COLLEGE OF SCIENCE AND TECHNOLOGY

SCHOOL OF SCIENCE
DEPARTMENT OF MATHEMATICS

Stochastic Partial differential equations and

their applications

by
MUTIMA Jean de Dieu

Student number: 220017400

Submitted in partial fulfillment of the requirements
for the degree of Master of Science
n
Applied Mathematics
(Mathematical Modeling and Scientific Computing)

Supervisor: Assoc. Prof. BANZI Wellars




Declaration

I, Jean de Dieu MUTIMA, attest that the research thesis titled "Stochastic
Partial Differential Equation and their applications" is an entirely original
work of mine. It has never before been submitted or published for academic recog-
nition by another person at a university or other higher education establishment.
Assoc. Prof. BANZI Wellars from the University of Rwanda-College of Science

and Technology served as the thesis supervisor.

S1gNature: ...oooovvviiiiiii Date: oo,
Jean de Dieu MUTIMA

I attest that this dissertation was presented under my guidance and supervision.

Assoc. Professor BANZI Wellars.

Head of Mathematics Department: Dr. KURUJYIBWAMI Celestin.

SINAtUTE: ..ovviiviiiiiieeeieiiiiiii, Date: ..o



Dedication

I commend this work to my family and friends.

i



Abstract

The research investigates the existence and uniqueness of solutions in investment
forward performance stochastic partial differential equations (SPDEs). It employs
sophisticated mathematical methods, such as the Picard iteration approach, to es-
tablish the well-posedness of the SPDE and the convergence of iterative solution
techniques. The study delves into advanced mathematical concepts to analyse the
behaviour of these complex equations. The study drew upon the seminal works
of researchers like Mykhaylo Shkolnikov, Ronnie Sircar, and Thaleia Za-
riphopoulou. They formulated equations for forward investment strategies and
optimal feedback portfolios. Their contributions deepened the comprehension of op-
timal portfolio selection in incomplete market scenarios based on criteria for forward
investment performance. The investigation put forth several key ideas to explain
how certain processes function. These concepts, consistency, limits, continuity and
memorability of complex processes, aimed to describe the conduct of the systems
analyzed. The hypotheses played a vital role in understanding the intricate workings
of the processes under examination. This work focuses solely on theoretical aspects
concerning the existence and uniqueness of solutions to given equation, rather than
covering estimation or calibration methods for determining the parameters of the
SPED model, which would require specialized data, models, and statistical tech-
niques. The choice of parameters will be random in certain applications discussed
here. The core emphasis lies on exploring theorems and methodologies related to in-
vestigating the solution’s existence and uniqueness for a given equation. The thesis
emphasizes the importance of key assumptions and initial conditions for ensuring the
well-posedness of the SPDE and the convergence of iterative solution methods. It
also highlights the rigorous reasoning used in establishing the uniqueness of solutions
with the strict application of mathematical techniques like Gronwall’s lemma and
Ito’s formula. Modeling population dynamics and crack propagation in composite
materials are two applications of the research’s findings.

Key words: Stochastic Partial Differential Equation (SPDE), forward perfor-

mance processes, [to process, Gelfand triples, and portfolio choice.
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Chapter 1

Introduction

1.1 Background

Stochastic Partial Differential Equations (SPDEs) are versatile mathematical models
used to describe systems that blend randomness and continuity. These equations
are applicable in various fields such as physics, biology, finance, economics, and
climate modeling. In portfolio selection, SPDEs are harnessed to address optimal
investment problems. As Musiela and Zariphopoulou in 2009 provided solutions for
SPDEs, shedding light on the optimal investment strategies. They have developed
equations for two approaches to the investment problem: the traditional method
and the newly suggested forward formulation. In the first method, their primary
focus was on maximizing the expected utility concerning final wealth. However,
their contribution extends to sub-optimal market conditions. They formally define

the highest achievable and expected utility as

V(z,t,T) = sup Ep[ur(XT)|Fi, (1.1)

TeAT

where a function ur represents the financier’s utility capacity that satisfies the

standard Inada condition.

X7 indicates the asset after trading period 7' if the investor follows strategy

.
Fi: Contains all events and data accessible up to t.

x: This represents the current wealth at time ¢. It is a given value that serves

as an input to the value function V' (z,t,T).
Ar is the set of permissible strategies within the interval [0, 77,

Where V(z,t) = sup Ep(V(X],s;T) | Fi, Xi = ) (1.2)

7T€.AT



is anticipated to take after the Energetic Programming Rule as a result of tending
to a stochastic optimization issue, for ¢ < s < T'. This speaks to a essential result
in ideal control and has been illustrated in different optimization scenarios. The
Stochastic Partial Differential Equation (SPDE) related to the portfolio choice issue

in its in reverse definition presented by Musiela is of the form

1|Va(z, )\ + o0 ag(x, zf)‘2

dV(zx,t) = 5 )

dt + a(z,t)dW, (1.3)

where o, represents the volatility matrix associated with resource costs, ol de-
notes the Moore-Penrose pseudo-inverse of the matrix o,, and \; signifies the market
price of risk. The function a(z,t) captures the volatility of the system.

In a different strategy, the investor is not bound to a fixed risk preference but
can adjust his/her risk preferences continuously throughout the trading periods. In

this case the future investment performance is modeled by:

1|Up(z, )\ + 000 ay(z, zf)‘2
2 Ugz(z,t)

dU(z,t) = dt + a(z,t)dW, (1.4)

where a(z, t) represents volatility and W denotes a standard d-dimensional Wiener

process (Brownian motion). The process

Uz, t) =supEp (U(XT,s) | Fr, Xf =x), for t<s<T
TEA

is considered the solution to the above equation if it meets specific conditions
that will be discussed further.

1.1.1 Conditions for forward performance

Definition 1.1. A process U(z,t) is called continuous forward performance which

1s measured with regard to the filter F, if it meets the following conditions:

i) Ulz,t) is strictly concave and increasing with respect to x for any t > 0.

ii) Foreachm € A, E[U(X],t)] is finite and non-negative, while E[Us(XT | F)] <
Ui(XT) when s > t.

iii) For any s > t, E[U(XT,s) | Fi] = U(X[ ,t) exists , where ©* denotes an

optimal policy or strateqy that maximizes the expected utility .

iv) U(x,0) = up(z).

The study referenced in [I] considers a procedure U(z,t) that progresses mea-
surability with respect to F; and meets requirement (i) of the definition. It assumes
that U(z,t) is sufficiently smooth to figure out U(X]) for any 7 € A employing the

Ito-Ventzell formula.



Moreover, the study assumes the positivity and finiteness of E[U (X, t)] for every
t > 0. Based on these presumptions, the function U(z,t) is considered to adhere to
the Stochastic Partial Differential Equation (SPDE):

dU(x,t) = b(z,t)dt + a(x,t)dW. (1.5)

Here, a(z,t) signifies volatility that is measured gradually in relation to F;, and A\
represents the market price of risk. The drift coefficient in equation (|1.4]) is denoted

as
1 ‘Ux(xat)/\t + O-to-tTax(x7t)|2
2 Uz (, 1)

b(x,t) =

1.1.2 Classifications of forward performance processes

The procedure of progressive performance U(-,t) for ¢ > 0 is a random procedure
that aligns with the financiers ’s information flow. It has the property that, almost
surely, all functions mapping x to u(z,t) meet the criteria specified in definition

To date, the literature has identified three distinct categories of forward per-
formance processes. Time-monotone progressive performance procedures, homoth-
etic progress performance procedures, and factorized forward performance processes
within the context of complete markets. The three forms of progressive performance
procedures arise with significant simplifications of the stochastic partial differential
equation (SPDE) described in equation (1.4) under particular and specialized con-
ditions [2].

a) Time-monotone progressive performance procedures.

These procedures exhibit a consistent trend over time, either increasing or de-
creasing without significant reversals. These processes were initially developed
by Musiela and Zariphopoulou in 2003 [2]. By setting the function a(z,t)
to zero ,then solve the resultant partial differential equation (PDE). time-
monotone progressive performance processes can be derived. When volatility
a(x,t) = 0, the stochastic partial differential equation transforms into
U,(x,t)

it (1.6)

1

In [, it is demonstrated that its solution can be expressed as a time-monotonic

process
U(z,t) = u(z, Ay).

The operation u is specified over the domain Rt x [0, 00) and is characterized

by being monotonically increasing and strictly concave in terms of the variable



x. It adheres to the conditions set forth by the fully nonlinear expression:

2
_ Lug

(1.7)

Ut =
2 Uyy

with u(z,0) = ug(x). Here, A;, for ¢ > 0, is the input process from the market,

defined as .
At:/|/\s|2ds.
0

]

b) Homothetic forward performance processes

Homothetic forward performance processes arise when U is chosen to follow a

product structure, featuring a power function relationship with respect to x.

In [3], the authors seek initial conditions and volatility processes that yield
clearly defined solutions, denoted as U(x,t), to equation with a specific

characteristic or property:
Ulkz,t) = K%(x,t) (1.8)

For any t > 0 and K € RT, 0 < a < 1. Tt becomes clear that the advancing

process requires a nonlinear structure.
xa
Ulz,t) = —K;. (1.9)
Q@

The permissible initial conditions follow this particular format:

pe
Uo(I) = —IC().

«

For additional information, readers are encouraged to refer to [3].

c) Progressive performance mechanisms of factor structure in com-

plete markets

Forward performance processes characterized by a factor structure within com-
plete markets are obtained by simplifying equation into a Hamilton-Jacobi-
Bellman (HJB) relations, It can be rendered linear in the whole market en-
vironment by using the Fenchel-Legendre transform. More information about

this process can be found in references [4, 5.

1.1.3 Introduction to Wiener Process

Wiener processes, also known as Brownian motion, are mathematical models used

in physics, economics, and engineering to analyse and simulate random events. It

4



details the unpredictable motion of particles within fluids or gases.

Definition 1.2. A Wiener process, denoted as W (t) fort > 0, is a stochastic process
defined by the function W: Q x T — R and has the following properties:

1. It starts at zero with probability one: P[W(0) = 0] = 1 (also stated as W(0) =0

almost surely).

2. It has continuous paths, meaning the process is a continuous function of time
with probability one. While discontinuous jumps are possible, their probability

18 Zero.

3. The increments are independent and normal distribution with an average of

zero and a variance matching the time increment:

dW(t) = W(t+dt) — W(t) ~ N(0,dt), t>0.

These properties imply that the Wiener process is Markovian, meaning it has no

memory of past states [0)].

Definition 1.3. An unpredictable process W (t), taking values in a set U, defined
over the time interval [0, T] on the probabilistic field (2, F, P), is termed a (standard)
Q-Wiener process if:

e W(0) starts at the origin,

o W has almost sure continuity in its paths, as guaranteed by the probability

measure P,

o The steps of W are empirically unrelated. It implies that the random parame-
ters W(ty), W(te) =W (t1), ..., W(t,) — W (t,—1) are independent for all time
tervals 0 <ty < ...<t, <T andn €N,

o These processes obey Gaussian variations with predefined parameters. The
rule of the increase W (t) —W (s) adheres to a Gaussian distribution with mean
0 and variance of (t — s)Q for every 0 < s <t < T. Where Q) is represents a

covariance operator.

7).

1.1.4 Cylindrical Wiener processes

This procedure is commonly linked with Gaussian distributions and is employed
for representing random variations or irregularities within a Hilbert space. It finds

frequent application in the realm of stochastic analysis and the investigation of



randomly generated partial differential equations . The term "Wiener" is often
employed to underscore the Gaussian characteristics of this process.
For more information about Sample path properties and statistic properties the

reader can see the reference [6].

Sample Path of the Wiener Process (Brownian Motion)

1.5

Value

Figure 1.1: Trajectories of the random process.

An instance path of a random process, sometimes referred to as Brownian motion,
is shown in the image. The figure extends from 0 to 1.0 along the horizontal axis,
which represents time, and corresponds to the total time 7" given in the code. The
Wiener process value at each time point is indicated by the vertical axis. The
Wiener process’s trajectory is shown by the blue line that runs across the plot; each
point on the line represents the process’s value at a particular point in time. The
plot’s overlaying grid lines make it easier to understand how the process’s values
change over time. All things considered, the picture provides a visual representation
of the evolution of a Wiener process over time, emphasizing the randomness and

continuous routes that are inherent to the process.

1.2 Statement of the Problem

Musiela and T. Zariphopoulou [8] developed an equation involving both randomness
and partial derivatives connected with future investment success . The resulting

SPDE is expressed as follows:

}Ux(x, A + atatTaz(x, t) ‘2

1
dU(z.1) = -
Ula, 1) = 5 U (2, 1)

dt + a(z, t)dW. (1.10)

Where W corresponds to a Brownian motion, with the asset price adjustment



aligned with the filtration associated with this motion

0. represents the volatility matrix linked to the asset prices.

ol signifies the Moore-Penrose pseudo-inverse of the matrix o;.

A¢: denotes the market price of risk.
The function a(z,t) captures the volatility of the system.

They looked at families with zero volatility as well as families with non-zero volatility.
They did not delve into examining the solution’s existence and uniqueness in the
context of this investment performance SPDE.

Our task is to examine the existence and uniqueness, of the SPDE that gov-
erns the formulation of portfolio choice in the forward direction. The methods and
strategies employed to address this challenge play a crucial role in developing reli-
able prediction models, depending on the outcomes of existence and distinctiveness

analysis.

1.3 Objectives

1.3.1 Main Objective

The fundamental purpose of this research project is to investigate the Stochastic
Partial Differential Equation (SPDE) detailed in Equation [1.10, and paying atten-

tion to demonstrating both the existence and uniqueness of its solution.

1.3.2 Specific Objectives

1. The first specific objective is to illustrate the conditions that guarantee the
existence of solutions to the SPDE. .10

2. The second specific objective is to examine the uniqueness of the solution.

3. The final objective is to apply these findings to practical scenarios.

1.4 Limitation

This thesis will not cover the estimation or calibration of the SPDE model’s pa-
rameters, such as volatility (o), price of risk in the market (\), and the volatility
function (a(z,t)). Estimating these parameters requires data, models, and statisti-
cal techniques. The thesis will focus on theorems and methodologies to explore the
existing and Inimitability of the solutions. For practical applications, parameters

will be chosen at random.



Chapter 2

Basic concepts

2.1 Stochastic Differential Equations (SDEs)

This section introduces differential equations involving random fluctuations, which
are a more complex version of ordinary differential equations (ODEs). SDEs involve
the Tt6 integral, and their theory is more detailed and extensive compared to ODFEs
[9]. One way to formulate this kind of equations is to introduce random elements
at the right hand side of the equation. These random elements’ dependence on the
solution can vary. Particular instances, such as those involving the heat equation

and reaction-diffusion equation, can be represented in a particular developing form:

Here, X is considered as variable that can take values within a suitable infinite-
dimensional Hilbert space H. Additionally, W represents a Brownian motion taking
values in a Hilbert space U. The function B takes values in the space of linear
mapping from U to H, denoted by L(U; H). To establish a meaningful framework,

several steps need to be taken:

1. Define the notion of a Brownian motion with values in U, particularly when

U has endless dimension.

2. Announce the notion of integral involving randomness within infinite-dimensional

spaces.
3. Provide clarity regarding what is meant by a solution to equation (2.1]).

4. Determine the prerequisites for A and B.that ensure the existence and unique-

ness of solutions for the equation.

These steps are important to successfully apply stochastic calculus in unlimited
dimensional spaces [9]. Table below lists a few examples of SDEs along with their

deterministic counterparts.



Deterministic Stochastic Name

dx = pdt dX(t) = pdt + odW (t) Arithmetic Brownian Mo-
tion (ABM)

dx = padt dX(t) = pX(t)dt + o X (t)dW (t) Geometric Brownian Mo-
tion (GBM)

dr = a(p—x)dt | dX(t) = a(p—x)dt+o+/X(t)dW(t) | Square root (Cox-Ingersoll-
Ross, CIR)

Table 2.1: Examples of stochastic differential equations and their deterministic coun-
terparts.

The solutions and Matlab implementation of the above SDEs can be found in

reference [10].

Definition 2.1. The Hilbert space U 1is considered separable if it has a countable
dense subset D C U in which, for each u € U, there ezists a sequence (d,) C D
such that:

lim [u—d,| =0
n—oo

In simpler terms, the property of being separable of U suggests the presence of a
denumerable set D in which, for each w in U, the sequence (d,) exist from D and

converges to u with regard to the norm [11)].

Definition 2.2. Let H and U be Hilbert spaces, and W (t) represent a conventional
real-valued Wiener mechanism defined on the probability space (0,3, P). A U-valued
Wiener process X (t),t > 0 is a stochastic process that meets each of the following

characteristics:

1. Stationarity: X(0) = 0 almost surely (P-a.s.), where 0 represents the zero
element of the Hilbert space U.

2. Increment Independence: For 0 < t; < ty < ... < t,, the changes in
X(t1), X(t2)—X(t1), ..., X(tn)—X(tn—1) are unrelated U-valued random vari-
ables.

3. Gaussian Increments: The increments X(t) — X(s) are Gaussian dis-

tributed U-valued random wvariables for any s < t.

4. Continuous Paths: X(t) has continuous paths, meaning that for almost

every w in ), the sample path t — X (t,w) is continuous.

5. Zero Mean and Covariance: For any s < t, the U-valued increments

X(t) — X (s) have zero mean and covariance operator given by:
Cou(X (t) — X(s)) = (t — 9)1,

I symbolises the identity operator in the Hilbert space U.



6. Quadratic Variation: The quadratic variation of X (t) is given by:

X, X](t) = / X (s)]%

where ||dX (s)|| represents the norm of the U-valued increment dX(s), and
(X, X](t) is the U-valued quadratic variation of X(t).

[12)].

2.2 Stochastic Integrals

We are now prepared to delve into stochastic integration and its various associated
features. This establish the basis for addressing stochastic differential equations and

explaining the filtering problem.

Definition 2.3. Consider a Hilbert space H, an H-valued Wiener process denoted by
W (t), and a stepwise function S(t) mapping from the set T to the space of L(H, H).
In simpler terms, we have a collection of time points to < t; < ... < t, in the set T,
and corresponding operators S; for j = 1,2,...,n in the space L(H, H) such that

for each t within these intervals [t;_1,t;| (where j ranges from 1 to n):
j=1:tj

0, if t <ty
S<t): Sj, iftj_1§t<tj, j=12_....n
0, ift>t,
Nezt, we define the stochastic integral of S(t) in relation to dW(t), denoted as
[ S(t)dW (t), as follows:

n

/ SOAW(t) = 3 S (E) — Wt )]

J=1

[13)].

The stochastic integral is crucial for studying and solving stochastic differen-
tial equations (SDEs) and finds within applications different domains, including
economics, physics, and engineering, where randomness and uncertainty are funda-

mental characteristics of the systems under study [14].

2.2.1 The Itd6 Formula

Theorem 2.1. Consider an Ité process X; such that dX; = Udt + V,dW,. Take
g(z) € C*(R) be a continuous, twice differentiable function. Assuming g(X;) € L?,

10



Y, = g(Xy) is similarly an It6é process. such that

dg 10%g

By substituting the values of dX; = Uydt + VidWy in (2.2)), then Ité formula may be
erpressed as

dg

1 02
dY; = (—(Xt>Ut+ J

O 292

(Xt)‘/f) dt + (g—i(xt)) Vi dW;. (2.3)

As a result, we may observe that the set of Ité processes stays constant when exposed

to transformations that are twice repeatedly differentiable.

The proof of this theorem can be found in reference [15].

2.3 Gelfand Triples and Coefficient Requirements

Let H represent A divisible Hilbert space. equipped with the inner product <
.. >m, and let H* denote its dual space. Additionally, consider a Banach space V'
continuously and densely embedded within H.

In this context, the dual space H* of H can be continuously and densely embed-
ded within the dual space V* of V.

This relationship can be succinctly expressed as:
VcCHCV” (2.4)

In essence, V is a subspace of H, and simultaneously, H can be considered a
subspace of the dual space V*, with both embeddings becoming uninterrupted and
dense [9]. A Gelfand triple, denoted as (V, H,V*), exhibits the following character-
istics. It’s important to note that H is constantly and tightly integrated into V*
implies the separability of V* and, consequently, the separability of V. Additionally,
the operator space B(V) is formed by V*, while B(H) is generated by H*. More-
over, Kuratowski’s theorem establishes that V' is an element of B(H), and H is an
element of B(V*). To elaborate further:

e The separability of V* implies the separability of V.
e V" generates B(V'), and H* generates B(H).
e According to Kuratowski’s theorem, V' is within B(H ), and H is within B(V*).

Shifting our focus to stochastic differential equations defined on the Hilbert space

H, these equations

11



Take the structure:

dX (1) = A(t, X (£))dt + B(t, X(£))dW (1), X(0) =z € H (2.5)

We have the conditions for functions A and B:

1. A mapping A : V — V* is definable.

2. A mapping B : V — L*(U; H) is measurable, with U being a real separable
Hilbert space.

3. W is a cylindrical Q-Wiener process with @) = id in L(U).

4. X takes values in H.

We assign these conditions on A and B:

e (H1) Hemicontinuity: For all u, v, and x in V, the function A — V* (A(u + \v), z) v
is in C' (R, R).

e (H2) Weak Monotonicity: There is a fixed ¢; € R such that for any u and
vin V, the expression 2V* (A(u) — A(v),u —v) V + || B(u) — B(v)||%2(U‘H) is

bounded above by c¢;||u —v||* in H.
e (H3) Coercivity: There exist constants o € (1,00), ¢; € R, ¢z € (0,00), and
c3 € R such that for all v € V,
21 A(), vllv + 1B 72w, < allvll — callvll§ + cs.
This inequality holds true.

e (H4) Boundedness: There exist constants ¢; and c5 such that for all v € V|

the following inequality holds:

a—1
[A@) [l < es VIV +¢s

Here, « corresponds to the value specified in condition (Hs) [9].

2.3.1 Examples of Stochastic Partial Differential Equations

Random Partial Differential Equations are a flexible family of equations used in a

variety of domains, including physics, biology, and finance. Here are some instances:

1. Heat Equation with Random Perturbations

The heat equation models the diffusion of heat in a material. When stochastic

fluctuations are introduced, it leads to an SPDE, commonly used in describing

12



the unpredictable fluctuations of stock values in finance, among other appli-

cations.

Let’s focus on a specific instance of the stochastic heat equation. Several
algorithms will be employed to gain insights into the solution’s nature, albeit
with some degree of rigor. Further refinement may be required to ensure full

mathematical rigor.

Recalling the heat equation as:

0

—U:Au, u:RT xR" =R (2.6)
ot

where 1y : R” — R is any bounded and continuous initial condition, and w is

the only solution satisfying u(0, z) = ug(x) for all x € R™, given by:

_lz—y|?

u(t,z) = W/ne i ug(y) dy. (2.3)

For simplicity, let’s denote this as u(t, -) = e~ 'ug, analogous to the solution for

. . 8u _
a linear equation %7 = Au.

Introducing a forcing term f into (2.6)), we have:
ou

E:Au+f7 u:RT xR" = R (2.7)

The solution to (2.7) can be expressed using the variations of constants for-

mula:

u(t, ) = ey + /t A9 f(s, ) ds. (2.8)

0

If f denotes time-space , the stochastic heat equation becomes:

%:Au—i—ﬁ, u:RT xR" =R (2.9)

For the case uy = 0, the solution is:

t 1 lz—y|?
t,x) = ¢ 49 dy ds. 2.1
wrr) = [ e e )

. Representation of a Stochastic Polymer Chain

Consider N+1 particles in a fluid, connected by elastic springs and subjected to
external forces. The equations governing their motion, when forces dominate

over inertia, are:

du
d—to = k(uy — uo) + F(up),
du,,
- = kE(tuny1 + tup1 —2uy,) + F(u,), n=1,...,N —1,
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dUN

W = /{Z(UN,1 — UN) + F(UN)

In the continuous restrict with k& ~ vN? and o ~ VN, This process is ade-

quately characterized by the solution to a random partial differential equation.
Ou(z,t) 0*u(x,t)

5 =V o dt + F(u(z,t))dt + dW (z,1), (2.11)

With respect to limit constraints % = agg) =0.

2.3.2 Ensure the existence and singularity of SPDE solutions.

The possibility of finding a solution for an SPDE depends on the specific equation
involved and the characteristics of its coefficients. Typically, confirming the exis-
tence of a solution relies on certain assumptions regarding these coefficients, such as
continuity, boundedness, and growth conditions.

Consider that A and B in [2.5| match the constraints (H1)-(H4). Assume 7" > 0

and designate the Lebesgue measure on the interval [0, 7] as Ar.

Definition 2.4. A continuous sequence X (t) for t in the interval [0,T], which ac-
cepts values from the space H and adapts to the filter F, is regarded as a solution to
equation (2.5)) under specific conditions. In particular, for the equivalence class X of
processes valued in V* with respect to the measure A\r ® P, the following conditions
must hold:

X e L0, T] x QA \r @ P; V) N L2([0,T] x Q, Ap @ P; H),

where o 15 greater than 1.

Moreover, under the probability measure P, it is almost certain that:
t t
X(t) = X(0) +/ A(X(s))ds +/ B(X(s))dW(s), te][0,T],
0 0

where X represents any predictable modification ofX with values in V.

A continuous process X (t);co,7] with values in space H, where the equivalence
class X with respect to the measure Ay @ P belongs to L*([0,T] x QA \r @ P; V),
possesses a predictable modification in space V. This can be illustrated by defining
the set R = {(s,w) € [0,T] x Q: X(s,w) € V}, which is predictable as it is the
pre-image of the set V' € B(H) under the continuous process X with values in H.
Then, X (s,w) is defined as follows:

_ X(s,w) if (s,w) € R,
0 otherwise.

14



With this definition, X possesses the stated property [16].

In contrast to the definition in [I7], where the term "predictable" is replaced with
"progressively measurable," our Definition offers several advantages. Firstly, it
eliminates the requirement to incorporate the progress sigma algebra altogether,
guaranteeing that our integrands in stochastic integrals are foreseeable, as necessary.
Thus, there is no necessity to argue for permitting progressive integration. Fur-
thermore, our definition allows for more flexibility in generalizing to more complex
integrators, potentially with jumps, where allowing general progressive integrands is
not feasible. Conversely, in [I7], the coefficients are permitted to be time-dependent
, and in such a scenario, Requiring them to be progressive is a less strict condition

than regularity.

Theorem 2.2. Assuming that the conditions for A and B specified in Hy through Hy
are met, and considering a function f belonging to the space LP/*([0,T] x Q; dt ® P)
where p 1s greater than or equal to [ + 2, and further assuming the existence of a
constant C, subject to the following conditions for all t in the interval [0,T] and v
wn the set V:

1B o)l 72wy < CUF(8) + [lvll7),
p(v) < O+ oll$) (1 + [loll), (2.12)
Then, for any initial value Xy in the space LP(Q); Fo;P; H), the equation has

a unique solution X (t) for all t within the interval [0,T], with the initial condition

X (0) = Xo, and this solution satisfies the following inequality:

E ( sup IIX(t)HZ> < 0.

te[0,T

Moreover, if A(t,.)(w) and B(t,.)(w) do not vary with respect to t in the interval
0,71, and for all w € Q, then the solution X (t)ciom of equation behaves as a
Markov process [17].

Prior to presenting and demonstrating the primary outcome regarding the ex-
istence and uniqueness of solutions for equation (2.5)), we express a form of Itd’s

formula.

Theorem 2.3. Suppose a > 1, and let Xy € L*(Q, Fo,P; H). Furthermore, assume
that Y is an element of La-1([0,T] x QA @ P;V*), and Z belongs to L*([0,T] x
O, \r@P; L2(U, H)), with the condition that both Y and Z are predictable. We define

a continuous process taking values in the dual space of V' as follows:
t t

X(t) = Xo +/ Y (s) d$+/ Z(s)dW (s), te€]0,T]
0 0

If the equivalence class X of X, as defined under the measure A\p @ P, belongs to

15



the space L*([0,T] X Q,A\r @P; V'), and if the expected value of || X (t)||% is finite for
almost all t € [0,T) under the measure Ay, then X is both adapted and a continuous
procedure of extracting values from the Hilbert space H. Furthermore, the square

norm of X for every point in time t is provided by:

X = 150l + [ (20 079 XDy + 126 ) ds+

) / (X(s), Z(s) dW (s))

Where X represents any predictable modification of X with values in the space
V.

To establish uniqueness, Let us suppose that both X and Y are solutions of
equation ([2.5)). with their respective initial conditions X and Yj. In other words,

we have:

X(t):X(O)+/O A(X(s))ds+/0 B(X(s))dW(s), te[0,T],

Y(t):Y(O)+/O A(Y(s))ds+/0 B(Y(s))dW(s), te[0,T].

Using the product rule, Itd’s equation from hypothesis (2.3)) and Hs, we obtain
for ¢ € [0, 7.

- fJ(f(s)+p(Y(s))>dsHX(t) Y% < 1X0 - Yol

+2 / t e~ Jo U+ DA (X (5) — Y (s), (B(s, X (s)) — B(s, Y (s)))dW (s)) .

According to Proposition in in [[I7],pg 225], the martingale at a local level on the
right-hand side is a real-valued martingale. Therefore, when we take the expected
value, We get the following outcome.:

The expectation of the quantity specified below is bounded by the expectation

of another quantity for every value of ¢ inside the range [0, T7:
B e BUGHE O X (1) v (1)]3] < B 11X - Yll}

If the starting circumstances, X, and Y| are equal, the expectation of the aforemen-
tioned quantity becomes zero for all ¢ in the interval [0, T7).

Since Y belongs to the set M, equation suggests that the following integral
is finite with probability one:

/0 (f(s)+ p(Y(s)))ds < oo almost surely
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As a consequence, for every t € [0,7], X(t) = Y(t) almost surely. Therefore, the
path wise uniqueness is established due to the continuity of the paths of X and Y
in the Hilbert space H [17].

The following lemma is useful in proving that nonlinear stochastic partial differ-
ential equations have unique solutions. Gronwall’s Lemma, a fundamental concept
inside the differential equations theory, gives the solution to a differential inequality

an upper bound, expressed as an integral involving the same inequality.

Lemma 2.1. Gronwall’s Lemma: Let f(t) and g(t) be non-negative continuous

functions on [0,T], with a being a non-negative constant. If the inequality

fH) <at / o(s)f(s)ds

holds for every t in the interval [0,T), then

s < ae [ otoras)

also holds for all t in the interval [0, T).

In simpler terms, Gronwall’s Lemma offers an exponential upper restricted to the
solution of the differential inequality in terms of the integral of the inequality. This
result finds numerous significant applications across various branches of mathematics

and science and is frequently utilized in differential equation analysis [I8].

2.4 Picard Iteration for SPDE

For certain types of random partial differential equations, the Picard iteration tech-
nique is commonly used to establish solution existence. Let’s consider establishing
the solution existence for the nonlinear wave propagation equation on [0,7] x R

influenced by space-time Gaussian noise:

Pu 0u :
5~ g = ou(t.2)W(t.x),  (30) (2.13)

with the starting conditions given by:
u(0,-) = —(0,-) = 0. (2.14)

The solution follows the steps:

1. Define the Picard Iteration Scheme: The Picard iteration scheme involves
recursively defining an approximate solution. For each iteration £ = 1,2, ...,

the solution is updated based on the previous iteration’s solution.
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2. Establish L?-Convergence using Gronwall’s Lemma: To demonstrate
L?-convergence, it’s necessary to show that the iterative sequence converges
in the mean square sense. Gronwall’s Lemma is often utilized to prove such

convergence results for integral equations.

3. Demonstrate Existence of Higher Moments using Burkholder’s In-
equality: Burkholder’s Inequality relates the moments of stochastic processes
and is often used to establish the existence of higher moments for such pro-

cesses.

4. Confirm p-Hélder Continuity for p € (0, %) Hélder continuity addresses
the regularity of the solution. To show p-Holder continuity, it’s essential to

control the growth of the solution as the spatial variable x changes [19].
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Chapter 3
Methodology and Techniques

This Section is dedicated to investigating The existing and distinctiveness of reme-
dies of nonlinear stochastic partial differential equations (SPDEs) through the ap-
plication of Picard’s iteration scheme. It explores how this mathematical technique
contributes to verifying both the presence of solutions and their uniqueness in the
domain of nonlinear SPDEs.

This part outlines the fundamental steps involved in applying the Picard’s itera-
tion method within the context of nonlinear stochastic partial differential equations
(SPDEs).

Picard’s iteration scheme entails iteratively refining an initial guess to generate
a sequence of approximations and demonstrating that this sequence converges to a
unique solution. This method is pivotal in the theory of SPDEs and is frequently em-
ployed to establish the presence and individuality of solutions within the framework

of random processes and functional spaces [20)].

3.1 Emnsuring Existence and Uniqueness of It6 Solu-

tions

In [21], the authors demonstrated the presence and individuality of a solution, fol-
lowing It6’s approach, for a broad class of SPDEs characterized by nonlinear mono-
tone operators and incorporating delays. Specifically, they address the stochastic

parabolic equation of the form:

da(t) + [A(t, z(t) + B(t, z(7(t))) + f(8)] di = [C(t, x(p(t))) + g()] dW (t), >0
2(0) = o,

(3.1)

Here, A(t,-), B(t,-), and C(t,-) represent groups of functions acting in Hilbert

spaces, possibly nonlinear, and adhering to a monotonicity requirement. The symbol

W (t) denotes a Hilbert-valued Brownian motion, and p and 7 correspond to delay

functions [21].
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The document employs the monotonicity method, a significant technique for
resolving nonlinear partial differential equations (PDEs). Furthermore, a modified
version of this approach is applied to address a different class of nonlinear monotone
equations under the conditions where B = 0 and there are no delays.

When no delays are present (7(t) = p(t) = t), researchers have examined equa-
tion under the condition where B = C' = 0, considering A as a nonlinear
factor.

In the paper [22] authors explored a range of mathematical methods to prove
both the presence of solutions to stochastic partial differential equations and their
uniqueness with nonlinear monotone operators and delays. Key techniques utilized
in the proof encompass Picard’s Scheme, Gronwall’s Lemma, Stochastic Integration,
the Monotonicity Method, and the Coercivity Condition.

It builds upon the well-established theory of stochastic integrals in Hilbert spaces,
as outlined in prior literature. The approach relies on classical real separable Hilbert
spaces V and H, satisfying the condition V' C H, with H considered as its own
dual space and the dual of V' denoted as V4. This establishes the relationships
V C H=HyCV, Norms in V, H, and V} are represented by || - ||v, || - ||z, and
|| - ||v, respectively, with the dual product of V4 and V' denoted by (:,-), and (-, ")
representing the Scalar product in H-space.

Considering a Brownian motion W, defined on the entire probability space, the
paper introduces it as a martingale relative to the generated o-algebra. W, is repre-
sented as a sum involving a collection of orthonormal eigenvectors for the covariance
operator W, with the incremental covariance o? for each process (¢, which are mu-
tually independent real Wiener processes.

Departing from conventional notation, the paper uses || - || to denote the norm
within continuing linear operator space L(K; H). Additionally, it defines 1,,(0,7, V),
where p > 1, as the V-valued processes’ space satisfying certain measurability and
integrability conditions.

Authors established a closed subspace I?(0,7; V') within a larger space, denoted
LP(Q x [0,T]; F x B([0,T]);dP @ dt; V). It further introduces nonlinear operators

A(t,-) : V — Vp, defined almost everywhere in time, under certain concepts:

(a.1) Coercivity: Positive constants o and A exist such that

2(A(t, ), z) + N|z||* > af|z||’, Vr eV, aedt.

(a.2) Monotonicity: For all x,y € V, there exists A such that

2(A(t,2) — Alt,y),z —y) + AMlz —y[* > 0, aet.

20



(a.3) Boundedness: A positive constant § exists such that

|A(t, z)|l, < Bllz||P~!, Vz eV, aet.

(a.4) Hemicontinuity: The function 6 € R — (A(t,z + 0y), z) is continuous for
all x,y,z € V, aet .

(a.5) Measurability: The mappingt € (0,7) — A(t,x) € V; is Lebesgue-measurable
forall z € V, a.e.t .

Let B(t,-) : H— H be a group of functions defined almost everywhere in time,

subject to the following conditions:
(b.1) B(t,0)=0

(b.2) Lipschitz condition: Almost everywhere in time, there is a constant k; such
that for every x,y € H, |B(t,z) — B(t,y)| < ki|x — y.

(b.3) Measurement: For any = € H, the translation ¢t € (0,7) — B(t,x) € H is

Lebesgue-measurable.

Similarly, let C(t,-) : H — L(K, H) be another family defined almost everywhere

in time, satisfying:
(c.1) C(t,0)=0

(c.2) Lipschitz condition: For any z,y € H, practically everywhere in time, there
exists a constant ko such that |C(t,x) — C(t,y)| < kalz — y|.

(c.3) Measurement: For any x € H, the mapping t € (0,7) — C(t,z) € L(K, H) is

Lebesgue-measurable.

Furthermore, two measurable delay functions p, 7 : [0,7] — [0, T] are taken into

consideration, fulfilling
0 <p(t),r(t) <tforalltel0T] (3.2)
For the functions f and g, we make the assumption that
fer*0,T;H),g € I*(0,T; L(K, H)).

The starting value xo € L*(Q, Fo; P; H) is where we end up, at last. Next, we pose

the following issue:

Find a process x € I,(0,T;V) N L*(Q; C(0,T; H)) satisfying:
(t) + Jy [A(s,2(s)) + B(s, 2(7(s))) + f(s)] ds (33)
=x0 + fot [C(s,z(p(s))) + g(s)] dWs, P as., Yte]l0,T].
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Remark 3.1. We note that if v € L*(0,T; H), then according to conditions (b.1)-
(b.3), B(x) € L*(0,T; H), where B(x)(t) = B(t,z(t)). Furthermore, the mapping
x € L*0,T; H) — B(z) € L*(0,T; H) is continuous and hence measurable. Consid-
eringx € H — B(t,x) € H is continuous almost everywhere, if x(t) is an H-valued
stochastic process and Fyi-adapted, then B(t,z(t)) also possesses these properties.
Additionally, if v € L*(Qx (0,T); H), then B(z) € L*(Q2x(0,T); H). Lastly, if x" is
a bounded sequence in L*(Q2x (0, T); H), B(z") is also bounded. Similar observations
can be made from conditions (c.1)-(c.8) for C': L*(0,T; H) — L*(0,T; L(K, H))
defined by C(x)(t) = C(t, x(t)).

The aforementioned findings, in conjunction with the measurability of p and 7,

guarantee the well-definedness of the integrals referenced in (3.3)).

Theorem 3.1. Under the assumptions outlined in Section 7 with A = 0, there

erists a single process
€ IP(0,T; V)N L*(Q;C(0,T; H))
such that .
o6) + [ [AGs.a(s) + f(5) ds = a0 + M,
0

almost surely with respect to the probability measure P, for all t € [0,T]. Here,
M, s a continuous martingale valued in H, square integrable with respect to JF;.

Additionally, the solution satisfies the following energy equality:

lz(t)[* + 2/0 (A(s,z(s)),z(s)) ds + 2/0 (f(s),z(s))ds
= |zo|* + 2/t(x(s),d]\/[s> +tr((M));ds P-a.s. Vtel[0,T)]
(3.4)

Here, tr((M)), represent the variation in quadratic form of M, (see Métivier and
Pellaumail [23]).

Proof. The proof of this theorem is detailed in references [23] and [24]. O

3.1.1 Existence of solution

The existence can be established by constructing a sequence of approximate solutions

and showing convergence.

Proof. To demonstrate the existence of a solution, we utilize Theorem Let’s

examine the equations

x%wﬁf(Mam@»+§f@Qd&yAU@My=m+AEwmw; (35)
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2" (1) +/Ot (A(s,x”“(s)) + %x"“(s)) ds
+ /OtB(S,:L‘n(T(S))) ds + /Ot f(s)ds

t t t
:x0+/ %x”(s)d5+/ C(s,x”(p(s)))dWs—i—/ o(s)dW,, Yn = 1,23, ..
0 0 0
(3.6)
O

The conditions in Theorem are satisfied by the family A;(t,:) : V — W,
specified by A;(t,z) = A(t,x) + 3z, by (a.1)—(a.5). As a result, 2! € IP(0,T;V) N
L*(Q;C(0,T; H)).

It is important to note that the following may be deduced from (b.2), (¢.2), and

the measurability of the functions p and 7:

i. The mapping (t,w) € (0,7) x Q +— B(t,z'(7(t))) € H is a member of
2(0,T; H).

ii. The mapping (t,w) € (0,T)xQ +— C(t,2*(p(t))) € H isapart of I*(0,T; L(K, H));

and as a result,
t
| et aw.
0
is a Fi-martingale that is square-integrable and continuous.

Based on these observations, we can apply Theorem to these remarks. Con-
sequently, the process x* € IP(0,T,V) N L*(;C(0,T; H)) exists and serves as a
solution to equation for n = 1. Through recursion, we derive a sequence of solu-
tions for equations (3.5)—(3.6), denoted by {z"}, ., C I?(0, T, V)NL*(Q; C(0,T; H)).
Caraballo and Tomas, in [21], established that the sequence {z"} converges to a pro-
cess in IP(0,T,V) N L?(Q;C(0,T; H)). Furthermore, they demonstrated that this
process serves as the solution to equation . Their proof was organized into four

distinct steps.

3.1.2 Uniqueness of solution

In this section, our objective is to illustrate the singular nature of a solution to
equation (3.3). We will employ 1t6’s formula, referenced in [25] and [26], alongside

assumption (a.2) to establish the uniqueness.

Theorem 3.2. Based on the assumption described in Section|3.1], it can be deduced
that there is just one possible solution to the problem inside the function space
IP(0,T; V)N L2(Q;C(0,T; H)).
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Proof. Let x,y € L,(0,T,V) N L*;C(0,T; H)) be solutions of (3.3). Using ItSo’s

formula, we get:

Bla(t) = a0 = =28 [ (A(s.2(5)) = Als.9().2(s) = (s) ds
B [ (Bls.alr(s)) = Bs.y(r(:) ds
(CGs. ool

)
¢

+E/ tr
0

Define z(t) = z(t) — y(t) and utilize conditions (a.2), (b.2), (c¢.2) to deduce:

))) = C(s,9(p(s) W (C(s,2(p(s))) — C(s,y(p(s))))"] ds

Bl < )\E/O 12(s)? d$—|—2k1E/O (1=(r ()] |2(5)] + k2 (W) |=(p(s))[?) ds.

(3.8)
So let’s estimate the terms in equation (3.8]) on the right side.
t t
)\E/ 12(s)|* ds < || sup E |z(r)[* ds. (3.9)
0 0 rel0,s]
By employing relation (3.2]), we obtain:
t
2E/]z N |z(s ]ds<E/\ s))[? ds+E/ |2(s)|* ds
0 (3.10)
gz/‘wav<Wda
0 r€l0,s]
t
/ 1z(p(s)? ds </ sup E|z(r)| ds. (3.11)
0 rel0,s]
Thus, equations (3.8) through (3.11)) yield:
t
sup E|z(r)|* < [\ 2k + 2k5tr(W)] / sup E|z(r)| ds. (3.12)
relo,s] 0 r€l0,s]
Ultimately, Gronwall’s Lemma suggests:
sup F|z(r)]* =0, Vt € [0,T] (3.13)
rel0,t]
From - E|z(r)]> = 0, hence z(r) = z(r) — y(r) = 0, implying that x(t) = y(t)
almost surely. Clearly, uniqueness is ensued from (3.13) [25]. O
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Chapter 4

Existence and uniqueness of SPDE
solution linked to forward

performance process

This chapter delves into the investigation of the presence and distinctiveness of
remedies in the realm of investment forward performance stochastic partial differ-
ential equations (SPDEs). We explore the application of advanced mathematical
techniques, with a particular focus on the Picard iteration method, to establish the
robustness of solutions within this financial framework. By addressing crucial as-
pects of these SPDEs, we aim to contribute insights into the nuanced dynamics of
investment forward performance processes. To prove that a solution to equation
exists and is unique using the Picard method, certain standard assumptions
are commonly employed. This chapter comprises three sections: the first show
the formulation of the problem and introduces assumptions and initial conditions,
the second demonstrates the evidence for the existence and uniqueness of equation
’s solution, and the third section analyzes the results.

4.1 Problem Formulation and Key Assumptions in
Picard Method

The expression (1.10) can be expressed as follows:
dU(z,t) = b(z,t) dt + a(z,t) dW (4.1)
In this context, b(z,t) is defined as:

|Ux(x, O\ + ool a,(x, t)‘2

1
b(z.t) = -
(@) =3 Uy (1, 1)

.
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Equation (4.1)) is equivalent to a specific instance of Equation (3.1)), where B f
and g,, in (3.1]) are zero-set coefficients. Then, the following equation is taken into

account:

AU (z,t) — b(t, z)dt = a(x,t)dW (t), t >0
U(ZL‘, O) = U(),

(4.2)

where b(t, x) meets a monotonicity requirement, and W (t) denotes Brownian motion
with values in a Hilbert space.

For employing the Picard iteration technique or similar techniques to prove the
existence and uniqueness of solutions to this SPDE a number of assumptions can be
made. These assumptions are crucial for ensuring the well-posedness of the SPDE
and the convergence of iterative solution methods.

These are some general presumptions and requirements that may be relevant to

the Picard technique.

1. Lipschitz Continuity: To guarantee the presence and distinctiveness of
solves, it might be necessary for the coefficients a(x,t) and b(x,t) to exhibit
Lipschitz continuity concerning the variables  and ¢. This requirement en-

sures the convergence of Picard iterations towards a singular solution.

2. Growth Condition: The coefficients a(x,t) and b(x,t) might be required to
meet a growth condition, ensuring the integrability of the stochastic integral

and the smoothness of the solutions.

3. Initial Condition: The starting point Uy = U(x,0) might be required to
possess specific characteristics, such as alignment with the underlying filtration

and possessing suitable integrability properties.

4. Wiener Process Characteristics: The characteristics of the Wiener process
W (t), including its covariance pattern, integrability, and smoothness, play a
crucial role in the examination of the Stochastic Partial Differential Equation
(SPDE)

5. Functional Spaces: The functions and processes entailed in the solution to
the The term stochastic Partial Differential Equation (SPDE) U(z,t), might
be required to be within specific functional domains. These could include
spaces of stochastic processes, Hilbert spaces, or sets of integrable functions
[21].

Utilizing the relationship between the current equation and equation ([3.3]), we

pose the following problem:

Find a process U(z,t) € I?(0,T; V)N L*(Q;C(0,T; H)) such that :
Uz, t) —U(z,0) = fot b(z,s)ds + fga(yc, s)dW (s). almost surely, VYt e [0,T].
(4.3)
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We characterize I7(0,T, V'), where p > 1, as the set of V-valued processes U (%, %):cjo,1]

that are measurable from [0,7] x Q into V, and adhere to the following conditions:
(i) (U(t,x) is Fy-measurable almost everywhere in ¢.
i) [ Uil dt < +o00.

It is straightforward to verify that I7(0,7; V') forms a closed area inside the region
LP(Q x [0; T); F x B([0; T)); dP @ dt; V')

where B([0;T]) represents the Borel o-algebra. For brevity, we will use

L*(Q; C(—h,T; H)) as ashorthand for L*(Q2, F,dP; C(—h,T; H)), where C(—h;T; H)
denotes the set of smooth functions between H and [—h,T]. For example, let
b(t,-) : V. — Vb, a household of nonlinear functions defined almost everywhere

in time, where p > 1. The following hypotheses are asserted:

(i) Coercivity: There exist positive constants o and A such that

2(b(t, ), z) + N|z||* > af|z||’, Vr eV, aet.

(i) Monotonicity: For all z,y € V, there exists A such that

2(b(t,x) = b(t,y),x —y) + Az —y[* >0, aet.

(iii) Boundedness: There exists a positive constant /3 such that

lo(t, 2)||. < Bllz|[P~!, Vo eV, aet.
(iv) Hemicontinuity: The function § € R +— (b(t, x + 0y), z) is continuous for all
x,y,z €V, a.et .

(v) Measurability: The mappingt € (0,7) — b(t, z) € V; is Lebesgue-measurable
forallz € V, a.e.t .

Similarly, let C(t,-) : H — L(K, H) be another family defined almost everywhere

in time, satisfying:
a.l) a(t,0) =0

a.2) Lipschitz condition: There exists a constant ky such that |a(t,z) — a(t,y)| <

ko|x — y| for all x,y € H, almost everywhere in time .

a.3) Measurability: The mapping ¢ € (0,7) — a(t,z) € L(K, H) is Lebesgue-

measurable for all z € H.
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4.2 Existence of solution

To be able to establish the possibility of a solution for the issue presented in (4.3))
through the Picard method, we will adopt a systematic process. This involves defin-
ing the Picard iteration scheme, demonstrating its convergence, and validating that
the limit attained satisfies the given problem. The theorem addresses the pres-
ence of a solution for an equation of a comparable kind. We can use the conditions
and results from this theorem to determine whether the given equation has a solu-
tion.

By referring to Theorem (3.1]), to prove existence, we analyze the equations

Ulx,t) + /Ot (b(Ul(x, s)) + %Ul(x, s)) ds = Uy (4.4)

t

Ut (z,t) +/ (b(U”+1(x,s),s) + %U”H(x,s)) ds

’ t)\ t (45)

=0, +/ §U"(x,s) ds —|—/ a(U™(x,8))dWy, Yn=1,2,3,.,.,.
0 0

We will demonstrate that the sequence U™ converges to a function in 7,(0,75V) N
L*(©;C(0,T; H)), and this function serves as the solution to the equation (4.3).
To demonstrate that problem (4.3) has a solution, we can use a Picard’s iteration

scheme. Let Up(x,t) = 0 and define recursively for n > 0,

Upsi(x,t) = /Ot b(z,s)ds + /Ota(x, s)dW (s) + /Ota(x,s)Un(x, s) ds. (4.6)

We will show that the order {U,},>o is Cauchy in L*(Q;C(0,T; H)) and hence
converges to a limit U(x,t).

First, we note that for any n > 0, we have

t
|Wm@ﬁ—%@ﬂMmm§AW@@MWM@@M%wﬁ- (4.7)

Using the Cauchy-Schwarz inequality and the fact that ||a(z, s)|| s < K for some

constant K, we obtain

t
!Mm@ﬁ—%@ﬂ%@mSWAH%@$%@m% (48)

< K*T||Unll22 000,73 (4.9)
Therefore, we have

1Uns1(2,) = Un(@, )| 2 < KVTUnll e (4.10)
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Using this inequality recursively, we obtain
|Uns1(2,t) = Un(z, ) |2y < K"VT™|Uol| 12 9u000,7:m))- (4.11)

Since ||Upl|z2(0:c0,m;my) = 0, we conclude that {Up,}n>0 is a Cauchy sequence in
L*(Q;C(0,T; H)). Therefore, there exists a limit U(z,t) € L?(Q;C(0,T; H)) such
that limy, o [|Up — Ul|2(;m) = 0.

It remains to show that U(x,t) € I?(0,7;V). Consequently, we observe that

every n > 0, we have
t t
[Unsa(a Dl < ool + [ [bGa.s) v ds+ [ faCe. o) eqnan |0nte. ) v ds.
0 0
(4.12)

Making use of the Cauchy-Schwarz discrepancy and the knowledge that ||a(x, s)|| z(z,1) <

K for some constant K, we obtain
t t
[Unss(a Ol < W0 I +2 [ bla 9l ds+ 282 [ UGas) o ds— (413)
0 0
< |Uo(z, )1 + 2T (|6l 720070y + 2K TN Ul 22000y (414)
Therefore, we have

[Una (2, )1 < 1Uo(2, )T + 2711001220000y + 2K 2T Vol 22000020
(4.15)

Since ||Uol|z2(0;c(0,r3v)) = 0, We obtain the conclusion that {U,},>¢ is bounded in
I7(0,T;V). Therefore, the limit U(x,t) belongs to I?(0,7;V), and hence is the
desired solution of equation (4.3).

4.3 The uniqueness

Using Itd’s formula, we can show that the solution to (4.3) is unique. First, we define
the difference of two solutions U; and U as Z(x,t) = Uy (z,t) — Us(x,t). According
to the posed problem

Z(x,t) = Z(x,0) + /0 [b(x,s)ds + a(z, s) AW (s)] (4.16)

Then,by recalling the equation and identifying the following correspondences:

A(s,z(s)) =0

B(s,z(7(s))) = b(x, s)
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the results will be

B|Uy(2,1) — Us(w, £)? = —2E /t<o 0, Uy (1) — Us(a, 1)) ds

— 2E/0 (b(x,s) —b(x,s)) ds + E/o tr[(a(z,s) —a(x,s)) W (a(z,s) — a(x, s))"] ds.
(4.17)

Simplifying, we get:

t t
E|Z(a:,t)|2:E/ Ods+E/ 0ds =0 (4.18)
0 0

It implies that there is no distinction among Uy (x,t) and Us(z,t) across the time
range [0, 7], meaning that U,(z,t) = Us(z,t). This is because Z(z,t) = Uy(x,t) —
UQ(CL’, t).

4.4 Applications

Numerous applications in other sectors may be made of the findings of the study
on the existence and uniqueness of SPDE solutions associated with the forward
performance process.In this section, I specifically apply the results to the modeling

of fracture propagation in composite materials and urban expansion.

4.4.1 Urban growth modeling

As an illustration, consider the following Stochastic Growth Model (SGM), which
is helpful for studying Urbanization .Using a stochastic partial differential equation,
the stochastic growth model can be formulated (SPDE). The following is a generic
SPDE that can be used to simulate a stochastic growth process: Examine a random
partial differential equation model of urban economics, where the population density
P(xz,t) evolves over both space (z) and temporal (¢). The rate of population growth

evolution’s SPDE may be expressed as:

OP(x,t)
ot

oW (z,t)

= u(x, t)dt + o(x,t) g

(4.19)

where:

e u(x,t) represents the drift term, capturing factors such as urban growth trends,
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migration patterns, and economic policies that influence the spatial distribu-

tion of population density.

e o(x,t) represents the stochastic volatility term, capturing random shocks or

uncertainties in the spatial distribution of population density.

° W/a# represents the differential of a Wiener process with respect to time,

introducing randomness into the model.

To apply this SPDE in economics, we can calibrate the drift and volatility terms

based on empirical data and economic theory. For example:

e sz, t) could be modeled as a function of factors such as employment oppor-
tunities, housing costs, transportation infrastructure, and government policies

that affect population movements within the city.

e o(xz,t) could be modeled to capture spatial variations in factors such as eco-
nomic shocks, technological innovations, and social interactions that lead to

random fluctuations in population density.
Set o(x,t) and p(z,t) as shown below
o u(z,t) =0.1P(x,t) +0.2
e 0=03
with this choice , the SPDE be come

OP(z,t)
ot

= (0.1P(z,t) + 0.2) dt + 0.3% (4.20)

Let’s select L? as working space. This option guarantees that the solution is inte-
grable in the square sense, which is appropriate for the requirements we have and is

frequently used when working with stochastic processes.
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1. Verification of Coeflicients

I must first determine whether the values of u(x,t) and o(z,t) meet the re-
quirements given by Picard’s theorem. To confirm Lipschitz continuity for the
coefficients p(z,t) and o(x,t) in the above stochastic partial differential equa-
tion (SPDE), I must demonstrate that They fulfil a Lipschitz requirement.
Let’s use the following functions to demonstrate Lipschitz continuity for the

drift parameter u(x,t) and the factor of volatility o:

p(x,t) =0.1P(x,t) + 0.2

c=0.3

We need to show that there exists constants L; and Lo such that for all

X1, x9, t1,ts and all Py, Py, the following inequalities hold:
For p(x,t):

(21, t1) — pl(xe, t2)| < Li|(z1,t1) — (22, t2)| + L1|PL — Pl
For o:
lo(x1,t1) — o(2,ta)| < Lao|(x1,t1) — (22, 12)]
For u(x,t), we have:
’/L(l’l,tl) — /l(l'g,tg)‘ = ’01P($1,t1> + 02 — OlP(fEQ,tQ) — 02‘

= |01(P<J]1,t1> — P(ZEg,tg))|
S OllP(ZEl,tl) — P<$2,t2)|

For o, it’s straightforward:

‘O’(Q?l,tl) — O'(ng,tg)‘ = ’03 — 03| =0

Thus, we can choose Ly = 0.1 and Ly = 0 to satisfy the Lipschitz conditions
for both u(x,t) and o, respectively.
2. Application of Picard’s Theorem

To apply Picard’s theorem, Let define an initial condition P(z,0) for the pop-
ulation density P(x,t) at t = 0.

For simplicity, let’s choose P(x,0) to be a constant function. This means
that initially, the population density is the same everywhere in the region of
interest. Let P(z,0) = 400.
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Once we have the initial condition, we can apply Picard’s iteration method
to sequentially solve the stochastic partial differential equation (SPDE) using
the provided coefficients and initial condition. The Picard iteration process

entails iteratively:
t t
PO (1) = Py(z) +/ (P (x, s),s)ds+/ adW (s)
0 0

where P(™(z,t) is the nth approximation of the solution P(x,t).

This method is carried out repeatedly until convergence is reached. Under spe-
cific circumstances given by Picard’s theorem, the resultant series of functions

P™(x,t) converges to the solution P(z,t).

We may use Matlab to analyse the sequence’s convergence to determine whether

convergence is occurring or not.

. . Iteration Function Error

Iteration Function Error

Value
Value

26 44.501 0.045798

1 43.975 3.9754
27 44.475 0.025797

2 44.447 0.47147
28 44.901 0.42564

3 44.191 0.25599
29 45.008 0.10688

4 45.027 0.83588
30 44.608 0.39922

5 45.205 0.17809
31 44.119 0.48969

6 44.950 0.25457
32 44.156 0.037331

7 44.690 0.25989
33 44.522 0.36630

8 44.542 0.14888
34 44.585 0.062736

9 44.184 0.35714
35 45.390 0.80507

10 44.033 0.15122
36 45.111 0.27944

11 44.535 0.50150
37 44 877 0.23332

12 44.702 0.16706
38 44.552 0.32506

13 44.507 0.19463
39 45.165 0.61311

14 45.300 0.79323
40 44.991 0.17407

15 44.694 0.60674
41 44.703 0.28863

16 45.043 0.34892
42 44.746 0.043766

17 44.477 0.56548
43 44.538 0.20793

18 44.830 0.35270
44 44.431 0.10718

19 44.966 0.13635
45 44.845 0.41399

20 44.816 0.14989
46 44.448 0.39693

21 44.780 0.03582
47 44.938 0.48962

22 44.763 0.017477
48 45.075 0.13672

23 44.854 0.091278
49 45.369 0.29407

24 44.127 0.72700
o5 44547 0.41944 50 44.821 0.54773
51 44.821 1.03e-05

Table 4.1: Tterations with corresponding function values and Errors
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The table presents the results of an iterative process, tracking the function value
and corresponding error across 51 iterations. The function value fluctuates slightly
at each step, while the error generally decreases, indicating convergence towards an
optimal solution. By the final iterations, the error becomes very small, suggesting
that the process effectively stabilizes the function value. The steady reduction in
error reflects the success of the iterative method in refining the solution over time.

The chart shows how Pi-card iterations change. The x-axis is iterations. The
y-axis is solution value change. At first, the solution changes a lot. But as more
iterations happen, the change gets smaller. The graph shows when convergence

occurs. This is when the solution value change is below a set tolerance level.

Convergence of Picard Iterations.
4

35 |

25— |

Change in Solution

Figure 4.1: Convergence of Picard Iterations.

After convergence, the solution barely changes. It settles on a value that meets
convergence rules.

The Pi-card iteration technique successfully converges, indicating a solution ex-
ists for equation within the chosen function space. This convergence to a stable
solution demonstrates there is a solution corresponding to the specified initial con-
ditions and parameters.

Validating the uniqueness of the solution obtained from equation [4.20] can be
accomplished through the application of Gronwall’s lemma and Ito’s formula. Let’s
consider the scenario where equation yields two distinct solutions, denoted as
Pi(z,t) and Py(z,t).

I will show Pj(z,t) and P(x,t) give the same answer for any x and ¢. First, [

will find |Pi(x,t) — Py(x,t)| using Ito’s formula. This math rule helps study how
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random processes change over time.

O(P, — P,
d|P,— Py = (% +0.1(P — Py) + 0.2) dt + 0.3dW

Let us define Q(t) = |Py(z,t) — Pa(z,t)|. We can express this as:

Q(t) = |Py(x,0) — Py(z,0)] +/0t (le(a—g)wz) ds+/0t0.3dW

t . t
Q(t)g@(0)+/ |W\+0.1|P1—P2|+0.2ds+/ 0.3dW
0 0

Gronwall’s lemma may now be used to obtain:

Q) g/0t0.2ds+/0t0.1Q(s)ds+/OtO.SdW

Q(t) gO.2t+/t0.1Q(s)ds+/tO.3dW
0 0

Now, Gronwall’s inequality yields:

t
Q(t) §0.2t+/ 0.3dW
0

We infer that |Py(z,t) — Py(z,t)] is bounded as well since the right-handed side
is restricted. This suggests that P;(z,t) = Py(z,t), indicating the uniqueness of the

solution.

4.4.2 Modeling Crack Propagation in Composite Materials

To model this, engineers use SPDEs to describe the evolution of the crack front
in a composite material. The randomness in the external forces and the inherent
material heterogeneity can be incorporated into the model through stochastic terms.
[27]. Now, let examine the wave equation using a stochastic perturbation that can

be used to model crack propagation:

*u(x,t
p Y _ G ofa ) + a.0) + ) (121)
where:

u(z,t) is the displacement field,
p represents the material’s density,
e(z,t) = 2(Vu+ (Vu)?) is the strain tensor,
f(z,t) represents the deterministic body forces,
n(x,t) is a stochastic term representing the random perturbations (e.g material

defects, random loading). The aim is to demonstrate that there is a solution u(z, )
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to this equation and that it is unique. We aim to show that the sequence {uy(z,t)}
generated by Picard iteration converges uniformly to a limit function w(z,t) as
k — oo.

We aim to demonstrate the solution’s existence and uniqueness u(zx,t) for this
equation.

Let ug(x,t) be our initial guess.

For k > 0, we define the (k + 1)th iterate as shown:

Upyr (2, 1) = /0 /0S Gz, t, &, 7)(V-o(x,7)+ f(z,7) + n(x, 7)) d§ dT + up(z, 1)

where G(x,t,&,7) is the fundamental satisfying the homogeneous version of the
SPDE with appropriate boundary conditions.

Let show that The order {uy(x,t)} produced by Picard iteration converges uni-
formly to a limit function u(x,t) as k — oc.

There exists a N such that for any m,n > N, for all € > 0, ||u,,(x,t) —u,(z,t)]| <
e for all z and ¢, where || - || denotes some appropriate norm.

Consider the difference |ugii(x,t) — ug(z,t)|. By the properties of the Picard
iteration, this difference can be bounded by some function of |uy(x,t) — ug_y(z, )|,
and so on.

Hence, we can establish a bound of the form:

|uk’+1(x7 t) - uk(‘rv t)| <C- ’uk’(xvt) - uk’—l(xv t)|
for a constant C' that is unaffected by k, z, and .
Now, if we have ||u(2,t) — up_1(7,t)|| < &, then:
[t (2, 8) — upz, )| < C - flup(z, 1) — wes (2,8)]| <€

Therefore, {ux(z,t)} is a Cauchy sequence.

1. Limit Function Properties:

Let us assume that wu(x,t) = limg_,o ux(z,t). The stochastic partial differential
equation (SPDE) and all boundary conditions must be shown to be satisfied by
u(z,t).

1. SPDE Verification: Substitute u(x,t) into the original SPDE:

Du(x,t)

ot2 =V -o(z,t)+ f(z,t) + n(x,t)

and verify that it holds true.
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2. Boundary Conditions: If there are any boundary conditions specified for

the problem, ensure such that u(zx,t) fulfills them.

Following the demonstration that u(x, t) satisfies both the SPDE and any bound-
ary conditions, we have established the presence of solution.

By showing that the sequence {uy(z,t)} is Cauchy and that the limit function
u(z,t) satisfies the desired properties, we conclude that the sequence converges uni-
formly to u(z,t) as k — oco. Then u(z,t) is the solution of equation [£.21] To
demonstrate the solution’s originality u(x,t) according to the specified SPDE using
Picard iteration, we assume that there are two solutions and show that they must

be identical.

Assume Two Solutions:

Suppose there are two solutions to the SPDE, u(x,t) and v(x,t).:

% =V o(z,t)+ f(z,t) +n(z,1)
% =V oz, t) + flz,t) + n(z,1)

Consider the Difference:

Define the difference w(x,t) = u(z,t) — v(z,t). We then have:

O*w(z,t) O*u(x,t) 0?v(z,t)

oz P o P e

Substituting the SPDEs respect to u(z,t) and v(x,t) into this equation gives:

% =(V-o(z,t)+ f(z,t) +n(x,t)) — (V- -o(x,t) + f(x,t) +n(z,t))
2
Lun
Solve the Homogeneous Equation:
The formula is as follows pa%gg ) = 0 implies:
0?w(x,t) _0
ot?

This homogeneous second-order linear SPDE has the following general solution:

w(z,t) = ¢(x) + ()t
where ¢(z) and ¥ (x) are functions of = alone.
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Initial Conditions:
Use the initial conditions of the original problem. Typically, these might be:

ou ov
u(z,0) = v(z,0) = up(x) and E(x, 0) = E(I,O) = vp(x)

For w(z,t), this translates to:
w(z,0) = u(z,0) —v(z,0) = ug(x) — ug(x) =0

ow ou ov
E(I’O) = E(m,O) - E(LO) = vo(x) —vo(z) =0

Determine ¢(x) and (z):

From w(z,0) = 0, we get ¢(x) = 0. From %—”‘t“(x,()) = 0, we get ¥(z) = 0. Hence,

w(z,t) = 0. Since w(x,t) = 0, it follows that u(z,t) = v(z,t). Therefore, the
solution u(z,t) to the SPDE is unique.
Adjust the settings and utilize Matlab to illustrate how the result will look.

Parameters
e Density (p): 1.0
e Length of the domain (L): 10.0
e Final time (7): 1.0
e The spatial grid point count (N,).: 100
e Time step count (N): 100
e Step size in space (dz): Calculated from L and N,
e Time step size (dt): Calculated from 7" and N,
e Maximum amplitude of stochastic perturbation 7,,, : 0.1
e Convergence threshold: 1 x 1075

e Maximum number of iterations: 1000

Initial Condition

The initial displacement wuy(x) is given by:
uo(x) = sin (%)
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Boundary Conditions
Dirichlet boundary conditions are applied:
e Left boundary: u(0,t) =0

e Right boundary: u(L,t) =0

Solution of the Wave Equation with Stochastic Perturbation

Figure 4.2: Stochastic perturbation solution for the wave equation

Interpretation of Figure

The figure represents the wave equation’s solution with a random perturbation.
The surface plot shows the evolution of the displacement u(z,t) over the spatial
domain z and time t. The color and height of the surface represent the magnitude
of displacement, with higher values indicating larger displacements. The initial
sinusoidal shape of the displacement evolves over time due to the wave equation
dynamics and the randomly varying stochastic perturbation, leading to a complex

spatiotemporal pattern.
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Chapter 5
Conclusion and Recommendation

In this research, I provided an analysis of the presence and originality of solutions in
investment forward performance stochastic partial differential equations (SPDEs),
which were introduced in [8] using advanced mathematical techniques, particularly
the Picard iteration method from the paper [21]. It emphasizes the importance of key
assumptions and initial conditions for ensuring the well-posedness of the SPDE and
the convergence of iterative solution methods. By referencing existing theorems and
conditions from other papers, the study demonstrates a comprehensive approach
that integrates established results to demonstrate that the given equation has a
solution.

The monotonicity of b(t, z) is an assumption needed to demonstrate the presence
of the solution to equation and its uniqueness.

The thesis highlights the rigorous reasoning used in establishing the uniqueness
of solutions with the strict application of Gronwall’s lemma and It6’s formula. Over-
all, the study’s thorough investigation, reliance on established mathematical tools,
and integration of prior research contribute to the robustness and credibility of its
conclusions regarding the existence and uniqueness of solutions in the context of
investment forward performance SPDEs.

Further investigation on this topic could involve several avenues of research and

exploration:

1. Generalization and Extensions: Researchers could explore generalizations
of the current model to encompass a broader range of financial instruments
or market conditions. This could involve considering more complex stochastic
processes or incorporating additional factors that influence investment forward

performance.

2. Empirical Validation: Empirical studies could be conducted to validate the
theoretical models and solutions derived from the SPDEs. This could involve
analyzing real-world financial data to assess the applicability and accuracy of

the models in practical investment scenarios.
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3. Connection to Market Dynamics: Further investigation could focus on
understanding how the dynamics described by the SPDEs relate to broader
market dynamics and economic factors. This could involve studying the impact

of macroeconomic variables on investment forward performance processes.

These prospective directions for more research highlight the topic’s interdisciplinary
nature, which includes studies in economics, finance, mathematics, and regulatory
affairs. There are chances to learn more about investment forward performance pro-

cedures and how they affect financial markets and decision-making in each direction.
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