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Abstract

Let (R, +) be the additive group of real numbers. The collection P(R) of all subsets
of R can be decomposed into two disjoint subfamilies, namely, the family £(R) of all
Lebesgue measurable subsets of R and the family £¢(R) of all non-Lebesgue measurable
subsets of R. The algebraic structure, from the set-theoretical point of view, of the
family £(R) is well known. On the other hand, the family £°(R) does not have a
well-defined structure from the set-theoretic point of view. In this thesis, we construct
subfamilies of the collection £¢(R), having an algebraic structure of being semigroups of
sets. These semigroups are constructed by using the two classical examples of sets that
are not measurable in the Lebesgue sense: Vitali selectors of R and Bernstein subsets of
R. In particular, we show that the family (S(B) VS(V)) * Ny := {((U1 UUy) \ N)U M :
U € §B),Uy € S(V),N,M € Ny} is a semigroup of sets, which is invariant under
translations, and consists of sets which are not measurable in the Lebesgue sense. Here,
S(B) is the collection of all finite unions of some type of Bernstein subsets of R; S(V)
is the collection of all finite unions of Vitali selectors of R; and N is the o-ideal of all

subsets of R having the Lebesgue measure.
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Chapter 1

General introduction

This chapter discusses the thesis’s introduction, problem statement, research objectives,

motivation and research methodology as well as the structure of this thesis.

1.1 Introduction

In mathematical analysis, a measure on a set is a systematic way to assign a number
to each suitable subset of that set, intuitively interpreted as its size. In this sense, a

measure is a generalization of the concepts of length, area, and volume.

One of the most important measures that are frequently used in mathematics is the
Lebesgue measure. The Lebesgue measure, named after the French mathematician
Henri Lebesgue, is the standard way of assigning a measure to subsets of n-dimensional
Euclidean space R",n > 1. For n = 1,2, or 3 the Lebesgue measure coincides with the
standard measure of length, area, or volume. In general, it is also called n-dimensional
volume, n-volume, or simply volume [5]. The Lebesgue measure is used throughout
real analysis, in particular, to define Lebesgue integration. The Lebesgue measure is
important for measure theory and the theory of integrals. The sets that can be assigned

a Lebesgue measure are called Lebesgue-measurable sets.

Let P(R) be the family of all subsets of R. An element A of P(R) is said to be Lebesgue
measurable if for any £ C R, the following equality holds [5], [4]:

pr(E) =p (ENA)+p (E\ A) where,
p(A) =inf {>°°  ((I,) : £(I) is the length of the interval , I,, are open intervals, A C |J)~, I,,}

1



is the Lebesgue outer measure of A. Standard subsets of R have a well-defined Lebesgue
measure. This implies that the family £(R) of all Lebesgue measurable subsets of R
is rich enough. In particular, this family is closed under all basic set operations, it is
a o— algebra of sets, and it is invariant under translations. The latter means that if
A€ L(R) and t € R then the set A+t :={a+1t:a € A} is also an element of L(R)
and p(A) = u(A +t). Let us point out that the standard sets that we meet in our

everyday life are all Lebesgue measurable.

1.2 Problem statement

Even if the family £(R) of all Lebesgue measurable subsets of R is rich enough, it
doesn’t contain every element of P(R). This means that there exist subsets of R that
are not measurable in the Lebesgue sense [§]. Two important examples of subsets of R
that are not measurable in the Lebesgue sense are Vitali selectors and Bernstein sets [6],
[10]. Accordingly, the family P(R) can be written as a disjoint union of two non-empty
families £(R) and its complement £¢(R). That is, P(R) = L(R) U L(R), where L¢(R

is the family of all subsets of R that are not measurable in the Lebesgue sense.

The algebraic structure of the family £(R), from the set-theoretical point of view, is
well known. Indeed, L£(R) is a o-algebra of sets. This means that both () and R are
elements of L(R); if A € L(R) then the complement R\ A of A in R is also in £(R); and
if Ay, As,--- is a collection of elements in £(IR) then the union | J;°, A4; is also in L(R).
Hence, family £(R) is closed under the operation of taking the complement, and it is
closed under countable unions of sets [4] and [5]. As a consequence, the family L(R) is
closed under all basic set operations, and in particular, finite union (resp. intersection,
difference, symmetric difference) of elements in £(R) produces again elements of L(R).
Apart from being closed under all basic set operation, the family £(R) is invariant
under translations of R. This means that if A € L(R) and ¢t € R then A+t is an
element of £(R) and the sets A and A + ¢ have the same Lebesgue measure.

Unlike £(R), the family £¢(R) does not have a good structure from the set-theoretic
point of view. Indeed, if A and B are elements of £(R) then the union AU B can
be inside or outside of £L°(R). In a similar way, if A and B are two elements of L°(R)
then the intersection AN B, the difference A\ B, and the symmetric difference AAB
can be inside or outside of the family £¢(R). This implies that the family £¢(R) is not
closed under all basic set operations, and hence the family cannot be an algebra of sets.

However, like the family £(R), the family £°(R) is invariant under translation; that is,



if A is an element of £°(R) then the set A+t is also an element of £L¢(R) for any given

real number ¢.

In this thesis, we are mainly interested in the following question:

Question 1.2.1: Could we find in the family £¢(R) subfamilies rich enough and which

have some algebraic structures from the set-theoretic point of view?

Question is related to the questions treated in [I3] and [15], where the authors
were looking for subfamilies of £¢(R) containing the collection of all Vitali selections of

R and having some algebraic structures from the set-theoretic point of view.

To answer this question, we consider the family of all Vitali selectors of R and the family
of some type of Bernstein sets of R, and then we construct subfamilies of £¢(R) having
an algebraic structure of semigroups of sets. In addition, the constructed families are

invariant under the group ®(R) of all translations of R into itself.

1.3 Objectives

The main objective of this thesis is to construct new families of sets on R having an
algebraic structure from the set-theoretic point of view and for which each element is

not measurable in the Lebesgue sense.

The specific objectives are the following:
1. To construct semigroups of sets on R for which each element is not measurable in
the Lebesgue sense, by using Vitali selectors of R.

2. To construct semigroups of sets on R for which each element is not measurable in

the Lebesgue sense, by using Bernstein subsets of R.

3. To construct semigroups of sets on R for which each element is not measurable in

the Lebesgue sense, by using both Vitali selectors and Bernstein subsets of R.

1.4 Motivation

This thesis explores the existence of certain sets on the real line that challenge our

intuitive ideas about what can be measured. The two sets that are considered are



Vitali selectors and Bernstein sets of the real line. The Vitali theorem states the
existence of Vitali selectors proved in 1905 by Giuseppe Vitali by using the Axiom
of Choice, while Bernstein sets were constructed by Felix Bernstein in 1908 by using
the method of transfinite induction. Many years have passed since these remarkable
sets were constructed but they remain of living interest in Mathematics. They have
stimulated further development of many branches of mathematics such as the paradoxical
decomposition of simple sets in Euclidean spaces, the theory of large cardinals, the theory
of invariant extensions of invariant measures, etc. Therefore, it is very important to
study the algebraic structures of these two mathematical concepts that have contradicted

the human natural intuition of measurability.

1.5 Research methodology

To achieve the objectives of this thesis, we followed a structured approach. We began
by defining the problem under investigation and conducting a comprehensive review
of relevant literature, including research articles and books on similar topics. We
were focusing on non-Lebesgue-measurable sets on the real line; these are sets that
cannot be measured using the conventional Lebesgue measure, as referenced in [6].
These sets predominantly arise under the assumption of the Axiom of Choice; a
foundational principle in set theory that allows for the selection of elements from an
infinite collection of sets, leading to the construction of sets with properties that defy

standard measurability.

The existence of such non-measurable sets underscores the inherent challenges and
limitations within measure theory, highlighting the importance of understanding these
constraints for our research. To fully appreciate the scope and limitations of measure
theory, we delved into specific non-measurable sets, such as Vitali selections and
Bernstein sets, as cited in [8] 9.

Starting from the notion of non-Lebesgue measurable sets, as described in [I, the
thesis investigates different algebraic structures that can be built from non-Lebesgue-
measurable subsets of the real line. As mentioned in the literature [I5], the study
concentrates on the semigroups of Vitali sets. It then develops a theory of semigroups
and ideals of sets, bringing in new ideas that were not touched upon before. We then
apply this established theory to Bernstein sets of the real numbers and to Vitali selectors.
The final step involves constructing semigroups of sets by combining Vitali sets with

Bernstein sets, ensuring that the resulting families are non-measurable and possess



desirable algebraic properties, such as being closed under union and invariant under

translations.

1.6 Thesis structure

The first chapter begins with an overview of the Lebesgue measure. Then the chapter
develops the problem under consideration and the objectives of the thesis, together
with the structure of the thesis.

The second chapter is devoted to the concepts of algebraic structures that are used in
set theory. We consider mostly the concept of a semigroup, rings, and algebra of sets.
We present different ways of showing how ideals of sets can be used in extending given

semigroups of sets.

The third chapter deals with the theory related to the Lebesgue measure on the real
line. The construction of the Lebesgue measure by using the Lebesgue outer measure,

and the properties of the Lebesgue measure are mostly discussed.

The fourth chapter is concerned with non-Lebesgue measurable subsets of the real line.
Two classical examples of such sets are constructed, namely, the Vitali selectors and
Bernstein sets. Vitali selectors are constructed under the assumption of the Axiom of

Choice, while Bernstein sets are constructed by using the transfinite recursion.

The fifth chapter, which is the core part of the thesis, discusses different examples of
families for which each element is not measurable in the Lebesgue sense. Those families
are constructed by using Vitali selectors and Bernstein subsets of the real line together
with the o-ideal of all Lebesgue measurable subsets of the real line having Lebesgue

measure zero.

The thesis ends with a conclusion and a list of recommendations that can be taken into

consideration for further studies in the same direction.



Chapter 2

Basic algebraic structures in set

theory

The purpose of this chapter is to introduce basic algebraic structures; from the set
theoretic point of view, which will be used in the sequel. We mainly consider the concept
of rings of sets, algebra of sets, semigroups of sets, and ideal of sets. We further study

the behavior of semigroups of sets under different binary operations between them.

2.1 Rings and algebra of sets

This section will provide a basic introduction to the families of sets having algebraic
properties. A family of sets is any set whose constituents are also sets. Set families are
denoted by capital script letters, such as A, B,C and so forth. For more information,

we suggest to read these references [2] and [5].
For a non-empty set X, let P(X) be the family of all subsets of X.

Definition 2.1.1: A non-empty family R C P(X) of sets is called a ring of sets on X
if AAB € R and AN B € R whenever A € R and B € R.

Since AUB = (AAB)A(ANB) and A\ B = AA(AN B), we have also AU B € R and
A\ B € R whenever A € R and B € R. Thus a ring of sets is a family of sets that is
closed under the operations of taking symmetries, unions, intersections, and differences.

In addition a ring of sets must contain the empty set (), since A\ A = ().



Definition 2.1.2: Let A C P(X) be ring of sets on X. If X € A, the family A is

called an algebra of sets on X.

According to this definition, a ring of sets is an algebra if and only if it is closed under

complement.

Example 2.1.3: (i) The family of all finite subsets of X is a ring on X but not an

algebra on X unless X is finite.

(ii) Let R be the set of real numbers. The family of all bounded subsets of R is a ring

on R but not an algebra.

Definition 2.1.4: (a) A ring R C P(X) is called a o-ring of sets on X if it is closed
under countable unions, i.e. it contains the union S = ;- ; A,, whenever it contains
the sets Ay, Ay, - - -

(b) A o-ring A C P(X) is called a o-algebra of sets on X if X € A. From the De
Morgan formula (7, A, = X \ U, —, (X \ 4,), it follows that each o-algebra is also
closed under countable intersection of sets. Note that a g-algebra can be defined as

an algebra closed under countable unions.

Example 2.1.5: For an arbitrary set Z, the family of all countable subsets of Z is a

o-ring. It will be a o-algebra if Z is countable.

Definition 2.1.6: Let A C P(X). The smallest o-algebra of sets on X containing .4
is called the o-algebra generated by the family A.

2.1.1 Semigroups and ideal of sets

Families of sets, like algebras or rings of sets, are of fundamental importance in
mathematics. In this section, we are mostly interested in other mathematical objects

called semigroups and ideals of sets.

Definition 2.1.7: A non-empty set S is called a semigroup if there is a binary operation
*x: 8§ x 8§ — S for which the associativity law is satisfied, i.e. the equality (z *y)* z =
x* (y x z) holds for all z,y,z € S. The semigroup S is called abelian if x xy = yx x for
all z,y € S.



Consider a family of sets S C P(X) such that for each pair of elements A, B € § we
have AU B € §. Because the union of sets is both commutative and associative, such
a family of sets will be an abelian semigroup in terms of the union operation. This

observation leads to the definition below.

Definition 2.1.8: A non-empty family of sets S C P(X) is called a semigroup of sets
on X if it is closed under finite unions; that is, if A€ Sand B € S then AUB € S. If

S is closed under countable unions then it is said to be a o-semigroup of sets on X.

It is evident that if S is a semigroup of sets on X with respect to the operation of union
of sets then the collection {X \ S : S € S} of all complements of elements of S in X, is
closed under finite intersection of sets, and thus, it is a semigroup of sets with respect

to the set-theoretic operation of intersection of sets on X.

Definition 2.1.9: (a) A family Z C P(X) of sets is called an ideal of sets on X, if it

satisfies the following two conditions:

(i) f DeZ and E€Z,then DUFE € T.
(ii) If DeZ and E C D, then FE € T.

(b) If an ideal of sets Z is closed under countable unions, then it is called a o-ideal of

sets on X.

Example 2.1.10: Consider a subset D of a set X. The collection Z(D) ={F : E C D}
of all subset of D is a o-ideal of sets on X. The family Z. of all countable subsets of X
form a o-ideal of sets on X. The family Z; of all finite subsets of X forms an ideal of

sets on X, but not o-ideal of sets, whenever X is infinite.

Example 2.1.11 ([13]): If A C P(X) is a non-empty family of sets, consider the
collection S(A) = {UJ_, 4; : A; € A,n € N} of all finite unions of elements of A and
consider the collection Z(A) = {B € P(X) such that thereis A € S(A) : B € A}. It
is clear that family S(.A) is a semigroup of sets, while the collection Z(.A) is an ideal of
sets on X. The family S(.A) is called the semigroup of sets generated by A while Z(.A)
is called the ideal of sets generated by A. Evidently the inclusions S(A) C Z(A) and
A C S(A) hold. If A is a semigroup of sets then we get the equality S(A) = A.

Remark 2.1.1: Using the definition of a semigroup of sets, we can redefine the concept
of an ideal of sets in the following manner: A non-empty family Z C P(X) is an ideal
of sets on X if and only if it is a semigroup of sets on X, and if A € Z and B C A, then
BeT.



Proposition 2.1.12 ([19]): The family S(A) is a semigroup of sets on X and the
family Z(.A) is an ideal of sets on X.

For further development on semigroups, we consider the following two binary operations
between families of sets, as they were introduced in [I1]. Namely, if A and B are
subfamilies of P(X), we consider: AVB ={AUB: A€ A B¢c B} and AxB =
{(A\ B1)UBsy: A€ A; By, By € B}, where %, V, U and \ are the usual set operations

of junction, conjunction, union and difference of sets, respectively.

For the defined operations, we observe the following: Since the union is a commutative
operation, it follows that AV B = BV A. From the fact that AUB =(A\ B)UB =
(B\ A)U A, it follows that AVB C AxBand AVEB C Bx A

Remark 2.1.2: One can observe that the binary operation V is both commutative
and associative. However, the operation % is not associative nor commutative, as it is

illustrated in the following example.

Example 2.1.13: Let F' and G be two non-empty subsets of X such that F C G.
Consider the families of sets F = {0, F},G = {G}, and C = {0, X}. Then we have
F*xG={G} while G« F = {G,G\ F}. It is clear also that (F xG) «C = {0,G, X}
while F (G *C) = {0, F,G, X }.

It is clear that if A, B,C and D are families of sets on X such that A C B,C C D then
AV C C BV D. For any family of sets A on X, the inclusion A C AV A always
hold. If A is a semigroup of sets on X, then AV A = A. The inclusion A C AV B
and B C AV B do not need to hold for any families A and B with or without the
assumption of being semigroups. If §; and Sy are semigroups of sets; then the union

S1 U S, does not need to be a semigroups of sets, however the following lemma holds.

Lemma 2.1.14: If S§; and S, are semigroups of sets on X, then the family S; V Ss is

also a semigroup of sets on X.

Proof. Assume that U; € §;VS; and Uy € §;VS;y. Then Uy = AjUA, and Uy = BiUB,
for some Ay, By € 8§ and Ay, By € Sy, Note that A1 UB; € §; and Ay, U By € Ss as
S and S, are semigroups of sets. It follows that Uy UUy = (A3 U Ay) U (B U By) =
(A1 U B;) U (As U By) is an element of §; V Sy O



If A and B are families of sets on X then, the equality S(A) US(B) = S(A U B) does
not need to hold. This means that, the union of the semigroups generated by a given
families of sets is not always equal to the semigroups generated by the union of a given

family of sets.

Example 2.1.15: On the set X = {a,b,c,d}, let A = {a,b},B = {b,¢} and D =
{¢,d}, and consider the families A = {A} and B = {B,D}. Note that AU B =
{A,B,D}, S(A) = A and S(B) = {B,D,B U D}. It is clear that S(A) US(B) =
{A,B,D,B U D} while S(AUB) = {A,B,D,AUB,AUD,BUD,AUBUD} =
{A,B,D,AUB,BUD,X}. Since AVB={AUB,AUD} ={AU B, X}, we further
remark that S(A)VS(B) =S(AVB)={AUB,AUD,AUBUD} ={AUB,X}.

Lemma 2.1.16: If A and B are non-empty families of sets on X then the equality
S(AV B) =S8(A) v S(B) always holds.

Proof. Assume that Y € S(AVB). ThenY = |J_, Y; where Y; € AVB, ie. Y; = A,UB;
with A; € A, B; € Band n € N. Hence Y =, (4, UB;) = (U, 4) U (U, B)).
Put A=, A; and B =J;_ | B;. It is clear that A € S(A) and B € S(B), and hence
Y € S(A) vV S(B) implying that S(AV B) C S(A) v S(B).

Assume that Y € §(A) VS(B). Then Y = AU B where A € §(A) and B € §(B), i.e.
that A =J;_, 4; and B = J;", B; where A; € A and B; € B for some n and m in N.

We will have two cases to consider:

e Ifn=mthenY =J, (A;UB;) and hence Y € S(AV B).

e If n # m, without loosing generality, assume that n < m. We can write Y =

U, (4 UB) U (U, Bi). Fori=n+1,n+2,---,m, put A; = Ay, where k
is some fixed integer in the set {1,2,---,n}. It follows that Y = [J._, (4; U B;)] U
[U;in+1(Ai U Bz)} = U:’il (Az U Bz) Since Az U BZ c A V B for i = ]., 2, e, MM, it

follows that Y € S(AV B), and thus S(A) vV S(B) C S(AV B). O

2.1.2 Operations between semigroups and ideal of sets

In this section, we consider different mathematical operations between semigroups of
sets and ideals of sets. In particular, we present a way of extending a given semigroup

of sets by using an ideal of sets.

10



Proposition 2.1.17 ([I4]): Let S be a semigroup of sets on X and let Z be an ideal

of sets on X. Then the families Z xS and S * Z are semigroups of sets on X such that
SCI*xSCS*ZT. Moreover,Zx(Z*xS)=Z*xSand (S*xZ)+xZ=8x*7T.

The following corollary presents a way of extending a given ideal of sets by using two

existing ideals of sets.

Corollary 2.1.18 ([19]): Let Z;,Z, be two ideals of sets on the same set X. Then
the family Z; = Z5 is an ideal of sets on X such that Z; C 7, « Ty = Ty x 7y, = 7, UL, for
i=1,2.

The following example, shows that if S is a semigroup of sets and Z is an ideal of sets

on the same set X, the family S * Z does not need to be an ideal of sets.

Example 2.1.19: Let X = {3,2},D = {X},E = {3},C = {2},D = {D},£ = {E}.
Note that S(D) = {D},S(€) = {E},\Z(€) = {0, E},S(D) « Z(€) = {D,C} and
Z(E) « S(D) = {D}. It follows that if S is a semigroup of sets and an ideal of sets on
X then the equality S *Z = Z xS and the inclusion Z C Z C § % Z do not need to hold.
In addition, the family S * Z does not need to be an ideal of sets on X.

Lemma [2.1.16] is generalized by the following preposition, for any finite collection of
families of sets.

Proposition 2.1.20: Let A; be a non-empty family of sets on X, wherei =1,2,--- ,n,
for some n € N then we have S(\/_, A;) = Vi, S(A4,).

It follows from Lemma and Lemma that if S; and S, are semigroup of sets
then the families (S; VSs)*Z and Z*(S; VS,) are semigroups of sets for any ideal of sets
7 on X. However, no one of the inclusions S; *Z C (§;VS&y) *Z, SoxZ C (51 V Sy) % Z,
ITxS CZ*(S1VSy) andZ xSy CTx(S;VSs) need to hold.

Example 2.1.21: Let X be a non-empty set having at least three elements, i.e.
Card(X) > 3, and let A be a non-empty proper subset of X. Let B = X \ A. Consider
S ={A,X}; S = {B, X}. Consider the ideals of sets Z = P(A) and K = P(B). It is
clear that S; V Sy = {X}, and () and A cannot be elements of (S; V S) * Z but ) and
A are elements of S; * Z. Similarly, the collection S, * K contains the elements () and
B, but the family (S; V S;) x K cannot contain () and B. Hence Sy *Z € (81 V Ss) * Z,
and Sy * K € (81 V &y) * K. Further, observe that Z (S V&) = {X} = K% (S VSy).
The semigroup Z * Sy contains the set B and the semigroup I x S; contains the set A.
Hence the T+ Sy € (S1VSs) and K+ S; € K+ (S1VSy).

11



Proposition 2.1.22: Let §; and Sy be the semigroup of sets on X. If 7 is an ideal of
sets on X then the following equalities hold:

(i) (SIVS)*T = (Si*T)V (Ss +T).

Proof. (i) Assume that A € (§; V S2) *Z. Then A = [(S; U S2) \ I] U K where

S1 € 81,5 € Sy and I,K € Z. it is clear that A = (S;\ ) U (S2\ )UK =
(SN UKJU[(S2 \ ) UK] € (S1%I) V (S2 +I).
Assume that A € (§;%Z)V (Sa+Z). Then A=[((S;\ N)UL)U((S2\ P)U R)],
where S; € 81,52 € Ssand N, L, P, R € Z. It follow that A = [(S1 N N¢) U (S2 N P¢)]“U
I =[S1NN)N(SenNP)I°UT = [(SSUN)N(S5UP)]° U I. Furthermore,
we get A = [(SfNSSHU((SENP)U(SSNAN)U(NNP)“UI. Let put J =
(SENP)YU(SSNN)U(NNP) e Z and note that A = [(SfNSSUJ|“UT =
[(SfnSS)nJ Ul =((S1USy)\J)UI. Since S; € 81,5 € S; and J, I € T
then we have A € (§;V &) 7.

(ii) Assume that A € (Z*81)V (ZxSs). Then A = [(I; \ Uy) UWL]U[(L2 \ Uz) U Wy
where I1,1, € Z,U;,W; € §; and Uy, Wy € S,. 1t is clear that A = (I3 \ Uy) U
(IL\U)U(WyUWy) = TU (W, UWs,), where [ = (I; \Uy) U (I2\ Usy). Since I € T
then the set A can be written as A = [\ (W3 U W)U (W1 UW,) € Zx(S;VSy).
Assume that A € Z% (S; VSy). Then A = [I'\ (U; UUs)] U (W; UW;) where I €
I,U1, W, € S and Us, Wy € Ss. Note that A = [(1\ Uz) \ U] U[(I\ U})\ Us] U
(WL UWa) = [(I\Uz) \Up) UWATU [((I \ Uy) \ Uz) UWjy]. Since the sets I\ Uy
and I\ U are elements of I then we have A € (Zx8;) V (Z xS»). O

The following corollary, which may be proven inductively, follows from Proposition
2. 1.22

Corollary 2.1.23: Let §1,S8,,- -+, S, be a finite collection of semigroups of sets on X.
If 7 is an ideal of sets on X then the following equalities hold:

(1) (Vi Si) *Z = Vi (Si* D).
(i) T (Visy Si) = Vimy (T + Si)

In a similar way, as in Proposition [2.1.22] we can write the following statement.
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Proposition 2.1.24: Let Z; and Z, be ideals of sets on X and let S be a semigroup
of sets on X. Then the following hold:

(i) S*xZ, CS* (L1 VL) fori=1,2and (S*Zy) V(S*1y) CS*(Z; VI).

(i) ZixSC(LiVI)«S= (i *S)V (Zy*+S) for i = 1,2.

Proof.

(). Since Zy € 7y VI, and Zy C 77 V Iy, then inclusions S * Z; C S (Z; V I,)
and S *Z, C S * (Z; V I,) follow directly.

Assume that A € (§*Zy)V (S*Zy). Then A= ((S;\ 1) UL)U((S2\ I3) U Ly)
where S1,5y € 8, 11,15 € Z; and I3, 1, € Z,. We can write that A = (57 \ I;) U
(S2\ I3) U (I U I). Note that (S;\ I1) U (Sa\ I3) = [(S1\ 1) U (S2\ I3)]“ =
[(SI\NT) U (S \ L) = [(SinI}) N (S: NI = [(STUL) N (S5U L) =
[(S§NSSHU (SN I3)U(SSNI)U (LN I3)]° Since SSN 1 C 11,8 N 13 C I,
LNl Chand I1NI3 CI3then I = (SN L) U(SSNL)U (L NI) €Iy V.
It follows that A = [(STNSS)UI°U([oUly) = (S1US2)\I)U (IpUIy). Since S
is a semigroup of sets then S; U Sy € S, and thus A € S x (Z; V I,).

. Since Z; € 7y VI, and Zy C 7, V I, the inclusions Z; * S C (Z; VZ,) * S and

Ty xS C (7 VI,) xS follow directly.

Assume that A € (Z; VZy) *S. Then A = [([; U I3) \ S1] U S, for some Sy, S, €
S, € 7, and I, € Z,. We can write A = [(I; Uly) NSfJUSy = (11 NS U (1N
S{YU Sy = (I;\ S1) U (Ix )\ S1) U Sy. Observe that I; \ S; € Zy and I, \ Sy € Is.
Put K = I, \ Sy and L = I, \ S;. This implies that A = (K U L)U Sy =
(KUS)U(LUS) = [(K\S2)USs]U[(L\ S2)USy) and hence A € (Z1*S)V (Z1 xS).

Assume that A € (Z; *S) V (Z1 *S). Then A = [(1; \ S1) U Sy] U [(I2\ S3) U Sy

where Iy € 7y, 51, 53, 53,5, € Sand I, € Z,. Note that A = [(I; \ S1) U (12 \ S3)]U
(S2USy). Since (I1\S) € Iy, I,\ S5 € I, it follows that the set I = (I;\S1)U(12\S3)
is an element of Z; V Zy. Since § is a semigroup of sets then the set S = Sy U Sy is

an element of S. It follows that A = TUS = (I\ S)US and hence A € (Z; VZ,)*S.
0

Thus the next corollary comes from Proposition [2.1.24] and can also be demonstrated

inductively.

Corollary 2.1.25: Let Z,,Z,,--- ,Z, be a finite collection of ideals of sets on X. If S

is a semigroup of sets on X then the following hold:
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(i) Viei(S*Th) €S+ (VL L)

(i) (VieiZi) xS = Vi (Zi  S).
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Chapter 3
Lebesgue measure on the real line

The Lebesgue measure, named after the French mathematician Henri Lebesgue, is
the standard way of assigning a measure to subsets of n-dimensional Euclidean space
R™ n > 1. Forn = 1,2, or 3 the Lebesgue measure corresponds to the standard measure
of length, area, or volume. In general, it is also called n-dimensional volume, n-volume,
or simply volume. Lebesgue measure is used throughout Real Analysis, in particular to
define Lebesgue integration. The Lebesgue measure is important for measure theory
and the theory of integrals. The sets that can be assigned a Lebesgue measure are
called Lebesgue-measurable sets. Here we will be interested in Lebesgue measure on
the real line R.

3.1 General measure theory

Before introducing the Lebesgue measure, we start by giving an overview of the concept

of measure in general.

Definition 3.1.1: A set function is a function defined on a class of sets; that is, for
every set in a given class, a (finite or infinite) function value is defined. More precisely,
if £ is a class of sets then a set function p : &€ — [—00, +00] associates to every set
A € £ a number p(A). The set function is finite, real-valued if it takes real values, i.e.

values in R = (—o0, 00).

In the following, we will assume that X is a non-empty set and A is a o-algebra of sets
on X.
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Definition 3.1.2: A (positive) measure p on X is a mapping u : A — [0, oo] defined

on a o-algebra A satisfying the following properties:

(1) u(®) =0.

(ii) For any countable family of pairwise disjoint sets {A4;}32, C A, we have
(04 =3
i=1 i=1

If (i) and (ii) both hold, but A is not a o-algebra then p is said to be a pre-measure.
The property (i) requires implicitly that (=, A; is again in A. This is clearly the
case for g-algebras, but needs special attention if one deals with pre-measures. The
elements of A are called measurable sets with respect to u, while elements belonging to

P(X) \ A are called non-measurable sets with respect to f.
Definition 3.1.3: Let X be a set and A be a o-algebra on X. The pair (X, A) is

called a measurable space. If pi is a measure on X then the triplet (X, A, ) is called
a measure space. A finite measure is a measure with p(X) < oo and a probability
measure is a measure with pu(X) = 1. The corresponding measure spaces are called
finite measure space (resp. probability space). An exhausting sequence {A;}2, C A
is an increasing sequence of sets if A; C Ay C Az C --- such that Ufil A =X. A
measure p is said to be o-finite and (X, A, u) is called a o-finite measure space if A

contains an exhausting sequence {A;}22, such that u(A;) < oo foralli=1,2,---.

Example 3.1.4 (Counting measure): Define a set function p on the class P(R) of
all subsets of R by
Card(A) if A is finite
p(a) = ¢ AT A B
oo if A is infinite
where Card(A) means the cardinality of the set A i.e. the number of elements of the

set A. One can verify that p is a measure. Hence (R, P(R), 11) is a measure space. The

measure f is called the counting measure.

Example 3.1.5 (Uniform measure): Suppose that X is a non-empty finite or count-
able set. Consider the set function p : P(X) — [0, +00] by
u(A) =) fl)
€A
for some function f: X — [0, +00]. One can show that the set function u is a measure
on X. In particular, for a finite set X with N elements, if f(z) = + then p is a

probability measure called the uniform measure on X.
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3.1.1 Properties of measures

Let us derive some immediate properties of (pre-)measures. One desirable property of a
measure is that if A C B then the measure of B should be greater than or equal to the

measure of A. The following are some important properties of measures.

Proposition 3.1.6 (Monotonicity [12]): Let (X, A, 1) be a measure space. If A, B €
A and A C B, then p(A) < wu(B). In addition, if pu(A) is finite then p(B \ A) =
p(B) = u(A).

Corollary 3.1.7: Let (X, A, 1) be a measure space. If A, B € A then

(AU B) + p(AN B) = p(A) + u(B)

Property (ii) of the definition of measure deals with the measure of a countable union
of pairwise disjoint measurable sets. The next theorem concerns the countable union of

sets which are not necessarily pairwise disjoint.

Theorem 3.1.8 (Countable sub-additivity [12]): Let (X, .A, ;1) be a measure space.

If {E;} is a countable collection of sets in A, then
p <U Ej) <Y uE)
=1 =1

Corollary 3.1.9: Let (X, A, 1) be a measure space. If B,C € A and p(C) = 0 then
W(BUC) = u(B).

Suppose that {A;} is a countably infinite collection of sets in some measure space with
A C A CA3C---CA; C---. We know that A = U;il A; will be a measurable set

since it is the countable union of measurable sets. It seems reasonable to expect

H(A) = Tim u(A,)

n—o0

In other words, what we really would like to say is that

p(lim A,) = lim p(A,)

n—o0 n—0o0
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Theorem 3.1.10 (Continuity from below [12]): Let (X, A, 1) be a measure space.
If {A;} is a countably infinite collection of sets in A with Ay C Ay C A3 C--- C A; C
-+, then | J72, A; € A and

" (U Aj> = lim p(4,)
j=1

Theorem 3.1.11 (Continuity from above [12]): Let (X, A, 1) be a measure space.
If {E,} is a countably infinite collection of sets in A with £y O Ey O E3 D -+ and
pw(Ey) < oo then E =", E, € Aand

1 (ﬂ En) = lim p(E,)

n=1

3.1.2 Complete measures

For many measures, sets of measure zero have a special property which is often useful.
Let (X, A, 1) be a measure space. A subset C' of X is a null set for the measure pu if
C € A and p(C) = 0. In general, an arbitrary subset A of a null set C' needs not be
measurable, but if A happens to be measurable then Monotonicity property of measure
implies that pu(A) = 0.

Definition 3.1.12 (Complete measure): A measure space (X, A, p1) is said to be a
complete measure space if whenever C' € A with u(C') =0 and A C C then A € A.

Example 3.1.13: if A is a Lebesgue measurable set with p(A) =0 (i.e A is a null set),
and B C A, then B is Lebesgue measurable with p(B) =0

In other words, a complete measure is one such that every subset A of every null set
C' is measurable. Complete measures are often more convenient to work with than

incomplete measures.

3.1.3 Atomic measures

An ”7atom” in Measure Theory is a measurable set with positive measure, such that no
subset of this set (other than the empty set) has a smaller positive measure. A measure

which has no atoms is called non-atomic or atomless.
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Definition 3.1.14: Given a measurable space (X, .A) and a measure p on that space,
aset AC X in A is called an atom if u(A) > 0 and for any measurable subset B C A
with p(B) < p(A), the set B has measure zero.

A measure which has no atoms is called non-atomic or diffuse. In other words, a measure
is non-atomic if for any measurable set A with pu(A) > 0, there exists a measurable
subset B of A such that p(A) > u(B) > 0.

In Section we will see an example of a measure on the real line R, known as the

Lebesgue measure, which has no atoms and hence it is a non-atomic measure.

3.2 Lebesgue measure on the real line

We begin by introducing the notions of null sets and Lebesgue outer measure before
developing the concept of the Lebesgue measure on the real line. Null sets are defined

as follows.

3.2.1 Null sets

A null set A C R is a set that may be covered by a sequence of intervals of arbitrarily
small total length. It means that given any ¢ > 0 we can find a sequence {I,, : n > 1}

of intervals such that

AC G I,, and ié([n) <e.
n=1 n=1

We also say simply that A is a null set. Note that the intervals do not need to be

disjoint. It follows at once from the definition that the empty set is null.

Theorem 3.2.1 ([12]): If {N,}5°, is a sequence of null sets, then their union
N = U N, is also null.

n=1

In addition, if B is a null set and A C B then A is also a null set.

It follows from Theorem that the sets N, Z and Q of natural numbers, integers

and rational numbers, are all null subsets of R.
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3.2.2 Lebesgue outer measure

Here we introduce the concept of outer measure that is a basis for the Lebesgue measure.

Definition 3.2.2: By the Lebesgue outer measure of a set A C R, denoted by p*(A),

is meant the number

n=1

1 (A) = inf {Z ((1,) : I,, is an open interval and A C U [n} (3.2.1)
n=1

where inf is taken over all covering of A by finite or countable systems of intervals I,,.

The outer measure is the infimum of lengths of all possible covers of A. Note that some
intervals I,, may be empty; this avoids having to worry whether the sequence {I,,} has

finitely or infinitely many different members.

Clearly, p*(A) > 0 for any A C R. For some sets A, the series ) ¢(/,) may diverge
for a covering of A, so u*(A) may be equal to +oo. It follows from the definition that
w* is defined on all subsets of R.

In the following, we list different properties of the Lebesgue outer measure.
Theorem 3.2.3 (Monotonicity [3]): If A C B then pu*(A) < p*(B). In addition
() = 0.

The theorem follows from the fact that any covering of B by open intervals is also
a covering of A so that the latter infimum is taken over a larger collection than the

former.

The following theorem shows that the concept of null set is consistent with that of outer

measure.

Theorem 3.2.4 ([12]): A C R is a null set if and only if pu*(A) = 0.

The following theorem shows that p* is an extension of length to an arbitrary subset of
R.

Theorem 3.2.5 (Extention of length [3]): For any interval I C R we have u*(I) =
o).
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Theorem 3.2.6 (Countable sub-additivity[3]): The Lebesgue outer measure is

countably sub-additive, i.e. for any countable collection of sets {E,}22 ;, we have

I (U En) < ZN*<EH)

n=1

Note that the length of an interval does not change if we shift it along the real line:
That is ¢([a,b]) = ¢([a +t, b+ t]) = b — a. Since the outer measure is defined in terms

of the lengths of intervals, it is natural to expect it to share this property.

Theorem 3.2.7 (Translation invariance [3]): The Lebesgue outer measure is trans-
lation invariant, i.e. p*(A) = p*(A+1t) for each A C R and t € R, where A +¢ :=
{a+t:a€ A}.

The length of interval does not change when the interval is shifted and outer measure

is determined by the length of the coverings.

3.2.3 Lebesgue measurable sets

Since the Lebesgue outer measure does not possess the property of g-additivity, one
may try to restrict the outer measure p* to a o-algebra such that the restriction has
the property. It turns out that the o-algebra is also the key property of the abstract
concept of measure, and it is uses to provide mathematical foundations for Probability
Theory.

Definition 3.2.8: A subset E of R is said to be Lebesgue-measurable if, for every set
A C R, we have
P (A)=pu (ANE)+ (AN E°) (3.2.2)

The set A is referred to as a test set for measurability. We denote by L(R) the family of
all Lebesque-measurable subsets of the real line. The criterion in the previous definition

is sometimes called the Carathéodory criterion of Lebesgue measurability.

Note that for any sets A and E we have A = (AN E)U (AN E°) and the inequality
p(A) < p'(ANE) + p* (AN E)

is valid by countably sub-additivity of outer measure as it is stated in Theorem
Hence, a set E € L(R) if and only if

(A > p (ANE)+ " (AN E) forall ACR (3.2.3)
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The set function p : L(R) — [0, +00] defined by u(E) = p*(E) for all E € L(R) is
called the Lebesque measure.

It can be easily observed from the definition that:

(i) £ € L(R) if and only if E¢ € L(R).
(ii) ® € L(R) by the fact that pu*(A) = p*(ANY) + x*(ANR) for all A C R,
(iii) If p*(E) =0 then E € L(R) by the fact that
WA E) + (AN EY) = (AN E¥) < 1°(A)

for all A C R, since AN E° C A.

The following theorem gives some examples of Lebesgue measurable sets.
Theorem 3.2.9 ([12]): (i) Any null set V is Lebesgue-measurable and p(N) = 0.

(ii) Any interval I C R is Lebesgue-measurable and pu(1) = ¢(1).

We shall write p(FE) instead of p*(E) for any E in £(R) and call u(E) the Lebesgue
measure of the set E.

3.2.4 Properties of the Lebesgue measure

Since Lebesgue measure is nothing else than the outer measure restricted to a special
class of sets, some properties of the outer measure are automatically inherited by
Lebesgue measure.

Theorem 3.2.10 (Monotonicity[4]): Suppose that A and B are Lebesgue measur-
able subsets of R.

1. If A C B, then u(A) < u(B).

2. If AC B and u(A) is finite then u(B\ A) = u(B) — u(A).

The proof of the theorem uses the same arguments as for a measure in general.
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Theorem 3.2.11 (Countable additivity[3]): The Lebesgue measure p is countably

additive, i.e. for a sequence of pairwise disjoint sets (A;) we have
H (U Ai) = ZM(Ai)
i=1 i=1

Theorem 3.2.12 (Translation invariance[3]): The Lebesgue measure y is translation-
invariant. That is if F is a Lebesgue measurable set, then each set E + ¢,y € R is also

Lebesgue measurable and their measures coincide i.e. pu(E) = u(E + y).

Theorem 3.2.13 ([12]): Let « be an element of R and let A be a Lebesgue measurable
subset of R. Then the set aA is Lebesgue measurable and pu(aA) = |a|u(A) where
aA:={aa:a € A}

Let us observe that certain set operations on sets in £(R) again produce sets in £(R)

as it is shown in the following theorem.

Theorem 3.2.14 ([12]): For the class L(R) of all Lebesgue measurable subsets of R,

we have the following;:
(i) R € L(R).

(ii) If £ € £(R) then E° € L(R).

(iii) If B, € L(R) for all n = 1,2,---; then the J;2, £, € L(R). Moreover, if
E, € LR) foralln=1,2,--- and E; N Ex = 0 for j # k then

Let Ny be the collection of all subsets of R having the Lebesgue measure zero, then by
Theorem [3.2.1], it follow that N is a o-ideal of sets on R.

The conditions (i)-(iii) mean that £(R) is a o-algebra of sets on R. We can therefore
summarize the closure properties of the family £(R) of Lebesgue measurable sets as
follows: £(R) is closed under countable unions, countable intersections, and complements.

It contains intervals and all null subsets of R.

Lemma 3.2.15 ([12]): Let A and B be subsets of R. If A € L(R) and u(AAB) =0
then B € L(R) and p(A) = u(B).
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Chapter 4

Non-Lebesgue measurable subsets of

the real line

This chapter aims to present examples of subsets of the real line that are not measurable
in the Lebesgue sense. Even if many such sets exist, we will be only interested in Vitali

selectors and Bernstein subsets of the real line.

4.1 Vitali selectors of the real line

Vitali selectors are the first classical examples of subsets of R which are not Lebesgue
measurable. They were introduced by Giuseppe Vitali [§] in 1905 and and many authors,
such as Kharazishivili [I] and V.A Chatyrko [13] developed more general theory about

Vitali selectors.

Consider the additive group (R, +) of the real numbers endowed with the standard
topology 7g, and let @ be a countable dense subgroup of (R, +). Such a subgroup can
be for instance the rational numbers Q, the group Q(v/2) = {a + bv/2 : a,b € Q}, the
group D = {a + bv/2 : a,b € 2N} and much more.

Define a relation R on R as follows: for x,y € R, let 2Ry if and only if z —y € Q.
The relation R is an equivalence relation on R, and hence it divides R into equivalence
classes. Let R/Q = {E.(Q) : a € I} be the set of all equivalence classes, where I is

some indexing set. Accordingly, we have the following decomposition of R:
R=| {E.(Q):a €T} (4.1.1)
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From Equality (4.1.1]), we observe that Card(I) = ¢, where ¢ is the continuum. It follows
from the definition of the relation R that the set R/(Q) consists of disjoint translated
copies of () by elements of R. This implies that each element of R/Q is of the form
E,(Q)=Q+x={q+z:q€ Q}, for some x € R. Hence each equivalence class F,(Q)
is dense in (R, 7g).

Definition 4.1.1 ([6, 8]): A Vitali selector of R related to @ is any subset V' of R
satisfying the condition: Card(V N E,(Q)) = 1 for each a € I. A Vitali selector is
called a Vitali set whenever the subgroup () coincides with the additive group Q of

rational numbers.

If Ais a subset of R and x € R then A + z is defined as the set {a + 2 : a € A}. The

following proposition provides different facts about Vitali selectors of the real line.

Proposition 4.1.2 ([13], 6, [8]): Let @ be a countable dense subgroup of (R, +) and
let V' be a Vitali selector related to ). Then the following statements hold:

(i) If g1,q2 € Q and q1 # @2 then (V +¢1) N (V + ¢2) = 0.

(ii) Any two sets in the collection {V 4 ¢ : ¢ € @} are homeomorphic, and
R=|J{V+q:qeq} (4.1.2)

(iii) For each z € R, the set V + x is also a Vitali selector related to Q.

The Vitali selectors defined above are, in general, unbounded subsets of R. However, it
is possible to define Vitali selectors which have additional properties of being bounded

and dense in R. In all cases the next theorem is valid.

Theorem 4.1.3 ([6, 8]): Any Vitali selector of R is not measurable in the Lebesgue

sense.

The following statement is a more general result and it is about the non-Lebesgue

measurability of a finite union of Vitali selectors.

Theorem 4.1.4 ([1]): If {V, : 1 < a < m} is a non-empty finite family of Vitali
selectors related to a countable dense subgroup @ of R, then the union (J{V, :1 < a <

m} is not measurable in the Lebesgue sense.
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The classical Banach Theorem given below together with the following lemmas, were
used in the proof of Theorem {4.1.4] and they will be very useful in the construction of
semigroups of sets made by sets that are not measurable in the Lebesgue sense to be
considered in the following chapter. Let B,(R) be the family of all bounded subsets of
R.

Theorem 4.1.5 (Banach Theorem [1]): Let S be a translation invariant ring of
subsets of R, satisfying the relations S C B,(R) and [0,1) € S, and let ¥ : S — [0, +00)
be a finitely additive translation invariant functional such that ¥([0,1)) = 1. Then
there exists a finitely additive translation invariant functional 7 : B,(R) — [0, +00)

such that 7 is an extension of 4.

Lemma 4.1.6 ([1]): Let ¥ be as in Theorem [4.1.5, and let X € By(R) have the
following property: There exists a bounded infinite sequence {hy : k € N} of elements
of R such that the family {X + hy, : k € N} is disjoint. If X € dom(?}) then necessarily
Y(X) = 0.

Lemma 4.1.7 ([1]): Let X be a bounded subset of a Vitali selector V. Then X has
the property indicated in Lemma [4.1.6|

We remark that Theorem [£.1.4] does not need to hold for an infinite union of Vitali
selectors. This observation follows from Proposition |4.1.2| It follows that from Theorem

any union of two Vitali selectors is not a measurable set.

Corollary 4.1.8: Suppose that V; and V5 are Vitali selectors related to a countable
dense subgroup @ of R. Then at least one of the sets V; \ V5, V5 \ V4 and Vi NV, must

be a non-measurable set in the Lebesgue sense.

Proof. Tt follows from Theorem that the set V; U V5 is not measurable in the
Lebesgue sense. Note that V; UV, = (V3 \ Vo) U (Vo \ V1) U (Vi N V4) and sets in this
union are disjoint. If all the sets in this union are Lebesgue measurable, then the set

V1 UV, will be a Lebesgue measurable set, and this will be a contradiction. O

Corollary 4.1.9: Suppose that V; and V5 are Vitali selectors of R. Then at least one

of the sets V1AV, and Vi N V5 must be non-measurable in the Lebesgue sense.
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Proof. Suppose that V; and V5 are Vitali subsets of R and all the sets V; \ Vo, Vo \ V3
and V1 NV, are Lebesgue measurable. Note that ViUV, = (V1 \ V2)U (Vo \ V1)U (ViNVL).
Since measurable sets form a o-algebra of sets, and V; U V5 is a disjoint union of
measurable sets by the given assumption, the set V; UV, must be a measurable set.

But this contradicts Theorem [4.1.4] Hence, one of the sets must be non-measurable.[]

Let us point out that even if the union of two Vitali selectors is not Lebesgue measurable,
the intersection, the difference, and the symmetric difference of two Vitali selectors can

be a measurable set or a non-Lebesgue measurable set.

Theorem 4.1.10: Suppose that V; and V5 are Vitali selectors of R. If the intersection
of V1 and V5 is measurable in the Lebesgue sense, then their difference is not measurable

in the Lebesgue sense.

Proof. Suppose V; and V5 are Vitali selectors of R, and assume that V;NV5; is a Lebesgue
measurable set. Note that V3 = (V4 \ V5) U (V4 N V4). Since measurable sets form a
o-algebra, if V; \ V, is a measurable set, then the set V; will also be a measurable set,
which is a contradiction. Hence, the set V; \ V5 must be a non-Lebesgue measurable
set. U

Corollary 4.1.11: Suppose that V; and V5 are Vitali selectors of R. If the intersection
of Vi and V5 is measurable in the Lebesgue sense, then their difference cannot be a

countable set.

Proof. Suppose V; and V5 are Vitali selectors of R, and assume that V;NV5 is a Lebesgue
measurable set. Note that V; = (V1 \ Vo) U (Vi N V3). If V3 \ V4 is a countable set, then
it will be measurable. This is a contradiction to Theorem [4.1.101 O

Note that Theorem [4.1.10| can also be formulated by saying that if V; \ V5 is measurable
in the Lebesgue sense, then the intersection V; N V5 is non-measurable in the Lebesgue

sense.

Theorem 4.1.12: Suppose that V4 and V5 are Vitali selectors of R. If V; A V5 is null

measurable, then V7 \ V5 and V5 \ V] are Lebesgue measurable and null.

Proof. Note that V] AV, = (Vi\Vo)U (Vo \ V). If Vi AV, is null, ie., (u(Vy A V) =0),
Since Vi \ Vo and V3 \ 1} are subsets of V] A V5, then by monotonicity, it follows that
p(Vi\Ve) < u(Vi AVa) =0 and pu(Va \ Vi) < p(Vi A Vz) = 0. Hence, p(Vi\ V2) =0
and p(Va \ V1) = 0. Therefore, V; \ V5 and V5 \ V] are Lebesgue measurable and null
sets. 0
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4.2 Bernstein subsets of the real line

A second example of subsets of R that are not measurable in the Lebesgue sense is
known as the Bernstein sets [10]. The Bernstein sets on R constitute also an example of
elements belonging to the family £°(R), and they are constructed by using the method
of transfinite induction. The construction of Bernstein sets can be found in [I0] or in

[9], and they can be defined in the following way:

Definition 4.2.1 (Bernstein set): [0, [10], A subset B of R is called a Bernstein set
if it meets every uncountable closed subset of the real line but that contains none of
them. In other words, a subset B of R is called a Bernstein set if BN F # () and
(R\ B)N F # () for each uncountable closed subset F' of R.

To represent the family of all Bernstein subsets of R, we shall use Bg(R) in the
subsequent text. Specifically, we note that Bg(R) is invariant under the action of the
group H(R) of all homeomorphisms of R onto itself. This means if B € Bg(R) and
h € H(R) then h(B) € Bg(R). It follows that each element of B is also a Bernstein set
on R as well.

The existence and the construction of Bernstein sets on R is based on the Method of

Transfinite Recursion.

Proposition 4.2.2 ([9], [10]): Let B be a Bernstein subset of R. Then the following
statements hold.
(i) The complement R\ B of B is also a Bernstein set, and Int(B) = Int(R \ B) = 0.
(ii) Both sets B and R\ B are dense in R and Card(B) = Card(R \ B) = .

Lemma 4.2.3 ([10], [9]): Let A be a subset of R. Then A is a Bernstein set if and
only if FNA#( and F\ A # () for each uncountable closed subset F' of R.

Theorem 4.2.4 ([10]): Any Bernstein set B on R is not measurable in the Lebesgue
sense. Indeed, every Lebesgue measurable subset of either B or R\ B has the Lebesgue

measure zero.

Corollary 4.2.5 ([18]): If A is a Lebesgue measurable set with positive measure and
B a Bernstein set, then the sets AN B and A\ B are not measurable in the Lebesgue

sense.
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We point out that there exist Bernstein subsets of R which have some additional

algebraic structures for subgroups of the additive group (R, +) as it is indicated in the
following statements.

Lemma 4.2.6 ([6]): There exists a subgroup B of (R, +) such that the factor group
R/B is isomorphic to the group (R, +) and B is a Bernstein set in R.

Theorem 4.2.7 ([6]): There exists two subgroups G; and G of the additive group
(R, +) such that G; NGy = {0}, and both G; and G9 are Bernstein sets in R.
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Chapter 5

Semigroups of sets generated by
Vitali selectors and Bernstein

subsets of the real line

In this chapter, we consider families of sets having an algebraic structure of semigroup
of sets and for which elements are not measurable in the Lebesgue sense. Those families
are constructed by using Vitali selectors of the real line and Bernstein subsets of the

real line.

5.1 Semigroups of non-Lebesgue measurable sets

generated by Vitali selectors

Consider a countable dense subgroup @ of (R, +). For this subgroup, we can have
many Vitali selectors that are related to it, depending on different choices made in
the equivalence classes F,(Q),a € I, where Card([) is the continuum, as discussed in
Section [£.1} Let V(Q) be the family of all Vitali selectors related to @, and consider
the collection Syg) = {U;—, Vi : Vi € V(Q),n € N} of all finite unions of elements of
V(Q). It is clear that the family Syq) is closed under finite union, and hence it is a
semigroup of sets with respect to the operation of union. It follows from Theorem [£.1.4]

that each element of the family Sy () is not measurable in the Lebesgue sense.

The following statement provides examples of semigroups constructed by using Vitali

selectors for which each element is not measurable in the Lebesgue sense.
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Theorem 5.1.1 ([19]): Let @ be a countable dense subgroup of (R, +), and let Z be

an ideal of sets on R. Then the following statements hold:

(i). The families V(@) and Sy ) are invariant under translation.

(ii). The families Sy(g) * Z and Z * Sy() are semigroups of sets such that Sy C
T * Sy) € Sy * L for which elements are not measurable in the Lebesgue

sense.

(iii). If 7 is invariant under translation then the semigroups Syg) * Z and T * Sy g

are invariant under translation.

In [19] and [I5], it was proved that there is no countable dense subgroup @ of (R, +)
such that the corresponding generated semigroup Sy () contains all others. So, we can
consider a generalization of Theorem in the following way:

Let C be the family of all countable dense subgroups of (R, +), and consider the family
V={V:VeVQ)Q €} of all Vitali selectors.

The family S(V) of all possible finite unions of elements of V was called in [19] the
supersemigroup generated by Vitali selectors of R. A more general result generalizing
Theorem 4.1.4] was proved in [16]. The result shows that each element of the family

S(V) is not measurable in the Lebesgue sense.

Theorem 5.1.2 ([16], [15]): Let U = |J;_, V; be a finite union of Vitali selectors of
R, where V; € V(Q;) and each @); is an element of C for i = 1,2,--- ,n. Then the set U

is not measurable in the Lebesgue sense.

Theorem 5.1.3 ([19]): Let Z be an ideal of subsets of R. Then the following state-
ments hold.

(). The families V and S(V) are invariant under translations.

(ii). The families S(V),Z * S(V) and S(V) % Z are semigroups of sets such that
S(V) CZxS(V) C S(V) *Z for which each element is not measurable in the

Lebesgue sense.

(iii). If Z is invariant under translations of R, then the families Z x S(V) and S(V) xZ

are also invariant under translations of R.
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For n = 2, Theorem implies the following statement.

Corollary 5.1.4: Suppose that V; and V5 are Vitali selectors related to elements ()4
and Qs respectively in C. Then at least one of the sets V; \ Vo, V5 \ V4 and V) NV, must

be a non measurable set in the Lebesgue sense.

Proof. 1t follows from Theorem that the set Vi U V4 is not measurable in the
Lebesgue sense. Note that V; UV, = (V1 \ Vo) U (Vo \ Vi) U (V] NV4) and sets in this
union are disjoint. If all the sets in this union are Lebesgue measurable, then the set

Vi UV, will be a Lebesgue measurable set, and this will be a contradiction. O

The following theorem is a more general result than Theorem [5.1.2]

Theorem 5.1.5: Let U = J;_, V; be a finite union of Vitali selectors of R, where
Vi € V(Q;) and each Q; is an element of C for i = 1,2,--- ;n. Then the set U cannot
contain any subset of strictly positive Lebesgue measure.

Proof. Suppose that there exists a Lebesgue measurable subset Y of R such that
p(Y) > 0and Y C U. Without loss of generality, we may assume that the set Y is
bounded. Let ¢ be the restriction of u to the ring of sets B,(R) N dom (). For this 9,
there exists a functional 1 as in Theorem [4.1.5] Clearly, we have

o (Ur)

Inequality implies that (Y N'V;) > 0 for some i € {1,2,--- ,n}. Since Y NV;
is a bounded subset of the Vitali selector V;, it follows from Lemma that it has
the property described in Lemma [1.1.6] According to Lemma we must have the
equality n(Y N'V;) = 0, but this a contradiction. We conclude that the set U cannot

contain any Lebesgue measurable set with positive measure. O

0<I(Y)=nY)=nYNU)=n — (5.1.1)

Jonm

5.2 Semigroups of non-Lebesgue measurable sets

generated by Bernstein sets

In this section, we construct families of sets for which elements are not measurable in
the Lebesgue sense, by using the Bernstein subsets of R. We will first consider the case
of one Bernstein set and then two Bernstein sets having additional algebraic structures

of being subsgroups of (R, +).
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5.2.1 Semigroups related to a Bernstein subgroup of (R, +)

Let B be a Bernstein subset of R which has the algebraic structure of being a subgroup
of (R,+) as in Lemma [4.2.6] Consider the collection R/B = {B +z : z € R} of all
cosets of B. Without losing generality, we may assume that R/B consists of pairwise
disjoint sets, and for simplicity the collection R/B will be denoted by B. Hence, B
is made of pairwise translated copies of B by real numbers. From [7], we observe
that Card(B) > X,, where Xy, = Card(N), and Card(B) is the same as the cardinal
of the set {R\Y :Y € B}. The family Bg(R) is invariant under the action of the
group H(R). It follows that each element of B is also a Bernstein set on R. Let
S(B) ={U._, B; : B; € B,n € N} be the semigroup of sets generated by B. Evidently,

the family S(B) is invariant under translation of R into itself.

Lemma 5.2.1: If U is an element of the semigroup S(B) then U is a Bernstein subset
of R. Consequently, the semigroup S(B) consists of sets which are not measurable in

the Lebesgue sense.

Proof. Assume that U € S(B). Then there exists n € N such that U = |J_, B; where
B, e Bfori=1,2,--- ,n. Let F' be an uncountable closed subset of R.

Since each B; is a Bernstein subset of R then we have FNB; # () for each i =1,2,--- ,n.
It follows that FNU = F N (U;_, Bi) = U, (F N B;) # 0.

Assume that F N (R\U) = 0. Then F C U. Let By be an element of B for
some k ¢ {1,2,--- n}. Such an element exists, since Card(B) > Wy. Since each
element of B is a Bernstein set, we must have F' N B, # () but by construction,
B, NU = B, N (U, B;) = 0 implying that 0 # FN B, CU N By =0 . Hence the
inclusion F' C U is impossible. Necessarily, we must have F'N (R \ U) # (.

We conclude that U is a Bernstein subset of R. As a Bernstein set, U is not measurable

in the Lebesgue. 0

Proposition 5.2.2: The families S(B) * Ny and Ny * S(B) are semigroups of sets on
R such that S(B) C Ny * S(B) C S(B) * Ny. They are invariant under translation and

they consist of sets which are not measurable in the Lebesgue sense.

Proof. The families are semigroups of sets by Proposition [2.1.17 and the inclusions

follow from the same proposition.
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Let A € §(B) * Ny and assume that A € L(R). Then A = (U\ M)UN where U € S(B)
and M, N € Ny. Note that A\U C N and U\ A C M and hence AAU C MUN. It
follows that p ((A\U)U (U \ A)) = p(AAU) < u(M U N) = 0 and thus u(AAU) = 0.
Lemma [3.2.15| indicates that the set U must be measurable in the Lebesgue sense.
However, U is a Bernstein set on R and thus it is not measurable in the Lebesgue sense.

This is a contradiction.

The family S(B) * N is invariant under the action of the group ®(R) since both families
S(B) and N are invariant under the action of the group ®(R). O

Lemma 5.2.3: Let Y be a bounded subset of a Bernstein set A in the collection B.
Then Y has the property indicated in Lemma [4.1.6]

Proof. Consider a Bernstein set A € B and let Y be a bounded subset of A. Then we
have A = B + x, for some zy € R, where B is a Bernstein set having an algebraic
structure of being a subgroup of (R, +) as described in Lemma [4.2.6, and Y + z C
B+xy+x=B+yfory=2xy+2x € R. In view of the definition of B, the family
B=R/B={B+uz:x € R} of all cosets is made by pairwise disjoint sets. Consequently,
the family {Y + 2 : © € R} consists of pairwise disjoint sets. Since every infinite set
contains an infinitely countable subset [17], let A be an infinitely countable bounded
subset of R. The family {x) : zx € A,k =1,2,---} can play the role of {hy : k£ € N} in
Lemma [4.1.6] It follows that if Y € dom(dJ) then ¥(Y) = 0, and this ends the proof.C]

Proposition 5.2.4: Let B be a Bernstein set of R that has the algebraic structure of
being a subgroup of (R, +). Any element U of the semigroup S(B) cannot contain any

set of strictly positive Lebesgue measure.

Proof. Suppose that there exists a Lebesgue measurable subset Y of R such that p(Y') >
0and Y C U. Since U € §(B) then U = |J,_, B; with B; € B for eachi =1,2,--- ,n.
Since Y =J2 (Y N[r,r+1)) and (YY) > 0 then we have (Y N [r,r + 1)) > 0 for
some r. Without loss of generality, we may assume that Y is bounded. Let ¢ be the
restriction of p to the family B,(R) N dom(u). Note that the family B,(R) N dom(u) is

a ring of sets on R. So there exits a functional 7 as in Theorem {4.1.5| extending ¥} on

B,y(R). Then
YN (OBZ) O(YﬂBi)

i=1

0<IY)=nY)=nYNU)=n =1 (5.2.1)




Inequality implies that n(Y N B;) > 0 for some i € {1,2,--- ,n}. Since Y N B; is a
bounded subset of the Bernstein set B; € B C S(B) then it has the property described
in Lemma |5.2.3, According to Lemma [5.2.3] we must have the equality n(Y N B;) = 0,

and this is a contradiction. O

Corollary 5.2.5: Let B be a Bernstein set of R which has an algebraic structure of
being a subgroup of (R, +). Any element of the family S(B) x Ay cannot contain any

set of strictly positive Lebesgue measure.

Proof. Consider A € S(B) xNy. Note that A= (U\M)UN C UUN, where U € S§(B)
and M, N € Ny. Assume that there exists Y C A such that u(Y) > 0. Note that
Y =Y NU)U(YNN). This implies that 0 < pu(Y) < p(YNU)+pu(YNN) = u(Y NU).
Hence the set Y N U is a subset of U with a strictly positive Lebesgue measure Y N U,
which is impossible by Proposition [5.2.4] O

Observe that a contradiction in the proof of Corollary can be obtained by consid-
ering Lemma [5.2.1] and Theorem [4.2.4

5.2.2 Semigroups related to two Bernstein subgroups of (R, +)

Let B; and Bs be Bernstein sets having an algebraic structure of being subgroups of
(R, +) as in Theorem [£.2.7] and consider the families B; = R/B; and and B, = R/B,
of all disjoint translates (cosets) of By and Bs, respectively. Let S(B;) and S(Bs) be

the semigroups of sets generated by B; and B, respectively.

Lemma 5.2.6: Let B; and B, be Bernstein sets having an algebraic structure of being
subgroups of (R, +), and let U; € S(B;) and Uy € S(B;). Then the union U = U; U Uy

cannot contain any subset of strictly positive Lebesgue measure.

Proof. Assume that there exists a Lebesgue measurable set Y such that u(Y) > 0 and
Y CU = U, UUs,, where Uy = |J;_, By; and Uy = |J;—, Bax, with By; € By and By, € Bs
fori=1,2,--- ;nand k =1,2,--- ,m. Without loss of generality, we may assume that
the set Y is bounded. It follows from Proposition that the set Y cannot be placed
entirely in U; nor in Uy. Write U = U?:lm X; where X; = By; fori =1,2,--- ,n and
Xpig = Bog for k=1,2,--- ,m. Accordingly, we have

35



0<uY)=pYNU)=np

HEJ”(Y n Xi)] < %M(Y N Xi). (5.2.2)

i=1
Inequality implies that (Y N X;) > 0 for some index i € {1,2,--- ,n+m}. Since
Y NX; € B,(R), let ¥ be the restriction of u to the ring By(R) Ndom(x). For this 9,
there exists a functional 7 as in Theorem {4.1.5| which is an extension of . It follows
that 0 < u(Y N X;) =9(Y NX;) =n(Y NX;). We will have two cases to consider:

e If X; € B; then we must have n(Y N X;) =0 by Lemmam

e If X; € B, we must have n(Y N X;) =0 by Lemma [5.2.3|

We conclude that the set Y cannot exist and this ends the proof. [l

Theorem 5.2.7: The family S(B;) V S(Bs) is a semigroup of sets on R which consists

of non-Lebesgue measurable sets and it is invariant under the action of the group ®(R).

Proof. The family S(B;)VS(Bs) is a semigroup by Lemma(2.1.14] Let U € S(B;)VS(Bs)
and assume that U is a Lebesgue measurable set. Then U = Uy U Uy where U; € S(B;)
and U, € S(BQ)

e Assume that p(U) = 0. Then u(U;) = p(Us) = 0. This is a contradiction of Theorem
4.2.4] since U; and U, are Bernstein sets by Lemma [5.2.1]

e The inequality 4(U) > 0 is impossible by Lemma [5.2.6]

It follows that the set U is not Lebesgue measurable.

It is evident that for any h € ®(R) we have h(U) = h(U; UUs,) = h(U;) U h(Us) €
S(By1) vV 8(Bs), due to the fact that both families S(B;) and S(B,) are invariant under
the action of the group ®(R). O

Theorem 5.2.8: The families Ny * (S(B1) VS(By)) and (S(By) V S(Bs)) x Ny are
semigroups of sets on R and they satisfy the inclusions: S(Bi) V S(Bs) C N
(S(B1) VS(Bs)) C (S(By)VS(Bs)) * Ng. They are invariant under the action of the

group ®(R) and they consist of sets which are not measurable in the Lebesgue sense.
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Proof. The families are semigroups by Proposition[2.1.17 The inclusions follow from the
same proposition. The family (S(B1) V S(Bs)) * N is invariant under the action of the
group ®(R) by Theorem and the fact that the collection Ny is invariant under the
action of the group ®(R). The proof that each element of the family (S(B;) V S(Ba))*N
is not measurable in the Lebesgue sense goes in the same line as in Proposition [5.2.2]
taking into consideration Theorem [5.2.7] O

The family S(B;) * S(B1) does not need to be a semigroup of sets, but the following
statement shows that it consists of elements which are not measurable in the Lebesgue

sense.

Corollary 5.2.9: Each element of the family S(B;) * S(B2) is not measurable in the

Lebesgue sense.

Proof. Let A € S(B;) x S(B,) and assume that A is a Lebesgue measurable set. Note
that A = (U; \ U2) UUs for some U; € S(By) and U, U € S(Bs). Since Us is Bernstein
set and Uz C A then the set A cannot have the Lebesgue measure zero. Assume that
pu(A) > 0. It follows that A = (U; \ Ux) UUs CU; UU; € S(By) VS(By). By Lemma
[5.2.6] the set U; U Us can not contain any set of strictly positive Lebesgue measure. (]

5.3 Semigroups of non-Lebesgue measurable sets
generated by a combination of Bernstein sets

and Vitali selectors

We now combine Bernstein sets and Vitali selectors of R, to construct families of sets

for which elements are not measurable in the Lebesgue sense.

Theorem 5.3.1: Let B be a Bernstein subset of R which has an algebraic structure of
being a subgroup of (R, +), and let S(V) be the semigroup generated by the collection
V all Vitali selectors of R. Any union U = U; U Us, where U; € S(B) and U, € S(V),

cannot contain any subset of strictly positive Lebesgue measure.

Proof. Assume that there exists a Lebesgue measurable set Y such that u(Y) > 0 and
Y CU = U, UU,, where Uy = |J, B; and Uy = |J,—, Vi for B; € B and Vj, € V.

Without loss of generality, we may assume that the set Y is bounded. It follows from
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Proposition [5.2.4] and Theorem [5.1.5] that the set Y cannot stay entirely in U; nor
in Uy. Write U = U”+mX where X; = B; for i = 1,2,--- ,n and X, ., = V} for

=1,2,--- ,m. Then we have

0<u(Y)=pYNU)=

n+m n+m
UYﬂX]<Z Y NX,) (5.3.1)
i=1

It follows from Inequality that ©(Y N X;) > 0 for some index i € {1,2,--- ,n+m}.
Since Y N X; € By(R), let ¥ be the restriction of u to the ring of sets B,(R) N dom(u).
For this ¥ there exists a functional 1 as in Theorem which is an extension of ¥.
So we have 0 < (Y N X; =9(Y N X;) =n(Y NX,).

e If X; is an element of V then n(Y N X;) = 0 by Lemma[1.1.7]

e If X; is an element of B then n(Y N X;) = 0 by Lemmal[5.2.3]

As a conclusion the set Y cannot exist. O

Corollary 5.3.2: Let B be a Bernstein set of R which has an algebraic structure of
being a subgroup of (R, +), and let S(V) be the semigroup generated by the collection
V all Vitali selectors of R. Then the semigroup S(B) V S(V) consists of sets which are
not measurable in the Lebesgue sense, and it is invariant under the action of the group
O(R).

Proof. Assume that there exists a Lebesgue measurable set U in S(B) V S(V). Then
U = UyUU, where Uy € S(B) and Uy € S(V). Since U = |J—, Vi where V; € V(Q;), let
Vi be a fixed Vitali selector in this union such that V; € V(Qy). Since R = J{Vi + ¢ :
g € Qr} and Vi, C Uy C U then we have R = | J{U + ¢ : ¢ € Qi}. Given that
w(U + q) = p(U) and p(R) > 0 then we must have p(U) > 0, and this contradicts
Theorem [(.3.71

Since the two families S(V) and S(B) are invariant under the action of the group ®(R).
It follows that the family S(B) v S(V) is invariant under the action of the group ®(R)C

Corollary 5.3.3: Each element of the family S(B) * S(V) is not measurable in the

Lebesgue sense.
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Proof. Let A € S(B) * S(V) and assume that A is a Lebesgue measurable set. Then
A = (Uy \ Uy) UUs for some Uy € S(B) and Uy, Us € S(V). Since Us is a finite union of
Vitali selectors and Us C A the set A cannot have the Lebesgue measure zero. Assume
that p(A) > 0. It follows that A = (U; \ Uy) UU; C U, UU3 € S(By) VS(V). But by
Theorem the set U; U Uy cannot contain any set of strictly positive Lebesgue

measure. O

Let us point out that the family S(B) * S(V) does not need to be a semigroup of sets.

Theorem 5.3.4: The families NV x (S(V) V S(B)) and (S(V) V S(B)) * Ny are semi-
groups of sets on R satisfying the inclusions: S(V)V S(B) € Ny * (S(V) VS(B)) C
(S(V) Vv S(B)) * Ny. They are invariant under the action of the group ®(R) and they

consist of sets which are not measurable in the Lebesgue sense.

Proof. The given families are semigroups of sets by Proposition [2.1.17 and the inclusions
follow from the same statement. Let A € (S(V)V S(B)) x Ny and assume that A is
measurable in the Lebesgue sense. Then A = ((U;UU;)\ M)UN, where U; € S(V), U, €
S(B) and M, N € Ny. Note that A\ (U UU) C N and (U; UUs) \ A € M and hence
AA(U, UUy) € M UN. It follows that u(AA(U; UUs)) < (M UN) = 0 and thus
w(AA(U; U Uy)) = 0. It follows from Lemma that the set U; U Us; must be
measurable in the Lebesgue sense. But, Corollary tells us that the set Uy U U; is

not measurable in the Lebesgue sense, and we have a contradiction. U

We have used the o-ideal Ny in the construction of different semigroups for which
elements are not Lebesgue measurable. All the statements remain valid by using an
ideal of sets such that Z C N, for example the ideal of all finite subsets of R, and the

ideal of all countable subsets of R.
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Conclusion and suggestions for

future works

This part is about the concluding points and some suggestions which can be taken into

consideration for the future work on the related topic.

Conclusion

In this thesis entitled “Semigroups of sets generated by non-Lebesgue measurable subsets
of the real line”, we have considered two types of classical subsets of the real line which

are not measurable in the Lebesgue sense.

It is known that all open subsets and closed subsets of the real line are Lebesgue
measurable, and the family of all Lebesgue measurable subsets of the real line is closed
under countable unions and countable intersections. It is hard to imagine a subset of

the real line that is not Lebesgue measurable. However, many such sets exist.

To study the algebraic structures among the subsets of R, which are not measurable
in the Lebesgue sense, we first developed the theory of semigroups of sets and ideals
of sets on any given non-empty set. We then applied the developed theory on Vitali
selectors and Bernstein sets. From here, we constructed different families of sets, having
an algebraic structure of being semigroups, and which are invariant under the action of

the group of all translations of R onto itself.

The construction of such families was done in three steps: In the first step, we used
Vitali selectors of R and the Njy. In the second step, we used a kind of Bernstein
set having an additional structure of being a subgroup of the additive group (R, +)
of real numbers and the Ny. In the third step, we combined the Vitali selectors and

Bernstein sets, and consequently, the obtained results were in some sense extending the
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results obtained in the first and second steps. In particular, we show that the family
(SBYVSV))« Ny :={(U1 UU)\ N)UM : Uy € S(B),U; € S(V), N, M € Ny} is
a semigroup of sets, invariant under translations, and consists of sets which are not
measurable in the Lebesgue sense. Here, S(B) is the collection of all finite unions of
some type of Bernstein subsets of R; S(V) is the collection of all finite unions of Vitali
selectors of R. Apart from the o-ideal N any subideal of N can be used to produce

semigroups of sets for which elements are not measurable in the Lebesgue sense.

Recommendations

After this thesis, some special points have to be enumerated as suggestions for future

works in the same direction.

e Consider other types of non-measurable sets (nonmeasurable sets associated with
Hamel bases) and examine the algebraic structures, from the set-theoretic point of

view, among these classes of sets.

e [t would be interesting to extend the study to other measures and abstract spaces. A
non-measurable set in the Lebesgue sense, may have nice properties with respect to

other measures.

e [t would be interesting to extend the results in finite-dimensional Euclidean spaces

to generalize the obtained results on the real line.

e [t would be better to find other types of structures that can be satisfied by non-

Lebesgue measurable sets.

e Introduce other types of binary operations between families of sets in order to extend

the theory of semigroups and ideal of sets.

e Because a master’s degree in science was planned to last only two years, I encourage
that the University of Rwanda can make some effort so that the next intake will not

face the same delay.
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