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Abstract

Theories of cosmic inflation suggest that during its early stage, the universe
experienced a sudden burst of expansion due to one or more scalar fields.
These inflationary models offer exact forecasts for multiple observable
variables, such as precise arrangements of temperature differences in the
cosmic microwave background radiation. Realistic models of high-energy
physics often feature multiple scalar fields, which are expected to have
nonminimal connections to spacetime curvature. These connections occur as
renormalization counterterms when scalar fields are quantized in a curved
spacetime.

Within this thesis, I present a recent study that concentrates on multifield
inflationary models that include nonminimal couplings within a broad
category. One characteristic of these models is their ability to exhibit an
impressive attractor behavior. This means that, regardless of the specific
couplings and initial conditions, the scalar fields primarily evolve along one
particular trajectory for the majority of the inflationary period. This behavior
results in reliable predictions for measurable quantities over significant areas
of phase space and parameter space, ultimately aligning with the most up-to-
date observational data.
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1 The investigation of nonminimal couplings in the
early universe

1.1Introduction

The coupling of a scalar field to the Ricci spacetime curvature scalar in the
action was a pivotal moment for Brans and Dicke. This breakthrough led to the
substitution of G, Newton's constant, with a dynamic gravity strength that is
capable of fluctuating in both temporal and spatial dimensions. There have
been many theoretical incentives that have emerged since the pioneering work
of Brans and Dicke for using these nonminimal connections beyond the initial
exploration of Mach's principle. These motivations span from dimensional
compactification in higher-dimensional theories to examining effective
connections in supergravity and other aspects of theoretical physics.

At present, one of the primary reasons for considering nonminimal couplings
stems from their commonplace but crucial role as counterterms when
quantizing a scalar field that interacts with itself in curved spacetime. Even if
the initial coupling is set to zero, quantum corrections will inevitably result in a
nonzero coupling. Additionally, during the renormalization-group flow, the
nonminimal coupling generally increases as the energy scale increases, lacking
an ultraviolet fixed point. Therefore, it becomes reasonable to investigate
models that incorporate significant nonminimal couplings at high energies,
particularly around or above the Grand Unified Theory (GUT) scale. Therefore,
when considering the early universe, it becomes essential to factor in the
potential impact of nonminimal couplings.
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1.2Nonminimal Couplings and Inflation

According to the dominant theories of cosmic inflation, the observable
universe underwent a phase of swift expansion during its early days, which
was fueled by the actions of scalar fields. Throughout history, a diverse array
of inflationary models has been created, many of which feature nonminimal
couplings. Older models, such as "induced-gravity inflation" and "Extended
inflation," utilized a straightforward potential and incorporated a Brans-Dicke
field to spur on the rapid expansion.

Following this, alternative models have delved into nonminimal couplings that
are more broad in scope. These couplings produce an effective gravitational
coupling, G, that results from a combination of an unadorned coupling
constant and contributions from a scalar field that is tethered to the Ricci
curvature scalar. One such example is "Higgs inflation," which has gained
recognition in recent times. This model involves a scalar field that tends to
settle into a minimum of its potential towards the conclusion of inflation,
resulting in a gravitational coupling that is nearly constant for the majority of
cosmic history. As a result, these models do not contradict the limitations
imposed by Solar System observations on scalar-tensor gravity.

One can express the action of the original Brans-Dicke theory through the
following relation:

Sep = J d*x |3 [0R 2% 9,00,0], (1.1)
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The constant w, which lacks physical units, is present in the equation where
Juv(x) is the metric of spacetime, where the indices p and v range from 0 to 3.
In a four-dimensional spacetime, the Brans-Dicke field ® has dimensions of
(mass)”2. As scalar fields with mass dimensions in a four-dimensional
spacetime are commonly used by high-energy theorists, it is necessary to
rescale the Brans-Dicke field to achieve a suitable scaling. By substituting ®
with $"2/(8w), we can represent the action of Eq. (1.1) using the rescaled
field ¢ as follows:

Sop = I d*x=3 [fan( @R —3* 0,6 0,9], (12)

The nonminimal coupling function can be expressed in the following manner:

fon(®) = 5E02, (1.3)

The coupling constant §, which lacks any dimension, has a direct correlation to
the initial Brans-Dicke parameter, with ¢ = 1/(8w). The quadratic component
of this equation precisely mirrors the emergence of quantum corrections in
relation to scalar fields in the curvature of spacetime. As a result, it is an
accurate representation of the proper format for counterterms that consider
these corrections.

The initial proposition by Brans and Dicke states that the potency of gravity in
a given area, G.¢(x), is dependent on the field ¢(x) and can be represented as
P (x): Gogr (x) = 1/(8mép?). However, it is possible to broaden this association
by integrating a constant mass, M,,, into the function f(¢).

(@) =2 [M§ + 67, (14)

with (167Geg )™ = f().
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Moreover, it is possible to expand this structure to include models containing
N scalar fields:

f@h) = [ME + 2, &(9)?] (1.5)

Our exploration delves into various models that allow for the expression of the
action in a particular manner, such as:

S = d*xJ=F[f($"R—18,3" 0,9' 0,07 — V("] (1.6)

In this context, capital letters of the Latin alphabet (I,] =1, 2, .., N) are
employed as indices for the field-space. The tilde symbolizes quantities in the
Jordan frame, where non-minimal couplings, f(¢')R, are kept explicit in the
action.

To compare the predictions of this set of models with current astrophysical
observations - particularly the exact measurements of cosmic microwave
background radiation (CMB) - it is beneficial to work in the Einstein frame.
Physicists have created a sturdy gauge-invariant methodology for managing
gravitational disturbances in this frame.

In order to transform the gravitational aspect of the equation (1.6) into the
well-known Einstein-Hilbert form, a conformal transformation is utilized. This
method is reminiscent of Dicke's earlier research on Brans-Dicke gravitation.
The transformation consists of rescaling the spacetime metric tensor

Guv(®) = gy (x) = Q%(x) gy (). The conformal factor Q?(x) is positive and
directly related to the nonminimal coupling function that appears in equation
(1.6).

Q(x) = Mi;lfw’(x)). (1.7)

The reduced Planck mass, denoted as Mp,; = 1/V8rG = 2.43 X 1018GeV, is

related to Newton's gravitational constant, G. Following the implementation of
this conformal transformation, the action detailed in Equation (1.6) undergoes
the subsequent transformation:

S=1 dx/=g|"ER 16,4 g™ 0,8 2,8/ ~ V(D). (18)
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The transformation that conforms to a given set of rules results in the creation
of a manifold for field-space, which contains a metric in the Einstein frame that
is presented below:

Mgl
2f (oK)

ng(d)K) = 51] + f(;K)f,If,] ’ (1.9)

where f; = 0f / 0¢'.

When applying the conformal transformation to models that contain multiple
scalar fields, an intriguing aspect arises. In contrast to the extensively
examined situation of a single-field model, it is, in general, not feasible to
discover a rescaling of the scalar fields ¢’ that simultaneously transforms the
gravitational component of the action into the Einstein-Hilbert form and
results in canonical kinetic terms for the scalar fields. For M, # 0 and N = 2
scalar fields, the conformal transformation generates a field-space manifold
featuring a metric, G;;(¢%), that is not conformal to flat. Therefore, these
models, after undergoing the conformal transformation, resemble nonlinear
sigma models.

During the process of transformation to the Einstein frame, the conformal
factor results in a stretching of the potential. The following observations were
made:

V(g =

=—P_{(ph), 1.10
[2r(¢D)] ) (1.10)

The discovery made by Dicke regarding the correlation between particle
masses and the Brans-Dicke field is further expanded upon in this study.
Through the process of conformal transformation, the potential of simple
inflationary models is stretched, leading to substantial modifications in the
dynamics of inflation. This sets it apart from models that contain minimally
coupled fields. Of particular interest is the emergence of a stable single-field
attractor behavior, which is discussed in greater detail in Section 1.4.
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The study of models that involve multiple scalar fields with nonminimal
couplings has been expanded upon through the pioneering work on multifield
inflation. This formalism is covariant with respect to both ordinary gauge
transformations (x* — x'*) and reparameterizations of the field-space
coordinates (¢! - ¢'"), enabling us to examine their dynamics. To analyze
these models, we consider perturbations around a Friedmann-Lemaitre-
Robertson-Walker spacetime metric, with the spatial curvature assumed to be
flat for convenience. This choice is advantageous as the radius of curvature
stretches exponentially fast during the initial stages of inflation, making a
spatially flat background an appropriate approximation for subsequent
dynamics. Thus, our methodology is as follows:

ds* =g, dx*dx’

= —(1+ 24)dt? + 2a(9;B)dx'dt + a?[(1 — 24)8;; + 2 0; 0,E|dx‘dx/,
(1.11)

The scale factor is represented by a(t) in this context, whereas the scalar
degrees of freedom of the metric perturbations are described by

A(x*), B(x*),p(x*), and E (x*). With the spacetime symmetries in mind, it is
important to note that at the background level, the fields may only rely on
time.

' (x*) = @' () + 6" (x*) (1.12)

The expression of the background fields' velocity vector's magnitude is as
follows:

'l =0 = \/glj(pl(p] (1.13)

The equation of motion is satisfied by the background fields, with overdots
indicating derivatives with respect to cosmic time, t.

D" +3H9' + GV, =0 (1.14)
In this context, the symbol H = a/a denotes the Hubble parameter.
Additionally, a directional derivative for vectors A! on the field-space manifold

has been introduced and is presented in a covariant manner.

DA = ¢/D,A! = AT + T} Al p¥ (1.15)
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The creation of the Christoffel symbols F]’K is dependent on the metric of the
field-space, G;;. At the background level, the Friedmann equations are
presented as:

1
T 3M2

HZ

=2 +v(h],

. 1 .
H = ——20'2.
2M7)

(1.16)

The generation of self-consistent inflationary solutions can be achieved
through the utilization of Equations (1.14) and (1.16), which are applicable
across a wide range of initial conditions and parameter spaces. Such solutions
are characterized by the condition that |H| « H?.

In order to examine the fluctuations' dynamics, an extension of the gauge-
invariant Mukhanov-Sasaki variable to a multifield scenario is required. This
extension encompasses the creation of a perturbation vector, Q' (x#), which is
a linear amalgamation of the field fluctuations, §¢’, and the metric
perturbation, y. However, since the field-space manifold is curved, it's crucial
to use a representation of the field fluctuations that remains covariant under
reparameterizations of the field-space coordinates. This representation is
equivalent to Eq. (1.17) at linear order in the field fluctuations, which is
enough for our current objectives.

Q' =8¢+ 2y (1.17)

Equation (1.17) expresses the representation of Q' (x*) as a linear
combination of fluctuations in the field and perturbations in the metric.

The equation of motion for the fluctuations Q! is obeyed to a linear order.

2
DQ' + 3HD,Q' + |5 6] + Mf] @) =0 (1.18)
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After conducting a Fourier transformation, in which the equation V2Q'! =
—k?2Q! with comoving wavenumber K is utilized, the equation of motion leads
to the mass-squared matrix, which is as follows:

L 1 N
M} = G (D;DV) = Rbwy¢ o™ — =D, (S 9'¢)) (1.19)
pl

The equation presents three contributions that result in the effective mass of
fluctuations Q' being distinct from one another. The first contribution is
derived from the potential's second derivative and is similar to what is found
in single-field models. The second contribution is proportional to R' ,; and is
a result of the field-space manifold's curvature that is constructed from G;; and
calculated at the background order in the fields, ¢’. Lastly, the third
contribution is proportional to 1/M12)1' and it arises from the perturbations in

the coupled metric.

1.3 Anticipated Observational Outcomes

Equation (1.18) introduces couplings between fluctuations Q’ with @/, and so
forth, even when examined in a linear order. The existence of multiple
interacting degrees of freedom in multifield models can lead to the emergence
of unique observational characteristics not present in simpler, single-field
models. Two notable examples that have been extensively studied are the
amplification of non-Gaussianities in the primordial power spectrum of
curvature perturbations and the amplification of isocurvature perturbations
alongside adiabatic modes. In single-field models, non-Gaussianities are
usually suppressed, and isocurvature modes are not present when there is
only one scalar degree of freedom.
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Recent observations of the Cosmic Microwave Background have imposed strict
limitations on the existence of primordial non-Gaussianities and isocurvature
perturbations. As a result, various types of multifield models may be in
contradiction with the current observational data.

In order to conduct a quantitative analysis of these multifaceted features, we
will introduce covariant measures that will allow us to explore the spectra of
perturbations. Furthermore, we will also introduce a unit vector for this
purpose.

S
1]
o &

(1.20)

To indicate the direction of the evolution of background fields, a unit vector is
introduced and symbolized as 4'. The directions in field space that are
perpendicular to this vector are encompassed by

§U =Gl — 616 (1.21)

As a result, the perturbations Q' can be broken down into two distinct
components. The first component is aligned with the direction of motion of the
background fields, commonly referred to as the adiabatic direction. The
second component is orthogonal to the motion of the background fields,
known as the isocurvature directions. This breakdown can be expressed as
follows:

Q, = 6,Q", 5s' = §/Q/ (1.22)

The definition for the gauge-invariant curvature perturbation, marked as R, ,is
as follows:

_ H
(p+p)

R, =9 5q (1.23)

page 12 of 43



The symbols p and p in the given context represent the energy density and
pressure of the background order, respectively. The perturbed fluid's
momentum flux is denoted by §q, which is given by T = 9,8q. By utilizing the
format of the action as presented in Equation (1.8), it can be proved that:

Re =50 (1.24)

The initial curvatures of space, known as R.(x), are responsible for causing
temperature differences in the cosmic microwave background (CMB). When
photons move from areas of space with a greater-than-average gravitational
potential, they must expend more energy to climb out of the potential well,
leading to a slight redshift. Conversely, photons originating from areas with
less-than-average gravitational potential experience a lesser redshift. Thus, the
statistical characteristics of the small temperature variances in the CMB serve
as a snapshot of the primary non-uniformities, which in turn, help to restrict
models of early-universe expansion.

A critical observation to note is that the connection between Q, and §s’ is only
present when there are changes in the field space of the background fields. As
a result, characteristics like non-Gaussianities and isocurvature perturbations
can be amplified in multifield models when the turn-rate, w/, is not zero during
the latter stages of inflation (usually within the last 60 efolds of inflation). The
covariant turn-rate can be precisely defined as:

w!' = D,6! (1.25)

In models that incorporate multiple fields, it is not mandatory for the turn-rate
w' to remain at a small value while inflation is occurring. As a result, there is a

possibility for the magnification of certain features that may not be discernible
in the cosmic microwave background (CMB).

Starting with an analysis of the limit w! — 0, we observe that the perturbations
Q, and s’ remain uncoupled. In this situation, the effective masses of the
perturbations can be expressed as follows:

My, = 6,6/ M}, My, = 5,/ M) (1.26)

When the values of | M|, | M| < H?, , any perturbation will experience
changes during the inflation process as a nearly weightless scalar field in a
(quasi-) de Sitter space. As a result, we can assume that each perturbation will
grow to an amplitude that is roughly equal to:
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Py = (Z)Z (1.27)

The power spectrum, denoted as P, = (2m)?k3|Q,|*. We have evaluated this
formula for modes that are approximately at the Hubble scale, or k =~ aH. In
the same vein, we have also assessed Ps, which is the power spectrum that is
linked to the conventionally normalized isocurvature perturbations S’ =
(H/6)6s!. This is accomplished by utilizing Egs. (1.16) and (1.24), as well as
the standard definition of the slow-roll parameter. The resulting calculations
are as follows:

] (1.28)

Thus, it is foreseeable that an abundance of perturbations in curvature will
occur throughout the inflationary process. The exact amplitude of these
perturbations can be estimated as:

1 H

Pr =52 (—)2 (1.29)

ple 2T

and similarly, for Ps.

During the inflationary epoch, the fields ¢!(t) that form the background
undergo gradual changes, which leads to variations in both H(t) and €(t). As a
result, when modes of differing comoving wavenumbers k cross outside the
Hubble radius, where k = aH, they do so with small differences in amplitude,
represented by, Py (k). By carrying out additional analysis, it is possible to
determine the spectral tilt of the curvature perturbations.

oin 7g _

n=1+ ok 1 — 6€ + 2144 (1.30)

— 2 Mgq
Where n,, = My, >

The €, parameter serves as a generalization for slow-roll motion in the
adiabatic direction. In the event where w’ — 0, the amplitude and spectral tilt
of primordial curvature perturbations in multifield models bear resemblance
to those in single-field models, with one crucial deviation. If | M| < H?, then
multifield models may amplify a significant fraction of isocurvature modes,
which results in a B, (k) = Ps(k)/[Pr (k) + Ps(k)] ~ O(1) at pertinent
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wavenumbers k. This amplification may be inconsistent with current
observations.

When the fields turn in field space during inflation w’ # 0, significant
deviations from the single-field case can occur. This can trigger a power
transfer from the isocurvature to the adiabatic modes, which can affect the
amplitude and tilt of Py (k). The transfer function Tg¢(t,, t) relates the power
spectrum at a specific time, such as 50 or 60 efolds before the end of inflation
(t_*), to its value at a later time (t).

Pr(k) = Prk)[1+ Tgs(t., O],
OTRs

1 .
ng =n.(t,) + = (0_t*) sin (24),

where A = arccos (TRS/,/ 1+ TRZS).

If the transfer of power between the isocurvature and adiabatic modes is even
slightly modest, multifield models could potentially deviate from their
agreement with the most recent, high-precision measurements of variables
such as n,. Additionally, due to the scale-dependent nature of Tg;, these
processes couple modes of different wave numbers, k, and thus magnify non-
Gaussianities, resulting in the coefficient of the bispectrum, f,, being much
greater than the standard O(1).

(1.31)

When viewed through the Einstein frame, the anisotropic pressure of
perturbations is of little significance at the primary order meaning

(1'[]é [ Tji ~ Ofori # j ). As aresult, the evolution of tensor perturbations h;; is
akin to that of single-field models. This also means that the power spectrum
around the pivot scale k_* follows the equation P =~ 128(H2/M§1). This
prediction leads to a calculation of the tensor-to-scalar ratio, r.

Pr _ _16€
Pr [1+TEs]

r= (1.32)

When there is a significant transfer of power from isocurvature to adiabatic
modes, the predictions for r, much like the cases of n; and fy;, can deviate
significantly from the typical predictions for a single field.
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2 Conformal Transformations Involving Multiple
Scalar Fields

There are numerous models that are intriguing, which include scalar fields
that possess nonminimal couplings to the Ricci curvature scalar of spacetime.
It is commonly understood that if a solitary scalar field is subjected to
nonminimal coupling, a conformal transformation can be implemented to
establish a new frame. In this new frame, both the gravitational aspect of the
Lagrangian and the kinetic aspect of the rescaled field take on a canonical
form. Our investigation centers around determining the conditions under
which it is possible to render the Lagrangian's gravitational and kinetic terms
as canonical when dealing with more than one scalar field that exhibits
nonminimal coupling. Although a specific subset of two-field models permits
such a transformation, it is typically not the case for models that involve more
than two scalar fields with nonminimal coupling. In the fields of cosmology
and particle physics, scalar fields that possess nonminimal couplings to the
spacetime Ricci curvature scalar are prevalent. These couplings are widely
applicable, appearing in various contexts such as scalar-tensor theories like
Jordan-Brans-Dicke gravity and induced-gravity models. They also emerge in
low-energy formulations derived from theories with higher dimensions,
including supergravity, string theory, and other Kaluza-Klein models, as well as
in f(R) models of gravity that result from a conformal transformation.
Furthermore, it is well-established that nonminimal couplings are a natural
consequence when addressing the renormalization of scalar fields within
curved spacetime backgrounds. In fact, in many models, the strength of
nonminimal coupling, denoted by &, tends to increase unbounded due to the
influence of renormalization-group flow.

In order to achieve the well-known Einstein-Hilbert form for the gravitational
portion of the Lagrangian, we may utilize a conformal transformation on the
spacetime metric, which is represented as g,,, = §,,- Additionally, we have the
option to modify the scalar field's scale by transforming it from ¢ — ¢. This
involves adjusting the kinetic term for ¢ in the altered Lagrangian to attain a
canonical form. As a result, the system's dynamics within the transformed frame
exhibit behavior similar to that of a scalar field with minimal coupling in
conventional (Einsteinian) gravitational theory.
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Our inquiry delves into the conditions that allow for a combination of conformal
transformation and field rescalings to present both the gravitational and kinetic
terms of a Lagrangian in canonical form. This holds true even when dealing with
multiple non-minimally coupled scalar fields. As non-minimal couplings in
scalar fields are widespread within curved spacetimes and particle physics
models (including extensions to the standard model) often involve various
scalar fields with potential importance in the early universe, it is crucial to grasp
the transformation traits of a diverse range of models.

Upon close examination of the subject, it becomes apparent that only a
particular subset of models, consisting of two scalar fields that are not
minimally coupled, permits the desired transformation. In contrast, models that
involve more than two nonminimally coupled scalar fields usually do not
present this possibility. [t should be highlighted that a conformal transformation
on the metric of spacetime can always be performed to operate within a more
manageable framework. Nevertheless, it is usually not feasible to identify a
transformed framework in which both the gravitational sector and the kinetic
terms of the scalar fields achieve a canonical form.

Within Section 2.1, we take a closer look at the single-field situation, re-
examining the traditional process of transformation and clarifying the notation
used. We then proceed to Section 2.2, where we broaden our analysis to
encompass N scalar fields that possess nonminimal couplings. Within this
section, we differentiate between the scenarios where N equals 2 and when N
is greater than 2. Finally, we present our concluding observations in Section IV.
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2.1. Single Field Case

The Ricci tensor and Ricci curvature scalar are obtained by contracting the
Riemann tensor:

Rllv = RSAV' R = gMVRMv (2-3)

Our analysis will be focused on a spacetime that encompasses D dimensions,
including one for time, and our metric will be characterized by a signature of (-

, +, +, +, +, ...). Our method of adopting the Christoffel symbols is as follows:
The equation represented as

1

F;%v = Egaa[augav + avga,u - ao.g;w] (21)

is a complex mathematical formula. It displays the relationship between
various variables such as g and I, with , v, and A acting as indices. The
equation involves the partial derivatives of g with respect to p and v, as well as
o and A. The formula also includes the metric tensor g and the affine
connection I.

Rl = 0,1 —0,T%, + T TL, — LI (2.2)

To obtain the Ricci tensor and Ricci curvature scalar, it is necessary to contract
the Riemann tensor.

RHV = R;/}Aw R = ngR”V (2-3)

When there is only one field involved, the action can be expressed as follows:
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S=[ dxJ=g[f(®)R -1 9"V, 6V, —V($)] (24)

When dealing with a solitary field, the corresponding operation can be phrased
as follows: The covariant derivatives can be symbolized by V. The assumption
is always made that f(¢) will have a positive value. When discussing minimal
coupling, it is standard to use the representation f(¢) - (161mG,) ™2, where Gp
represents the value of the gravitational constant in D dimensions and is
comparable to Newton's constant. The frame in which f(¢) is not a constant,
as illustrated in Equation (2.4), is typically referred to as the Jordan frame.

In order to simplify our calculations, we will utilize natural units where c and h
both equal 1. The metric tensor g,,,, will be considered dimensionless as a
result. This means that in D dimensions, lengths and times have dimensions of
(mass) )~P,, and the covariant volume element in the action integral, d®x,/—g,
has dimensions of (mass) )~°. The Ricci scalar R(gw) has dimensions of
[(0,9)?] ~ (mass )?. To preserve the integrand's dimensionlessness, the scalar

D-2
field's kinetic term mandates that ¢ exhibit dimensions of [¢] ~ (mass) 2z .

One possible way to add further parameters involves using a (reduced) Planck
mass in D dimensions.

M2 =1L (2.5)

D) = 8rap

When D = 4, My, = M, = 1/,/81G, = 2.43 x 10'8GeV.

There exist a multitude of model lineages that exhibit behavior similar to that
of Eq. (2.4). In these models, the scalar field has a conventional kinetic term,
while the gravitational sector diverges from the Einstein-Hilbert form. One
such example is the nonminimal coupling associated with the renormalization
counterterm, which can be represented as:

f(@) = [M§™2 +¢07] (2.6)
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The variable £ in this context represents the degree of the nonminimal
coupling, whereas M, denotes a certain mass scale. It's worth noting that the
mass scale M, may not be equivalent to Mp,. Assuming the sign conventions of

Eq. (2.6), a field that is conformally coupled is represented by { = —% (D —

2)/(D — 1). If the potential V(¢) of a scalar field includes solutions that break
symmetry by having a non-zero vacuum expectation value v, then the strength
of observed gravity will be Mg)_)z = MP~% + £v2. It's also possible to have

M_0=0, such as in the case of induced-gravity models.

Jordan-Brans-Dicke gravity is a model that is frequently encountered in the
field. Its relevant action is typically expressed through the following statement:

Sigp = | d°x,/=g [®R — £ g#"V, oV, 0] (2.7)

The action can be restructured to resemble the format of Equation (2.4) by
adjusting the field to ® - ¢2/(8w). This reformulation comprises a canonical
kinetic term for ¢ and a nonminimal coupling f(¢) that is comparable to
Equation (2.6), with M, = 0 and £ = 1/(8w).

A transformation known as a conformal transformation can be enacted on the
metric, which is defined in the following manner:

guv = 'Qz(x)guv (2'8)

In our analysis, we regard ((x) as a genuine number, thereby signifying that
Q2(x) is a positive definite quantity. One must acknowledge that this alteration
does not involve any modification of coordinates; the coordinates x* stay
constant in both frames. Rather, what has been accomplished is the
modification of one metric to another, which is contingent on the dimensions
of space and time. In order to differentiate between quantities in the
transformed frame, we will designate them using a caret symbol (*).
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Starting from Eq. (2.8), It is apparent that,

" = s g, =G = 0°(0) =g (29)

When Eq. (2.8) is implemented, the Christoffel symbols and Ricci curvature
scalar can be computed for the transformed frame, leading to the following
outcome:

A 1
5, = T8 +5[85V,Q+ 65V0 — gp, V20,

A 1 2(D-1)
R= E[R—TQ—(D—1)(D—4) (2.10)
x = g"v,0v,0],
where
1
Q=g"v,v,0=—=0, [/—g9* 8,9] (2.11)

It is imperative to clarify whether the derivatives are derived from the initial
metric g,,,, or the transformed metric g,,. This is because the Christoffel
symbols, and therefore the covariant derivatives, are affected by
transformations based on (), following the formula stated in Eq. (2.8).

Through the implementation of equations (2.8) to (2.11), we are enabled to
rephrase the initial expression in the action that concerns R in the subsequent
manner:

[ dx/gf@R= [ d®xLf(g)

2(D-1)

x [0k +X2ma (2.12)
(D-D®-4)
+ 820020 vy, 0v,0)
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Let us analyze each of these terms individually. Starting with the term on the
right-hand side, it undergoes a transformation:

[ a”x/=3|(5)A] (2.13)

In order to obtain the Einstein-Hilbert gravitational action in the transformed
frame, it is possible to acknowledge the following:

2
D-2
Mp)

QP~2(x) =

flg(x)] (2.14)

When integrating the second term on the right-hand side of Equation (2.12)

through parts, one must take note that the = operator that is applied to Q is
defined with respect to the initial metric g,,, not the transformed metric. By
utilizing Equations (2.9), (2.11), and (2.14), the outcome is:

[ dbx =g f B

o (2.15)
=—f d°x,/=g(D - 1)(D — 3)M&32$gﬂvvﬂavvn

It is important to note that x* remains constant when subjected to the
conformal transformation, indicating that 3# = d,. When observing the
covariant derivatives in Eq. (2.15), it is apparent that they only impact scalar
functions. As a result, it can be concluded that VHQ = aun. Hence, Vuﬂ = V#Q.

One way to express the term on the right side of equation (2.12) is:

[ @°x=3(D - DD - 4) (525) 9"'V,07,0

o (2.16)
= [ d°x/=35 (D - (D - HME? 5 §V,07,0

Through the utilization of Equations (2.9) and (2.14) again, we can
reformulate the statement as it appears in Equation (2.16). By bringing
together Equations (2.12), (2.15), and (2.16), and acknowledging a simple
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algebraic correspondence between the coefficients that come before the V#Q
terms, we ultimately reach the following conclusion:

Dy J= S Y o B
J d°x\[-gf @R = [ d°x[-G—
A 1
x[R=(@-1D®-2); (2.17)
x g*v,0v,0]
Incorporating the canonical Einstein-Hilbert term into the action's

gravitational portion has led to the commonly used Einstein frame, which
pertains to the frame aligned with the metric g, .

We will now analyze the alterations that occur in the kinetic and potential
components of the scalar field in the action when the metric shifts from g, -
Juv- This can be stated as follows:

[ dPxJ=g[-1g"V, oV, - V(e)|

R U e e N (2.18)
= [ d®xJ=g |3 5= 0" 0¥, — V]
Within this framework, we present a modified potential, depicted as:
~ 14
V=F (2.19)

Equation (2.4) presents the action in its entirety, which can then be articulated
as follows:

[ d°xJ=g[f(®)R -3 g""V, 4V, — V|
=[ d’x/-g [@R —%(D -1)(D - 2)M8)‘)2é (2.20)

X 9*9,00,0 -1 gv9,69,0 — V|

Equation (2.14) allows for the substitution of f in place of (). As a result, in the
transformed frame, the action can be expressed in the following manner:

MP:2 _
~ | MD) 5 1(D-1) 21 Apvé 2
J dPxy=g [TR T 2(0-2) My f_Zg”VV#fvvf 2.21)

1

— = ME29" 0,00, — V]
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When dealing with a singular field, the approach is to rescale the field as ¢ —

@. This guarantees that the transformed frame's new scalar field retains the
canonical kinetic term. The rescaling is defined as:

o o g M
_Egyvvud)vv(p = _?gyv [vu¢vv¢
2(D-1)1 &

) (2.22)
20,0

+

Assuming a singular field, it is reasonable to presume a direct correlation

between ¢ and ¢. This can be expressed as ¢ being equivalent to ¢ — p(¢),
or:

2= F@) (2.23)

In a scenario where there is only one field, we can represent it as f = f(¢) and
denote its expression in relation to an unidentified function F.

o) = (2)= 285 o)+ 22100 (224)

The action can be formulated by expressing the primes, which represent
derivatives with respect to ¢, in terms of the rescaled field.

[ d°x =g [f(@R -1 g"v,69,0 — V()]

B (2.25)
= | aPx (=g |"E R~ 199,406~ V(4))|

The canonical forms of both the gravitational component and scalar field's
kinetic term are now apparent in the second line's action, resembling the
Einstein-Hilbert form.
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2.2. MULTIFIELD CASE

In the following discussion, we will explore the scenario where there exist
multiple scalar fields, each with its own nonminimal coupling to the Ricci
curvature scalar. These fields will be denoted by Latin indices, specifically ¢¢,
where i ranges from 1 to N to indicate the field space directions. In a spacetime
with D dimensions, the structure of the action within the Jordan frame is as
follows:

J d’x\[—g [f(¢1' w @R — %5ijngu¢iv1/¢j (2.26)
V(@Y ..., dM)]

The process of executing a conformal transformation can be observed as
shown in Equation (8). This involves substituting g,,, = §,, and expressing it
using a conformal factor Q2 (x). In this procedure, the functions Q(x) and f(x),
which are both dependent on x*, are the only factors considered. The
relationship between these functions and the scalar field, ¢(x), is not
considered. As a result, the steps for this transformation remain the same in a
multifield scenario, leading us to the gravitational component of the action in
the new frame.

[ &x/=gf@IR = [ d°xy=F "R 1

(D=1) D2 1 apvd &
(0-2) Mipy* f_zng“fVVf]

(2.27)

X

By utilizing Equation (2.14) to substitute f with (), the kinetic and potential
components of the scalar fields undergo a similar transformation pattern as
demonstrated in Equation (2.18). As a result, the following is obtained:

[ =g [~18,9"V,40,¢) —V(gD)]

_ e (2.28)
= [ dPxyf=§ |- ME659" 90,07 V]

in terms of V as defined in Eq. (2.19).
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By uniting these phrases, we can infer the movement in the modified
perspective.

. 1 . .
[ d°x=g (IR ~;8,0""V, 9V, ~ V|
_ [ apxy=g [ g _10DME g g
= NG| R=3025 2 9" WVf (2.29)

M e o
20 51369, 0,90 V]

When dealing with the multifield scenario, where f = f(¢?, ..., "), the
corresponding expression takes the following form:

Vof = (Vo)) f: (2.30)

demonstrates that the vector field f is equal to the product of the covariant
derivative of the vector field ¢! with respect to the index y, and the partial
derivative of f with respect to index i. By utilizing the equation where f; =
df/ d¢', we are able to rephrase the derivative components found in the last
line of Equation (2.29) by means of a metric in the field space, G;;.

MD—Z R . . ) N
f de./—g[ CLR -Gy 9"V, 0,07 =V (2.31)
with
mP=2 _ .\ MmP=2
_ (D) (D-1) M(p)
Gij == 8+ 55 fil (2.32)

One crucial fact to consider is that scalar fields possess dimensions denoted by
[¢] ~ (mass )P~D/2 resulting in [f;] ~ [6¢f] ~ (mass )P=2/2 ~ [¢].

To achieve a field-space metric in the form of G;; — Gij = §;jthrough a
conformal transformation, it is essential that the Riemann tensor created from
the metric is equal to zero (R jki = 0). As the number of nontrivial
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components of the Riemann tensor increases with a growing N, we will
investigate the Ricci curvature scalar derived from the field-space metric,
which is R = GYR* ;; ;. Although it is possible for a metric G;; to exist with R =
0, it doesn't necessarily mean that all components of R' ;; are equal to zero.
It's feasible that R vanishes due to cancellations between various nonzero
terms within the Riemann tensor. However, the opposite isn't true: if R jkt =0,
then R # 0. In other words, R # 0 only if R" ;; # 0. To demonstrate that a
conformal transformation to make Gij = §;; is impossible, we only need to
prove that R # 0, which is our objective.

The Ricci curvature scalar that is associated with the G;; metric is a complex
subject that involves a variety of terms, including f, f;, and f;; = 0*f/ 0Pt ag/.
Our primary focus is on the condition of conformational flatness within the
targeted field space, which remains unchanged under conformal
transformations. To simplify this expression, we can perform a conformal
transformation in the field space, modifying the metric by G;; —» Gl-j = fGy;.
When N is greater than one, the curvature scalar connected to G;; takes on a
specific form:

Ry = % [(D = 2)AT(ffiifia — fif ifia) (2.33)
+2(D = DBYM™(f o f i fr frnn) ]
where
L) =[D-2)f +200 -1, 2] (234)
and
AUkl = [§lgkl — §ikgil], (2.35)

Bijklmn = [é‘ijAklmn + Zé‘ikAjmln]

In the larger scope, every term that includes f and its derivatives is linked to
¢'. To achieve the possibility of a conformal transformation that produces
Gij = 6, it's crucial for R' j;; (and, accordingly, R) to be null throughout all
areas of field space, regardless of the specific ¢! values. This realization
highlights the overall difficulty in discovering such a conformal
transformation. However, it's valuable to examine the properties of ﬁ(N) for
varying N values, specifically N=2 and N>2, as they may diverge.
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It is crucial to acknowledge that if there is only one nonminimally coupled field
among N fields, with the other N-1 fields maintaining minimal coupling, a
combination of conformal transformation and field rescaling can always be
discovered. This combination will produce a new frame in which both the
gravitational and kinetic terms in the action follow canonical format. This
conclusion arises from the arrangement of A¥*!, particularly in instances
where all indices are identical. In these scenarios, the terms nullify, leaving
only those that include derivatives of f(¢*) along a minimum of two directions
in field space.

If £ (¢") relies on a single field, then any term within Ry, and R? ;) will
disappear. This holds true for the entirety of R y,. As such, multifield models
that only feature one nonminimally coupled field function similarly to
conventional single-field structures. However, a significant difference arises in
the form of new interactions between the scalar potential V(¢*) and both the
nonminimally and minimally coupled fields. This is due to the scaling of

1772y (. (2.36).

V-V =07"V=[2f(¢)/ M
Our focus now shifts to the scenario where several fields are subjected to
nonminimal couplings.

1. N=2

Upon examination of the scenario where N=2, it is noteworthy that
Equation (34) concerning R undergoes a significant simplification.
The portion of the equation correlated with B¥/¥'™" is rendered null,
leading to the following outcome:

~ 2(0-1)(D-2)
Ry = T ¢) [fo,nf,zz —fif22 — f3fna 2.37)

_zf:lZ(ff:lZ - f:lf:Z)]

Furthermore, when N is equal to 2, we can infer that R’ ki X ﬁ(z),

where there is no summation over repeated indices. To be specific:
=i DD Fifj s
Ry =— (-2 5 @

~ |1, -1 f,JZ- ~

R = [5+ 0-2) £ |7

(2.38)

In cases where N exceeds 2, it is important to note that the relationship
between R}, o« R will not hold.
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We will now analyse a frequently used phrase for f(¢') in cases where N
equals two. The two fields can be labeled as follows: ¢* = ¢ and ¢p2 = y. Asa
result, the nonminimal connections in the action are frequently depicted in the
following manner:

f(@ 1) =3 [ME™2 + &y + &yx?] (2:39)

The strengths of coupling in this standard expression for f, {4 and ¢, are not
required to be identical. In this particular version of f, the derivatives of cross-
term become null, with f,, = f4, = 0, leaving

L )Rz = 2(D-1)(D-2)
X [fo.qbd’f.xx —fofux — f§f¢¢] (2.40)
2(D —1)(D = 2)§4¢, M52

When examining a model featuring two scalar fields, both of which are
nonminimally linked to the curvature of spacetime, it becomes clear that
conformal transformations cannot be used to render both the field responsible
for gravity and the kinetic terms of the scalar fields into a canonical form at the
same time. This means that even within the Einstein frame, the actions of
these fields would not mirror those of models that are truly minimally
coupled.

If N is equal to 2, a conformal transformation can be discovered that can make
both the gravitational and kinetic terms canonical, given that M, = 0,. [t is
noteworthy that in the case of N=2 and M, = 0, the relationship R’ jkm = Ostill
holds, even when {4 # &, This property does not apply to models where N is
greater than 2. Jordan-Brans-Dicke gravity, which has two scalar fields, and
induced-gravity models, where one or both fields have non-zero vacuum
expectation values v;, leading to M(%_)Z =¥, &;v? below the scale of symmetry

breaking, are noteworthy examples.

2.N>2
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When dealing with cases that involve nonminimal coupling and have more
than two variables (N>2), the BU¥'™" term in equation (34) for :fz(N) will not be

zero. This particular term introduces components into if%(N) that are influenced

by the fields ¢! themselves, not just their couplings §;. As a result, models that
include more than two nonminimally coupled scalar fields do not allow for a
conformal transformation capable of producing Gij = §;; in most scenarios.

One example to consider would be the expansion of nonminimal couplings to
N>2, beyond the standard application:

f@h) = [MP72+ 2, (7] (241)

In the case of models falling under this category, where f; = & ¢t (without
summation), and f;; = §;8;; , the Ricci scalar manifests as follows:

(p-1)

o |0 = DM B (8984 — 28%) i
+2 (D—-2+4(0D—-1)%)

X Bjiem [67m8K = L (87K + 58U + 6 — 261 6%)]
X fifjfk(‘ﬁi)z]

jé(,\,) =

(2.42)

When examining the coupling constants &;, there may be a temptation to
investigate combinations that could produce precise nullifications, resulting in
Ry = 0. Yet, when N>2, the correlation R’ j;; o Ry, is no longer applicable.
The comprehensive Riemann tensor comprises various elements, including:

f15f K
L

R e =2(D—1)? R

(fj; = fix) (2.43)
fori #j # k.

Merely requiring ﬁ(N) = 0 is not enough to ensure that these components are
indeed zero. The conditions for their vanishing are more stringent. Specifically,
within the model family containing f(¢?), these terms will only disappear if all
the coupling constants are identical, i.e., if §; = £ for every i. Put differently,
this necessitates the presence of an O(N) symmetry among the N
nonminimally coupled fields. By satisfying this symmetry condition, the
expression for ﬁ(N) can be further simplified.
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~ (D-1)(N-1) _
Ry = W[(D — 2)N§ZMg—? (2.44)

+[D =2+ 4D - DEINV — 2)§3 %; (¢H?]

When the value of N > 2, ﬁ(N) # 0. This means that the Riemann tensor does

not disappear, and it is impossible to achieve a conformal transformation that
would result in G;; = §;;.
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3 Presentation of findings

The fundamental action for a scalar field in a curved spacetime can be
expressed as

§=Sm+8y= [ d'x /=g ["ER—1g"3,$3,0 ~1¢RS?  V()
3.1)

The symbol V(¢) is used here to denote a potential for ¢ that is not dependent
on R. R, in this context, refers to the Ricci scalar curvature, and we maintain a
'mostly minus' or 'west-coast' metric convention (-+++) with a metric signature
of 1. The value of the parameter § determines the level of non-minimal coupling
(NMC) that exists between ¢ and gravity via the Ricci scalar R. When ¢ is set to
0, it corresponds to a scenario of minimal coupling. What inspires the pursuit of
a scalar theory with non-minimal coupling? When it comes to gauge fields and
chiral fermions, their coupling to curvature is entirely bound by gauge and
chiral symmetry, which is not the case for scalar fields. There is no symmetry
that prevents a direct coupling term such as R¢p?, which is comparable to scalar
masses. In fact, the Higgs field in the Standard Model is assumed to have this
coupling. It is a dimension-4 operator that remains consistent with all of the
Standard Model and gravitational symmetries. When considering conformal
field theories, it is crucial to acknowledge that the action for a free scalar field
in a curved spacetime does not possess conformal invariance unless the
parameter & is not equal to zero. In a four-dimensional setting, conformal
invariance necessitates that £ equals one-sixth. This differs from the approach
used to achieve conformal invariance in free vector and fermionic fields.
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4 Discussion and Conclusion

Jordan Framework

The inclusion of a direct link between phi and curvature introduces the
possibility of a tensor-scalar theory that can be defined by its action.

§ = d'xJ=g|"Lf($R~1g" 0,60, — V(9] (4.1)

where we have defined

f@) = ( - @) (4.2)

M3

The equation presented in (4.1) is often referred to as the defining principle of
the Jordan framework, which is believed to be a modified version of a scalar
tensor theory of gravity.

Curvature Transformation Rules

It is possible to locate the subsequent transformation regulations within
spacetime dimensions that are represented by the variable "d".

G = V%G, g* - 2GR, g = det(g,,) > Q724G (4.3)

The conformal transformation of the Ricci scalar, in addition to being four-
dimensional, can be expressed as follows:

R=0*R+6000-65"(3,2)(0,0) =0*R+608In Q-
6g*(9,In Q)(8,In Q)] (4.4)

where we have used Q' @1 Q =@ In Q.
By utilizing the aforementioned transformation rules, the action is

transformed into its new representation, which is dependent on the arbitrary
parameter ().
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§= dx /=gl 2f@®)0*(R+68In 0-65(3,n 0)(@,In )

) ) (4.5)
—20274G 9,4 9,¢ — 7V (¢)]

The Einstein Frame in 4 Dimensions

Within the context of 4-dimensional spacetime, the Einstein frame can be
identified by the presence of the character (), which serves to convert the
coefficient M3R /2 to 1. The only factor that exerts any dimensional influence is
the transformation of g. The establishment of the Einstein frame in d
spacetime dimensions is determined by the following condition: f(¢)Q?~¢ =
1. In the case of 4 dimensions, this condition can be expressed as:

0 =f() (4.6)

. 1 1 1
which meansIn Q = Eln fandd,In Q= Eaﬂln f= Eaﬂf. In the context of 4

dimensions and the Einstein frame, we arrive at the conclusion that

Sp = J d*x=F[LER - L MEGH(3,1) @) — 29 0,6 0,6 — LV (@)]
(4.7)

After eliminating a total derivative term of # x@ In Q, we are left with an
equation that involves only ¢ derivatives.

~ p e ~
Sp= [ d*x /=g [SER-3K2(NF 9, 0,6 — V(9] (48)
with
20\ _ FH6E-F) _ 1+E(6§-1)p?/MB
Kf)y=—p—= (zor/ D) (4.9)

By introducing a non-minimal kinetic term for a scalar degree of freedom, we
can have Einstein gravity alongside it. This leads to the definition of ¢ as
follows:

Ko, =0, = dp =Kd (4.10)
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Assuming the total differential to be d¢ = (6u¢)dx”, we can construct an
action that has a canonically normalized kinetic term for ¢.

~ poy 2 ~ ~ ~ ~ ~ ~
Sy =1 d*xJ=G["LR-15"" 0,4 0,6 - V($)] (4.11)
where V(@) is implicitly defined in terms of ¢ as

V(p) =—2L8 4.12
@) (1-¢92/M3) (*12)

The standard Klein-Gordon equation is satisfied by the field in the Einstein
frame.

B¢ - 5% ==0,(/=3" 9,8) ~ 35= 0 (4.13)

It is indeed possible to find a precise analytical solution for ¢ by utilizing ¢ (up
to an integration constant).

Mi V6tanh~1 |—22p /Qsmh 1 [ /65 154) (4.14)
[5+(6-3)502 /M3

Reversing this formula poses a challenge. The tanh™! function experiences a
divergence as it approaches an argument of 1. This divergence occurs when
the ratio of & times ¢ squared to the Planck mass squared approaches 1. A few
noteworthy limits include:

e & =0:Inthis case, we simply have ¢ = ¢ as the ] and E frames are
equivalent.

e ¢ =1/6:In this case, we have

¢ = V6Mptanh (ELMP) = V(@) = V(p(@)cosh* ()

(4.15)
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o &P?/ME > 1:Inthis case, we get
N .
¢ = T’;exp (\/ELMP) (4.16)

If the equation for the scalar potential V(¢) = A(¢p? — v2)?/4, then it leads to
the possibility of Higgs inflation in the EF.

In future research, it would be intriguing to examine this framework. However,
due to the challenges associated with inverting this formula as well as the
possibility of singular points, it is also noteworthy to explore the theory in the
Jordan frame.

Non-minimally Coupled Scalars in the Jordan Frame

In the most comprehensive manner possible, we examine the influence of
gravity on a scalar field ¢ that has been coupled to it.

Sy =Seu+Sy=J d*xJ=g["ER~1g" 3,00, ~ 2ER$? ~V($) + L]
(4.17)

We will be examining a flat Friedmann-Robertson-Walker (FRW) universe,
which can be described by a metric that is general in nature but remains flat in
shape. This metric is known as the "a-time" metric.

ds? = —a(n)**dn* + a(n)?6;;dx'dx’ (4.18)
so we have ,/—g = a(n)3** and the Ricci scalar is

6 6

=t -0 ()] -l o] (419

In this context, the use of primes denotes differentiation with regard to the a-
time variable 1. Additionally, the a-time Hubble rate H = a'/a is represented
by H. This is connected to the physical Hubble rate H = a/a through the
following relationship:
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H = Hj—; = Ha® (4.20)

where dots indicate derivatives w.r.t to cosmic time t.
Some familiar examples of a-time choices

e a = 0:Real or cosmic time
e a = 1:Conformal time

In order to delve into this particular theory, it is imperative to possess both the
equations of motion for the scalar field and the gravitational equations of
motion- commonly referred to as the Friedmann equations.

Equation of Motion for the Non-minimally Coupled Scalar Field

To derive the equation of motion for ¢, one must find the variation of §4 with
respect to ¢. This analysis yields the Euler-Lagrange equation.

oL oL
%, (V=9 a(a:;)) V=955 =0
- =0.(/-99" 0,¢) + R+ 72 =0, (4.21)
¢ —¢Rp 22 =0,

where B= g"'V,V,,, which for scalars is equivalent to & ¢ =

(_g)_l/z au(\/__gglw av¢)

When we write out the equation of motion for our metric in relation to a-time,
we arrive at the following result.

¢Il + (3 _ a)%,qb' _ a—Z(l—d)v2¢ — _a20£ (€R¢ + Z_;) (422)

Energy-momentum tensor for the NMC scalar

The energy momentum tensor for ¢ is defined as
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¢ _ __2 5(=gLy) _ 8Ly
T = T g gty —2 sghv + 9wl

(4.27)

The result for the energy-momentum tensor is

Ty?/ = au¢ av¢ ~— Y (%gpa apd) aa¢ + V(d))) + f(le + Iuv _Vuvv)d)z

minimally coupled non-minimally coupled

(4.28)

where we have used B= V°V;= gP?V, V. It should be noted that the NMC
coupled component includes elements that incorporate curvature terms.

page 38 of 43



5 Acknowledgement

[ acknowledge the support from the ICTP.

page 39 of 43



6 Appendix A

curvature perturbation correlator

Our goal is to determine the correlation that exists between two points of the
curvature perturbation. To begin with, we examine the Fourier components of
the curvature perturbation, which are complex numbers that represent
intricate functions.

g =al)=[ a)erd3y (6.1)

The two-point correlator in momentum space is

(way) = f dPyd®y (@y)a(y e+
=f dyd?y (a)ay)e ) Vel ')

= 2n)3s® U+ 1) f 3y (a()a(y))el '~ (6.2)
where L-y+1U -y ={+1U')-y+ - (¥ —y) and the definition of the Dirac
delta function in three dimensions is

1
(2m)3

5@ (q) = [ elrd3y (6.3)

with ¢ = L + I'. Because of the invariance of translation, we can make x=0.
After that, the following information is provided:

(may) = 2m)36@ A+ )P, (6.4)
where we have defined
P, () =P, (D) = [ dy{a(0)a(y))e” (6.5)

We employed the following strategy to demonstrate the invariance of rotation,
which led to the definition of k as [ = |l|. We also eliminated the initials:

!

y =)y
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we can also locate the two-point temporal associate.

1

a(y) = Wf ae” Y a3l (6.6)

1 i .0
(a(a(y)) =@ f d3ld31 (ayalye~{Ly+y")

1
- (2n)3

f AP35 (L + V)P, (e~ (ty+1'")

=G f d31P,(De~ () (6.7)

where l-y+1U' -y =+1U)-y—=U-(y—y')andEq. (7.3) withq=1+1'.
Setting y' = y we get

1

(@) =g [ PO =[] P(DT (6:8)

and we've characterized the range of the bend in the spectrum as

Pel) = 35 PD) (6:9)
Thus,
(way) = 2n)* 6@+ 1) 2P, (1) (6.10)

By examining equation (7.1), we come across a crucial fact: o = a_;, which
serves as the only link between the various Fourier components of the
curvature field. Consequently, the perturbations of the field of curvature at any
given point x can be expressed as an infinite sum of uncorrelated random
variables. Therefore, statistical analysis shows that the probability of a(y) is
distributed around the mean. Ultimately, this is the condition that we
encounter.
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(la|?) = {maf) = {may) = 2n)*6P ()P, D) = R () = Zligz?a(l) (6-11)

Under Gaussian statistics, it is a proven fact that all odd-order higher
correlators are unequivocally zero. Nevertheless, the idea that the curvature
perturbation's statistics may be somewhat non-Gaussian is considered. To
investigate the extent of non-Gaussianity, the three-point correlator is
examined and expressed as:

(e, e, 1) = @21)*6P Uy + 1 + 13)Be (U, o, 1) (6.12)
where B, (l;, 1,,13) is the bispectrum and is quantified as

B, (ly, 1y, l5) = SfNL(ll. Ly, L) [P (1) P (1) + P (L) P (L) +
P (L3)P (1)) (6.13)

The non-linearity parameter, denoted as fy, is a quantity that relies on the
arrangement of the 1, l,, and I; momentum vectors. The stringent
observational limitations placed on fy;, validate the highly Gaussian nature of
the curvature perturbation. In fact, these constraints are so rigorous that fy; is
limited almost to the point of observability.
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