douglas and GERHARD Herzberg. Note on chˆ{+} in interstellar space and in

the laboratory. Astrophysical Journal, vol. 94, p. 381, 94:381, 1941.

[29] Charles H Townes. 16. microwave and radio-frequency resonance lines of interest to

radio astronomy. In Symposium-International Astronomical Union, volume 4, pages

92–103. Cambridge University Press, 1957.

[30] Sander Weinreb, Alan H Barrett, M Littleton Meeks, and John C Henry. Radio

observations of oh in the interstellar medium. In A Source Book in Astronomy and

Astrophysics, 1900–1975, pages 666–670. Harvard University Press, 1979.



REFERENCES Page 171

[31] AC Cheung, David M Rank, CH Townes, Douglas D Thornton, and WJ Welch.

Detection of NH3 molecules in the interstellar medium by their microwave emission.

Physical Review Letters, 21(25):1701, 1968.

[32] Christian P Endres, Stephan Schlemmer, Peter Schilke, Jürgen Stutzki, and Hol-

ger SP Müller. The cologne database for molecular spectroscopy, cdms, in the vir-

tual atomic and molecular data centre, vamdc. Journal of Molecular Spectroscopy,

327:95–104, 2016.

[33] Nicolas Biver, Neil Dello Russo, Cyrielle Opitom, and Martin Rubin. Chemistry of

comet atmospheres. arXiv preprint arXiv:2207.04800, 2022.

[34] M-L Dubernet, MH Alexander, YA Ba, N Balakrishnan, Christian Balança, C Cecca-

relli, J Cernicharo, F Daniel, F Dayou, M Doronin, et al. Basecol2012: A collisional

database repository and web service within the virtual atomic and molecular data

centre (vamdc). Astronomy & Astrophysics, 553:A50, 2013.

[35] Nikku Madhusudhan. Atmospheric retrieval of exoplanets. arXiv preprint

arXiv:1808.04824, 2018.

[36] Ryan C Fortenberry. Quantum astrochemical spectroscopy. International Journal of

Quantum Chemistry, 117(2):81–91, 2017.

[37] Axel Weiss, F Walter, and NZ Scoville. The spectral energy distribution of co lines

in m 82. Astronomy & Astrophysics, 438(2):533–544, 2005.
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[95] Micha l Żó ltowski, Jérôme Loreau, and François Lique. Collisional energy transfer in

the CO – – CO system. Physical Chemistry Chemical Physics, 24(19):11910–11918,

2022.



REFERENCES Page 179

[96] MS Pindzola, F Robicheaux, SD Loch, JC Berengut, T Topcu, J Colgan, M Foster,

DC Griffin, CP Ballance, DR Schultz, et al. The time-dependent close-coupling

method for atomic and molecular collision processes. Journal of Physics B: Atomic,

Molecular and Optical Physics, 40(7):R39, 2007.

[97] Astrid Bergeat, Alexandre Faure, Sebastien B Morales, Audrey Moudens, and Chris-

tian Naulin. Low-energy water–hydrogen inelastic collisions. The Journal of Physical

Chemistry A, 124(2):259–264, 2019.

[98] A Faure, M Zoltowski, L Wiesenfeld, F Lique, and A Bergeat. The rotational

excitation of the water isotopologues by molecular hydrogen. Monthly Notices of

the Royal Astronomical Society, page stad3037, 2023.

[99] Fabien Daniel, M-L Dubernet, and Alain Grosjean. Rotational excitation of 45 levels

of ortho/para-h2o by excited ortho/para-h2 from 5 k to 1500 k: state-to-state,

effective, and thermalized rate coefficients. Astronomy & Astrophysics, 536:A76,

2011.
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[136] F Combes, S Garćıa-Burillo, V Casasola, L Hunt, M Krips, AJ Baker, F Boone,

A Eckart, I Marquez, R Neri, et al. Alma observations of feeding and feedback in

nearby seyfert galaxies: an agn-driven outflow in ngc 1433. Astronomy & Astro-

physics, 558:A124, 2013.

[137] Takuma Izumi, Kotaro Kohno, Sergio Mart́ın, Daniel Espada, Nanase Harada,

Satoki Matsushita, Pei-Ying Hsieh, Jean L Turner, David S Meier, Eva Schinnerer,

et al. Submillimeter alma observations of the dense gas in the low-luminosity type-

1 active nucleus of ngc1097. Publications of the Astronomical Society of Japan,

65(5):100–100, 2013.

[138] N Biver, D Bockelée-Morvan, J Crovisier, Aa Sandqvist, J Boissier, DC Lis,

M Cordiner, BP Bonev, N Dello Russo, R Moreno, et al. Coma composition of

comet 67p/churyumov-gerasimenko from radio-wave spectroscopy. Astronomy &

Astrophysics, 672:A170, 2023.



REFERENCES Page 184

[139] John S Daniel and Susan Solomon. On the climate forcing of carbon monoxide.

Journal of Geophysical Research: Atmospheres, 103(D11):13249–13260, 1998.

[140] Shuo Liu, Shuangxi Fang, Miao Liang, Qianli Ma, and Zhaozhong Feng. Study on

co data filtering approaches based on observations at two background stations in

china. Science of the total environment, 691:675–684, 2019.

[141] RAVISHANKARA AR. Nitrous oxide (N2O): the dominant ozone-depleting sub-

stance emitted in the 21st century. Science, 326:123–125, 2009.

[142] Eric Herbst. Molecular ions in interstellar reaction networks. In Journal of Physics:

Conference Series, volume 4, page 17. IOP Publishing, 2005.

[143] DCB Whittet and WW Duley. Carbon monoxide frosts in the interstellar medium.

The Astronomy and Astrophysics Review, 2:167–189, 1991.

[144] Paul H Krupenie. The band spectrum of carbon monoxide. 1966.

[145] Xuedan Jiang, Li Liu, Yang Peng, and Hua Zhu. A new ab initio potential energy

surface and rovibrational spectra for the CO–N2O complex. The Journal of Physical

Chemistry A, 2024.

[146] Thomas M Dame, Dap Hartmann, and P Thaddeus. The milky way in molecular

clouds: a new complete co survey. The Astrophysical Journal, 547(2):792, 2001.

[147] RW Wilson, KB Jefferts, and AA Penzias. Carbon monoxide in the orion nebula.

Astrophysical Journal, vol. 161, p. L43, 161:L43, 1970.

[148] Hans-Dieter Meyer, Fabien Gatti, and Graham A Worth. Multidimensional quantum

dynamics: MCTDH theory and applications. John Wiley & Sons, 2009.

[149] H-D Meyer, Uwe Manthe, and Lorenz S Cederbaum. The multi-configurational

time-dependent hartree approach. Chemical Physics Letters, 165(1):73–78, 1990.



REFERENCES Page 185

[150] Anna Kaczmarek-Kedziera et al. Remarks on wave function theory and methods.

In Handbook of computational chemistry, pages 123–171. Springer, 2017.

[151] Benjamin LASORNE. Nonadiabatic dynamics. 2019.

[152] John Zeng Hui Zhang. Theory and application of quantum molecular dynamics.

World Scientific, 1998.

[153] R Islampour and M Gharibi. The molecular hamiltonian with two-rotational-angle

embedding. Molecular Physics, 105(4):343–357, 2007.

[154] Matthew J Bramley and Nicholas C Handy. Efficient calculation of rovibrational

eigenstates of sequentially bonded four-atom molecules. The Journal of chemical

physics, 98(2):1378–1397, 1993.

[155] R Islampour, M Gharibi, and M Miralinaghi. The molecular hamiltonian in jacobi

coordinates. Molecular Physics, 104(12):1879–1890, 2006.

[156] Russell T Pack and Gregory A Parker. Quantum reactive scattering in three dimen-

sions using hyperspherical (aph) coordinates. iii. small θ behavior and corrigenda.

The Journal of Chemical Physics, 90(7):3511–3519, 1989.

[157] Fabien Gatti. Approche vectorielle des Hamiltoniens moléculaires, Application au
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of quantum dynamics in chemistry, volume 98. Springer, 2017.

[186] Hans-Dieter Meyer. Introduction to mctdh. Lecture Notes, 2011.

[187] Christopher W Murray, Stephen C Racine, and Ernest R Davidson. Improved algo-

rithms for the lowest few eigenvalues and associated eigenvectors of large matrices.

Journal of Computational Physics, 103(2):382–389, 1992.

[188] Tae Jun Park and JC Light. Unitary quantum time evolution by iterative lanczos

reduction. The Journal of chemical physics, 85(10):5870–5876, 1986.

[189] Ronnie Kosloff and H Tal-Ezer. A direct relaxation method for calculating eigen-

functions and eigenvalues of the schrödinger equation on a grid. Chemical Physics

Letters, 127(3):223–230, 1986.



REFERENCES Page 189

[190] Hans-Dieter Meyer, Frédéric Le Quéré, Céline Léonard, and Fabien Gatti. Cal-
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