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Abstract

Disease dynamics are inherently influenced by the interplay between hosts and parasites.
And this interaction may be subject to demographic and environmental variability. As
environmental conditions shift and human interventions evolve, understanding these
dynamics is crucial for effective disease management. This thesis investigates into the wide
area of disease modelling, with a particular emphasis on the impact of external variability
and stochasticity on epidemic dynamics within the context of host-parasite. First, we
investigate the global stability dynamics and sensitivity of COVID- 19 transmission models
considering timely and delayed diagnosis. Through theoretical analysis and numerical
simulations, we show that the disease persistence depends on the basic reproduction
number, R0. Our results suggest reducing the inflow of new individuals into the country or
ensuring early diagnosis will lower the basic reproduction number and thereby limiting
secondary infections and preventing multiple epidemic peaks. Next, we study the impact
of imperfect vaccines, vaccine trade-offs, and population turnover on infectious disease
dynamics. Using a mathematical model, we compute the basic reproduction number,
establish global stability conditions of equilibria and perform sensitivity analysis. We
derive conditions for the vaccination coverage and efficiency to achieve disease eradication
assuming different intensity of the population turnover (weak and strong), vaccine properties
(transmission and/or recovery) and trade-off between the latter. We show that the minimum
vaccination coverage increases with lower population turnover, decreases with higher
vaccine efficiency (transmission or recovery), and is increased/decreased by up to 15%
depending on the vaccine trade-off. We then formulate a stochastic model for disease
transmission in heterogeneous populations of vaccinated and unvaccinated hosts. We prove
the existence of a unique nonnegative weak solution and derive conditions for extinction
and persistence in mean. Simulations illustrate how demographic variability can alter
vaccination outcomes and long-term disease persistence. Finally, we outline future research
on metapopulation models for malaria forecasting, incorporating temperature variability
and some vaccination strategies to account for climate-sensitive transmission regarding a
specific vaccine. This extension aims to enhance predictive accuracy and support targeted
interventions for malaria control in a changing climate.
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Chapter 1

General introduction

1.1 Background

The diversity of host defenses against parasitism reflects the complex and dynamic nature of
host-parasite interactions. In natural systems, hosts have developed a wide range of defense
mechanisms, which can be classified into immune and behavioral defenses. Immune
defenses, include resistance which refers to the ability to prevent or limit infection and
tolerance, which refers to the ability to minimize damage caused by an infection. These
mechanisms provide direct biological protection against parasites. Behavioral defenses,
on the other hand, involve strategies like social avoidance [61], where individuals distance
themselves from infected conspecifics, and mate choice, where potential mates are selected
based on traits indicative of parasite resistance. At the same time, parasites have developed
a diverse array of strategies to exploit hosts [107], including variations in virulence (ranging
from highly virulent to avirulent), infection duration (chronic or acute infections), life cycle
complexity (involving one or multiple variants), and transmission mechanisms (airborne,
environmental, social, or sexual) [77]. These variations in parasitic traits have likely emerged
through coevolution with their hosts, as both parties adapt to the changing pressures exerted
by the other.

This reciprocal interaction has been observed across various systems including, viral
and bacterial parasites of animals [39], bacterial, fungal, and animal parasites of plants
[44, 57], and viral parasites of bacteria [96]. Given the ubiquitous presence of parasites and
their significant impact on host fitness, host-parasite interaction is considered as one of the
major forces in shaping the Earth’s biodiversity. This evolutionary arms race impacts the
biological and ecological traits of both hosts and parasites, and leads to maintenance of
significant diversity in antagonistic species. In turn this diversity plays a crucial role in
determining the spread and persistence of infectious diseases [82, 117].

Mathematical modelling has been a fundamental tool in advancing our understanding
of host-parasite interactions [28], contributing to a robust and evolving body of theoretical
work. These models allow researchers to investigate the complex dynamics between hosts
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and parasites, providing insights into the causes and consequences of their reciprocal
evolutionary interactions. By translating biological processes into mathematical framework,
these models can simulate various scenarios, such as how different defense strategies in
hosts or transmission mechanisms in parasites influence the coevolutionary landscape. Early
mathematical models, such as those developed by Anderson and May [10, 11, 13], provided
foundational insights into the population-level dynamics in host-parasite interactions. These
models highlighted how factors such as parasite virulence, host resistance, and transmission
rates influence the invasion, persistence and spread of infectious diseases. Building upon
this groundwork, more recent models have incorporated genetic and evolutionary dynamics,
enabling deeper exploration of how host and parasite traits coevolve over time [31, 47].

1.2 Problem statement

In the field of mathematical epidemiology, many researchers have predominantly used
deterministic models to provide valuable insights for policymakers [29, 50, 69], despite
the fact that they assume predictable outcomes based on initial conditions. Besides,
host-parasite interactions in a stochastic setting have received considerably less attention.
However, in a rapidly changing world, the delicate balance between hosts and parasites is
increasingly subject to disruption by external variability and stochastic (random) factors
such as demographic variability, environmental changes, and human interventions, which
can lead to unexpected outcomes, such as sudden disease outbreaks or the emergence of
new pathogen strains, challenging our ability to effectively manage and control [6, 102, 116, 113].

In this thesis, we consider there are no significant mutations or adaptations on parasites
that alter their ability to infect or exploit hosts. The evolutionary pressure is unidirectional,
with hosts being the primary drivers of change by developing defenses such as vaccines [87],
non-pharmacological interventions (NPIs) [55], antiviral drugs, antibiotics (for bacterial
infections), or other treatments to combat infections [85]. We explore how the absence of
parasite evolution and the presence of host driven defenses interact with random factors
that can significantly influence the course of epidemics. Understanding these dynamics is
crucial for designing effective public health strategies, especially in an area marked by rapid
environmental changes, increased global mobility, and varying levels of healthcare access.
Since not all individuals respond to vaccines or NPIs in the same way, stochastic variations in
immune responses, behavior, and compliance with interventions can lead to heterogeneous
outcomes, where some populations experience higher rates of infection despite widespread
preventative measures. Fluctuations in environmental conditions (temperature, humidity) or
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social behavior (seasonal gatherings) can also introduce randomness into epidemiological
dynamics [41]. For example, a heatwave might cause more people to gather indoors,
increasing the likelihood of transmission, or it can extend the active season for vectors
such as mosquitoes, increasing the transmission window for diseases like malaria and
dengue [105]. Additionally, changes in abiotic factors, such as temperature or humidity can
disrupt the timing of host-parasite interactions, potentially increasing the overlap between
susceptible hosts and infectious parasites, further exacerbating disease risks.

Despite the wealth of literature on human disease epidemiology, there are two types
of unresolved questions in the study of the impact of stochastic processes on disease
dynamics. The key general, yet only partially answered, question is to assess whether
deterministic models can predict accurately disease epidemiology and dynamics, or if
stochastic processes affect the behavior and outcome/severity of an epidemics. A most
efficient disease control method is vaccination. The efficacy of a vaccination campaign
depends on the efficiency of the vaccine in reducing symptoms, transmission and decreasing
virulence, but also on population demography, age structure, and social constraints. Thus
the questions I want to answer are:

1. What is the influence of population characteristics on efficacy of vaccination?

2. Do stochastic processes affect the predicted impact of vaccination in controlling the
disease compared to the deterministic developed models?

Two gaps in knowledge need to be filled. First, key biological characteristics of disease
epidemiology models need to be studied. What characteristics of the population influence
the most efficiency of a vaccination campaign ? What is the influence of stochasticity due
to random external factors on disease transmission and disease dynamics in a population
with vaccination ? Second, at the mathematical level, stochastic models have relied on
incomplete posedness and unknown steady state behavior. Therefore a key question is:
What is the impact of stochasticity in changing the behavior of the stochastic model
compared to the equivalent deterministic model ?

1.3 General objective

The main objective of this thesis is to explore how external variability and random factors
influence the dynamics of host-parasite systems, particularly in cases where parasites do
not evolve.
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1.3.1 Specific objectives

Specifically, this study aims to:

1. Assess the impact of timely and delayed diagnosis on the spread of COVID-19 in
Ghana

2. Evaluate how variations in vaccine efficacy mechanisms and population demographic
dynamics affect the effectiveness of vaccination policies

3. Investigate how demographic stochasticity affects the extinction and persistence of
infectious diseases

1.4 Thesis Contribution

This thesis makes several original contributions to the mathematical modelling of host-
parasite systems and the potential role that can play external variability and random factors.
The key contributions are as follows:

• We developed new deterministic or stochastic models that capture the dynamics of
host-parasite interactions under varying external influences such as delayed diagnosis,
environmental transmission pathways, demographic variability, or different vaccine
efficiency properties.

• In the deterministic framework, we constructed appropriate Lyapunov function
candidates to rigorously analyze the global stability of equilibrium points.

• Sensitivity analysis of the COVID-19 model revealed that key parameters such as the
transmission rate of exposed individuals, transmission and decay rate of virus in the
environment and the proportion of infectious with timely diagnosis have significant
impacts on the epidemic dynamics.

• For the imperfect vaccination model, explicit threshold conditions involving the
proportion of vaccinated individuals required for disease eradication with imperfect
vaccine.

• The stochastic model underwent comprehensive theoretical analysis, including
rigorous proofs of the existence and uniqueness of weak solutions, demonstration of
stochastic ultimate boundedness, and identification of conditions under which the
disease either becomes extinct or persists in mean.
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• Overall, the thesis provides evidence-based insights that are relevant for informing
public health interventions and control strategies under various real world constraints
and uncertainties.

1.5 Thesis outlines

The thesis is organized in five chapters as follow:

• In Chapter 1, we present the introduction where we give a context of the published
results.

• In Chapter 2, we present the literature review.

• In Chapter 3, we present the methodology used to achieve our objectives.

• In Chapter 4, we present our published findings.

• In Chapter 5, we conclude and give some perspectives of future works.
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Chapter 2

Literature review

COVID-19 was declared a pandemic in the first quarter of 2020 by the World Health
Organization (WHO) see, e.g. [92]. The disease affects different people in different ways
with most infected people developing mild to moderate illness. Most common symptoms
are fever, dry cough and tiredness while less common symptoms include aches and pains,
sore throat, diarrhoea, conjunctivitis, headache, loss of taste or smell, a rash on skin or
discolouration of fingers or toes [92, 93]. It is well understood that the elderly with underlying
medical problems are the most vulnerable people. COVID-19 is transmitted by means
of contact (direct or indirect), droplet spray in short range transmission and aerosol in
long-range transmission (airborne transmission) [81]. Globally, there were 100, 285, 517
confirmed cases with 2, 149, 461 confirmed death cases as on 26th January, 2021 [93].

In Africa, there were a total of 3, 472, 023 confirmed cases with 86, 060 confirmed
death cases where Ghana is among the top ten (10) most infected countries as on 26th
January, 2021 [93]. As on 26th January, 2021, Ghana had 62, 135 confirmed cases with 372
confirmed death cases. The first confirmed cases in Ghana were recorded on 12th of March,
2020 from two people who had returned from Norway and Turkey [37]. Several works
have been studied concerning COVID-19 including a human-to-human model analysis
for some African countries [15, 34, 52, 86]. The transmission dynamics in Wuhan has also
been studied and presented in several articles with control measures and basic reproduction
number well analyzed, see e.g. [40, 84, 100]. In [80], the control strategies to curb the virus
using data from Wuhan were presented. Measures to control the spread of COVID-19
are mostly avoiding human-to-human contacts, personal protection and environmental
disinfection. The diagnosis of COVID-19 is difficult and the incubation period of 2 − 14
days or 0 − 24 days is longer than most known coronaviruses or similar viruses which
usually ranges between 1 to 10 days [70]. Due to the long incubation period, it results
in a delay in diagnosis. This delay allows for human-to-human transmission as well as
human-environment-human transmission. Therefore, evaluating the impact of delayed
diagnosis is essential for understanding the transmission dynamics of COVID-19 and for
designing effective control strategies.
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In addition, vaccination is one of the most effective public health policies for protecting
humans and animals from infectious diseases. Global vaccination campaigns have helped
eradicate diseases such as smallpox, measles, poliomyelitis and rinderpest in most parts of
the world, ultimately saving the lives of millions of humans and animals. By definition, a
perfect vaccine would keep vaccinated individuals from becoming infected when exposed
to the pathogen. An imperfect vaccine, however, does not prevent vaccinated individuals
from becoming infected upon pathogen exposure but may still be beneficial in various
ways [12]. For example, imperfect vaccines may provide benefits such as preventing infection,
limiting parasite within-host growth and thus reducing the damage done to the host [110] or
preventing transmission by infected hosts [48]. As we have seen recently with the epidemic
of COVID-19, imperfect vaccines can be used to reduce the number of infected individuals
and also to protect individuals at risk of developing a more lethal form of the infection.
The use of imperfect vaccines may be advantageous when the vaccination efficiency is
volatile and decreases due to the appearance of new variants of the virus [33, 54, 56].

The effectiveness of a given vaccine is determined not only by its biochemical and
immunological properties but also by how the vaccine is deployed and what other health
management (biosecurity) measures are in place. Maintaining herd immunity during a
disease outbreak, for example, has been promoted as a highly effective disease control
strategy [22, 35, 72]. However, a continuous influx of new susceptible, possibly unvaccinated
individuals contributes to the long-term persistence of the disease in the population [98, 101].
The frequent introduction of pathogens into a partially immune population (with an
intermediate level of population immunity) can lead to longer-lasting epidemics and/or a
higher total number of infectious individuals than the introduction into a naive population [98].
This phenomenon is named “epidemic enhancement” [98]. More generally, the population
turnover rate, that is, the rate at which individuals can enter and exit the considered
population, may affect the effectiveness of control strategies [27, 63, 88]. In humans and also
domesticated animals, population turnover takes the form of immigration and emigration in
and out of the population, as well as the birth and death of individuals. The turnover is an
often neglected factor in epidemiology when generalising predictions of disease modelling
from human to domesticated and wild animal populations.

Moreover, a second parameter of importance in studying the efficiency of vaccination
strategies is the existence of biological trade-offs in the epidemiology of infectious diseases.
The prime example is the trade-off between parasite virulence and transmission rate,
which raises challenges for vaccine manufacturing. Indeed, in the seminal paper by
[48], vaccines affecting disease transmission are predicted to possibly lead to a decrease
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in parasite virulence, while other types of vaccines (reducing within-host growth rate)
may lead to an increase in parasite virulence and thus the counter-effect of a worst
epidemiological outcome. Interestingly, much work has been devoted to generating precise
predictions for virulence evolution in known parasite species by incorporating empirical
characterisations of vaccine effects into models capturing the epidemiological details of a
given system [2, 31, 46]. In contrast, the biochemical and immunological trade-offs of the
vaccine itself have received little attention. We specifically mean here that vaccination can
affect several aspects of the disease dynamics, such as within-host growth and transmission,
with possible trade-offs between these characteristics. For example, a vaccine reducing
within-host growth may be more or less effective in reducing disease transmission. We,
therefore, consider the definition of imperfect vaccines as i) providing partial protection
(non-maximal efficiency) against infection (decreasing transmission) and ii) partially
enhancing the recovery of infected individuals. We are interested in the possible trade-off
between these two properties. There has been remarkably little work performed to generally
assess how the interplay between different vaccine properties, trade-offs and vaccination
strategies influences the burden of the epidemic in a heterogeneous community/population
with imperfect vaccination.

A number of mathematicians have developed diverse epidemic models to analyze and
control the spread of transmissible diseases in the community by using a deterministic
approach [12, 14, 79, 108]. However, when the number of infectious individuals introduced
into a population is small or when the variability in transmission, recovery, recruitment
or death impacts the epidemic outcome, the impact of stochasticity cannot be ignored.
The outcome of the stochastic epidemic model may, indeed, differ from the deterministic
one. Based on their equivalent deterministic counterparts, numerous plausible stochastic
epidemic models have been derived. In the specific case of epidemiology, there exists in the
literature a variety of approaches using stochastic models for the mathematical modelling
of epidemics such as discrete time Markov chain (DTMC) [6], continuous time Markov
chain (CTMC) [71] and stochastic differential equations (SDEs) [67]. To cite but a few
studies, to include stochastic demographic variability, [71, 115] presented a continuous-time
Markov chain model that successfully simulated disease clearance, and identified the main
factors determining the probability and time of clearance. Similarly, [67] investigated the
situation of white noise stochastic perturbations around the endemic equilibrium state.
With a widely used approach, the technique of parameter perturbation, [62, 116] were able to
derive SDE epidemic of SIR models, and proved the existence of the positive solution and
studied the asymptotic behavior.
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Another widely used approach to derive SDE epidemic models was provided in [3].
One advantage of the later modeling approach is that the parameters in the model are better
understood because they are generated from basic assumptions. However, it was shown [32]
that the derived SDE models from [3] do not preserve the non-negativity of the solutions,
especially when population sizes are near zero. A set of explicit necessary and sufficient
conditions to be fulfilled so that systems of SDEs have non-negative solutions, is given
in [32]. These conditions have been recently used in [5] when describing a new method
to derive an SDE epidemic model which preserves the non-negativity of solutions with
regard to biological realism. This new approach [5] allows to formulate an Itô SDE for SIR
(Susceptible-Infected-Recovered) model that ensures the positivity of the system. This new
approach is a modification of the widely used one described in [4, 6, 7, 8] when the SDE
models can have solutions that become negative in finite time in the case of population
sizes being close to zero [32].

2.1 Deterministic modelling preliminaries

We begin with standard compartmental models such as SIR, SEIR, and their extensions.
These models divide the population into compartments and use ordinary differential
equations (ODEs) to describe the transitions between states.

2.1.1 Well-posedness for ordinary differential equations

Let 𝐷 be an open subset of R𝑛, 𝐼 ⊂ R, 𝑓 : 𝐼 × 𝐷 → R𝑛, be a vector-valued function,
𝑓 = ( 𝑓1, 𝑓2, · · · , 𝑓𝑛). Given the dynamical system

d𝑥
𝑑𝑡

= 𝑓 (𝑡, 𝑥),
𝑥(𝑡0) = 𝑥0,

(2.1)

Theorem 1 (Existence and uniqueness of solution [25]) Let the function 𝑓 be continuous
with respect to 𝑡 and Lipschitz with respect to 𝑥 on 𝐷. Then the initial value value problem
admits a unique solution on 𝐼.

Proposition 1 (Invariance of the non-negative orthant [106]) Suppose that 𝑓 in Equation
(2.1) has the property that solutions of initial value problems 𝑥(𝑡0) = 𝑥0 ≥ 0 are unique
and for all 𝑖 𝑓𝑖 (𝑡, 𝑥) ≥ 0 whenever 𝑥 ≥ 0 satisfies 𝑥𝑖 = 0. Then 𝑥(𝑡) ≥ 0 for all 𝑡 ≥ 𝑡0 for
which it is defined, provided 𝑥(𝑡0) ≥ 0.

10



Chapter 2: Literature review

2.1.2 Basic reproduction number

We are going to present the method proposed by Van den Driessche and Watmough [36] to
compute the basic reproduction rate R0.

In simple models, if there is only one infected compartment, the value of R0 is the
product of the infection rate and the duration of infection. In cases where there are more
than one classes of infectives involved, we should following the guidelines. Consider that
in the dynamical system (2.1), 𝑚 compartments representing non-infected. We define 𝑋𝑠
to be the set of all disease free states. That is

𝑋𝑠 = {𝑥 ≥ 0 | 𝑥𝑖 = 0, 𝑖 = 1, 2, · · · , 𝑚}.

Let F𝑖 (𝑥) be the rate of appearance of new infections in compartment 𝑖, V+
𝑖
(𝑥) be the

rate of transfer of individuals into compartment i by all other means, and V−
𝑖
(𝑥) be the

rate of transfer of individuals out of compartment 𝑖. It is assumed that each function is
continuously differentiable at least twice in each variable. The disease transmission model
consists of nonnegative initial conditions together with the following system of equations:

d𝑥
𝑑𝑡

= 𝑓 (𝑡, 𝑥) = F𝑖 (𝑥) − V𝑖 (𝑥), 𝑖 = 1, 2, · · · , 𝑛
𝑥(𝑡0) = 𝑥0,

(2.2)

where V𝑖 (𝑥) = V+
𝑖
(𝑥) −V−

𝑖
(𝑥) and the functions satisfy assumptions (1)–(5) described

below. Since each function represents a directed transfer of individuals, they are all
non-negative. Thus,

1. if 𝑥 ≥ 0, then F𝑖 (𝑥),V+
𝑖
(𝑥),V−

𝑖
(𝑥) ≥ 0 for 𝑖 = 1, 2, · · · , 𝑛

2. if 𝑥𝑖 = 0 then V−
𝑖
= 0. In particular, if 𝑥 ∈ 𝑋𝑠, V−

𝑖
= 0 for 𝑖 = 1, 2, · · · , 𝑚

3. F𝑖 = 0, 𝑖 > 𝑚

4. if 𝑥 ∈ 𝑋𝑠 then F𝑖 (𝑥) = V+
𝑖
(𝑥) = 0, 𝑖 = 1, 2, · · · , 𝑚

5. if F (𝑥) is set to zero, then all eigenvalues of the Jacobian matrix of 𝑓 , 𝐷 𝑓 (𝑥∗)
evaluated at the DFE, 𝑥∗, have negative real parts.

Under these conditions, for 𝑥∗ ∈ 𝑋𝑠, the Jacobian matrix 𝐹 and 𝑉 are defined as follows

𝐹 =

(
𝜕F𝑖
𝜕𝑥 𝑗

(𝑥∗)
)
𝑖, 𝑗

and 𝑉 =

(
𝜕V𝑖

𝜕𝑥 𝑗
(𝑥∗)

)
𝑖, 𝑗

, 1 ≤ 𝑖, 𝑗 ≤ 𝑚, (2.3)
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such that 𝐹 is non-negative and 𝑉 is invertible.
Matrix 𝐹𝑉−1 is the next generation matrix and R0 is its spectral radius,

R0 = 𝜌(𝐹𝑉−1).

2.1.3 Equilibria and stability

Due to nonlinearities, many dynamical systems cannot be solved analytically. To acquire
insight into the long-term behavior of such systems, it is essential to begin by determining
rudimentary solutions that can enable us to examine the behavior of all other solutions.

Definition 1 (Equilibrium point) 𝑥∗ ∈ 𝐷 is an equilibrium point or steady-state of the
dynamical system (2.1) if 𝑓 (𝑡, 𝑥∗) = 0.

Definition 2 (Stable solution) A solution 𝑥∗(𝑡) ∈ R𝑛 of the dynamical system (2.1) is said
to be stable if given 𝜖 > 0, ∃𝛿(𝜖, 𝑡0) > 0 such that for 𝑡 ≥ 𝑡0 and for any neighboring
solution

∥𝑥(𝑡) − 𝑥∗(𝑡)∥ < 𝜖 whenever ∥𝑥(𝑡0) − 𝑥∗(𝑡0)∥ < 𝛿.

Definition 3 ( Lyapunov function [66]) Given a dynamical system
d𝑥
𝑑𝑡

= 𝑓 (𝑥). The func-
tion 𝑉 : 𝑀 ⊂ R𝑛 −→ R called Lyapunov function for 𝑓 , if

• 𝑉 ∈ C1(𝑀,R)

• 𝑉 (𝑥) ≥ 0 on 𝑀 .

• On 𝑀 we have
d𝑉
𝑑𝑡

=

𝑛∑︁
𝑗=1

𝜕𝑉

𝜕𝑥 𝑗
𝑓 𝑗 (𝑥) ≤ 0.

Theorem 2 (Lasalle [66]) Let consider the dynamical system
d𝑥
𝑑𝑡

= 𝑓 (𝑥) with an equilib-
rium 𝑥∗, defined on a compact positively invariant set Ω.

If 𝑉 a Lyapunov function and moreover the largest invariant set contained in
L =

{
𝑥 ∈ Ω| d𝑉

𝑑𝑡
(𝑥) = 0

}
is reduced to {𝑥∗}, then 𝑥∗ is globally asymptotically stable

in Ω.
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2.2 Stochastic differential equation modelling preliminar-
ies

2.2.1 Concepts on probability theory

We introduce some fundamental concepts of probability theory such as probability space,
random variable and stochastic process.

Definition 4 (Sample space [73, 91]) The sample space or universe Ω is a non-empty set
representing all possible outcomes. Each element 𝜔 ∈ Ω is called an elementary events
and is interpreted as a possible outcome of an experiment (test, monitoring, phenomenon).

Definition 5 (𝜎−algebra and measurable space [73, 91]) A collection F of subsets (i.e.
events) of Ω is called a 𝜎−algebra and the ordered pair (Ω, F ) is called a measurable
space if F has the following properties:

1. Ω ∈ F .

2. If 𝐹 ∈ F , then the complement of 𝐹, denoted 𝐹𝑐, is in F , 𝑖.𝑒.,

𝐹𝑐 = {𝜔 ∈ Ω : 𝜔 ∉ 𝐹} ∈ F .

3. For any sequence {𝐹𝑛}∞𝑛=1, the union ∪∞
𝑛=1𝐹𝑛 ∈ F .

An element of F is called F− measurable subset of Ω.

The probability measure 𝑃 is defined on F .

Definition 6 (Probability measure [73, 91]) Let (Ω, F ) be a measurable space. The appli-
cation

P : F → [0, 1] is called a probability measure if it satisfies the following properties:

1. P(Ω) = 1 − P(∅) = 1.

2. If 𝐹𝑖 ∩ 𝐹𝑗 = ∅ for 𝑖, 𝑗 = 1, 2, . . . , 𝑖 ≠ 𝑗 (pairwise disjoint), then

P(∪∞
𝑛=1𝐹𝑛) =

∞∑︁
𝑛=1

P(𝐹𝑛),

where 𝐹𝑛 ∈ F , 𝑛 = 1, 2, . . . .
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The probability measure P along with the measurable space (Ω, F ) defines a probability
space, the ordered triple (Ω, F , P).

Definition 7 (Filtration [73, 91]) Let (Ω, F , P) be a probability space. The family of
𝜎−algebra F𝑡 , 𝑡 ≥ 0 is called a filtration if for any 0 ≥ 𝑠 ≥ 𝑡, we have

F𝑠 ⊂ F𝑡 ⊂ F .

The quadruplet (Ω, F , {F𝑡}𝑡⩾0, P) is called a filtered probability space.

Definition 8 (Random variable [73, 91]) Let (Ω, F ) be a measurable space. A random
variable 𝑋 is a F -measurable function, 𝑋 : Ω → R𝑑, 𝑑 ≥ 1, i.e.

𝑋−1(𝐵) = {𝜔 ∈ Ω : 𝑋 (𝜔) ∈ 𝐵} ∈ F ,

∀𝐵 open set of R𝑑 .

Remark 1 According to the values of 𝑑 ≥ 1, 𝑋 is called

• real random variable if 𝑑 = 1,

• vector random variable if 𝑑 > 1.

Definition 9 (Stochastic process [73, 91]) A stochastic process 𝑋 := {𝑋𝑡 , 𝑡 ∈ 𝐼} is a family
of random variables defined on a common probability space (Ω, F , P) and indexed by the
index set 𝐼.

Usually 𝐼 represents time. If 𝐼 = {0, 1, 2, . . . }, then the process is called a discrete-time
stochastic process. If 𝐼 = R+, then the process is called continuous-time stochastic process.

Assuming the state space is R𝑛, with 𝑛 ∈ N. For each time 𝑡 ∈ 𝐼 fixed, we have a
random variable

𝜔 ↦→ 𝑋𝑡 (𝜔) ∈ R𝑛.

On the other hand, for a fixed sample point 𝜔 ∈ Ω, the mapping

𝑡 ↦→ 𝑋𝑡 (𝜔), 𝑡 ∈ 𝐼

is the sample trajectory of the process 𝑋 associated with 𝜔.

Definition 10 (Standard Brownian motion [73, 91]) The stochastic process {𝑊 (𝑡), 𝑡 ≥ 0}
is called a standard Brownian motion if:
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1. 𝑊 (0) = 0 a.s.,

2. 𝑊 (𝑡) −𝑊 (𝑠) ∼ N (0, 𝑡 − 𝑠) for all 0 ≤ 𝑠 < 𝑡 < ∞,

3. the increments𝑊 (𝑡) −𝑊 (𝑢) and𝑊 (𝑢) −𝑊 (𝑠) are independent for all 0 ≤ 𝑠 < 𝑢 < 𝑡,

4. the maps 𝑡 ↦→ 𝑊 (𝑡, 𝜔) are continuous for all 𝜔 ∈ Ω.

2.2.2 Well-posedness of stochastic differential equation model

SDEs model are introduced as a natural extension of ODEs to account for randomness.
Let us consider 𝑇 > 0, 𝑡0 ≥ 0 and the following 𝑑-dimensional SDE{

d𝑋 (𝑡) = 𝑓 (𝑋 (𝑡), 𝑡)d𝑡 + 𝑔(𝑋 (𝑡), 𝑡)d𝑊 (𝑡), 𝑡 ∈ [𝑡0, 𝑇]
𝑋 (𝑡0) = 𝑋0,

(2.4)

where 𝑓 : R𝑑 × [𝑡0, 𝑇] → R𝑑 the drift and 𝑔 : R𝑑 × [𝑡0, 𝑇] → R𝑑 × R𝑚 the diffusion,
are locally Lipschitz continuous function and 𝑊 is an 𝑚-dimensional standard Wiener
process defined on (Ω, F , {F𝑡}𝑡⩾0, P), a complete probability space with a filtration {F𝑡}𝑡⩾0

satisfying the usual conditions (i.e. it is increasing and right continuous and F0 contains all
P-null sets). Set

R𝑑+ := {𝑥 ∈ R𝑑, 𝑥𝑖 ≥ 0, 1 ≤ 𝑖 ≤ 𝑑}, we denote by 𝐶2,1(R𝑑 × [𝑡0, 𝑇];R+) the set of
nonnegative function defined on R𝑑 × [𝑡0, 𝑇] that are twice continuously differentiable in 𝑥
and once in 𝑡. The differential operator 𝐿 associated with the diffusion (2.4) is defined by

𝐿 =
𝜕

𝜕𝑡
+

𝑑∑︁
𝑖=1

𝑓𝑖 (𝑥, 𝑡)
𝜕

𝜕𝑥𝑖
+ 1

2

𝑑∑︁
𝑖, 𝑗=1

[𝑔𝑇 (𝑥, 𝑡)𝑔(𝑥, 𝑡)]𝑖 𝑗
𝜕2

𝜕𝑥𝑖𝜕𝑥 𝑗
. (2.5)

If 𝐿 acts on a function 𝑉 ∈ 𝐶2,1(R𝑑 × [𝑡0, 𝑇];R+), then

𝐿𝑉 (𝑥, 𝑡) = 𝑉𝑡 (𝑥, 𝑡) +𝑉𝑥 (𝑥, 𝑡) 𝑓 (𝑥, 𝑡) +
1
2
𝑡𝑟𝑎𝑐𝑒[𝑔𝑇 (𝑥, 𝑡)𝑉𝑥𝑥 (𝑥, 𝑡)𝑔(𝑥, 𝑡)],

where𝑉𝑡 = 𝜕𝑉
𝜕𝑡

, 𝑉𝑥 = ( 𝜕𝑉
𝜕𝑥1
, . . . , 𝜕𝑉

𝜕𝑥𝑑
) and𝑉𝑥𝑥 = ( 𝜕2

𝜕𝑥𝑖𝜕𝑥 𝑗
)𝑑×𝑑 . By Itô’s formula, if 𝑥 ∈ R𝑑, then

d𝑉 (𝑋 (𝑡), 𝑡) = 𝐿𝑉 (𝑋 (𝑡), 𝑡)d𝑡 +𝑉𝑥 (𝑋 (𝑡), 𝑡)𝑔(𝑋 (𝑡), 𝑡)d𝑊𝑡 .

Theorem 3 (Existence and uniqueness of solutions [91]) If the coefficient functions 𝑓 , 𝑔
of the SDE (2.4) satisfy the conditions:
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1. (Linear growth condition) There exists a constant 𝐶1 < ∞ such that

| 𝑓 (𝑡, 𝑥) |2 + | 𝑔(𝑡, 𝑥) |2≤ 𝐶1(1+ | 𝑥 |2)

for all (𝑥, 𝑡) ∈ R𝑑 × [𝑡0, 𝑇]; and

2. (Uniform Lipschitz condition) There exists a constant 𝐶2 < ∞ such that

| 𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦) | + | 𝑔(𝑡, 𝑥) − 𝑔(𝑡, 𝑦) |≤ 𝐶2 | 𝑥 − 𝑦 |

for all 𝑥, 𝑦 ∈ R𝑑 and 𝑡 ∈ [𝑡0, 𝑇].

Then, there exists a unique adapted solution 𝑋 (𝑡) to equation (2.4) with initial value 𝑋0

such that
𝐸 [| 𝑋 (𝑡) |2] < ∞,

for all 𝑡 ∈ [𝑡0, 𝑇].

Theorem 4 (Invariance criteria [32]) Let 𝐼 ⊂ {1, 2, . . . , 𝑑} be a non-empty subset. Then,
the set

𝐾+ := {𝑥 ∈ R𝑑 : 𝑥𝑖 ≥ 0, 𝑖 ∈ 𝐼}

is invariant for the stochastic system ( 𝑓 , 𝑔) if and only if

• 𝑓𝑖 (𝑡, 𝑥) ≥ 0 for 𝑥 ∈ 𝐾+ such that 𝑥𝑖 = 0,

• 𝑔𝑖, 𝑗 (𝑡, 𝑥) = 0 for 𝑥 ∈ 𝐾+ such that 𝑥𝑖 = 0, 𝑗 ∈ {1, 2, . . . , 𝑚},

for all 𝑡 ≥ 0 and 𝑖 ∈ 𝐼.

Definition 11 (Stochastically ultimate boundedness [113]) . The solution 𝑋 (𝑡) of system
(2.4) is said to be stochastically ultimately bounded, if for any 𝜖 ∈ (0, 1), there is a positive
constant 𝛿 = 𝛿(𝜖), such that for any initial value 𝑋0 ∈ R𝑑+, the solution 𝑋 (𝑡) of system (2.4)
has the property

lim sup
𝑡→+∞

P{|𝑋 (𝑡) | ≥ 𝛿} < 𝜖.
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Methodology

3.1 General approach

To achieve our objectives, the research employs a combination of mathematical modelling,
theoretical analysis, and numerical simulation. Each published work addresses a specific
research question through the development of new deterministic or stochastic epidemio-
logical models, supported by rigorous analysis to establish well-posedness of the model,
critical conditions of disease spread and extinction and the validity of results within an
epidemiological context.

3.2 Methodology on the assessment of COVID-19 with
timely-delayed diagnosis

We focused on the transmission dynamics of COVID-19 by incorporating human-
environment-human interactions, with a specific emphasis on Ghana. We have mainly
considered Ghana from the anglophone west Africa to understand the effect of timely-
delayed dynamics in these region in the sub-saharan continent. The study seeks to
understand the effects of timely-delayed diagnosis and intervention dynamics in this region
of the sub-Saharan continent. After describing the model formulation which takes the
form of a deterministic system of nonlinear differential equations, we address the well
posedness of the model by ensuring the existence and uniqueness as well as the positivity
and boundedness of the solution. Then, we perform a global stability analysis of equilibrium
states and carry out the sensitivity analysis of the model to show the most influential
parameters on the model output variables. Finally, we fit the model using reported data
from March 12 to June 19, 2020 and estimate the unknown parameters of the model. And
we present some numerical results.

• Model Formulation
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Since it has been proven that the delay in diagnosis has an impact on the severity of
pulmonary diseases[30, 64], and Rong et al.[100] has studied its impact on the spread of
covid-19 in Wuhan, our interest is to adapt their model for the case of Ghana. Then, based
on the model formulated in [100], we propose a modified version of the epidemiological
compartment model. This modification includes the recruitment of hosts, as people were
still traveling within Ghana during the early phase of the pandemic and the natural death.
The total human population size denoted as (𝑁) is subdivided into seven compartments
: susceptible (𝑆), self-quarantine susceptible (𝑆𝑞), exposed (𝐸), infectious with timely
diagnosis (𝐼1), infectious with delayed diagnosis (𝐼2), hospitalized (𝐻) and recovered (𝑅).
The viral spread in the environment is denoted by (𝑉). Thus the total human population at
time 𝑡 is given by 𝑁 (𝑡) = 𝑆(𝑡) + 𝑆𝑞 (𝑡) + 𝐸 (𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) +𝐻 (𝑡) + 𝑅(𝑡). We also assume
that all parameters are non-negative. Disease induced deaths occurs only in 𝐼1, 𝐼2 and 𝐻
compartments, with death rate denote by 𝑑. The overall force of infection is given as

𝜆 = 𝛽𝑒𝐸 + 𝛽𝑖1 𝐼1 + 𝛽𝑖2 𝐼2 + 𝛽𝑣𝑉,

where 𝛽𝑒, 𝛽𝑖1, 𝛽𝑖2 and 𝛽𝑣 are transmission rates associated with exposed, timely diagnosed,
delayed diagnosed, and virus in the environment compartments, respectively. We refer the
interested reader to reference [100] for detailed explanations.

Figure 1 below shows the compartment model describing the interaction between the
human population and the pathogens in the environment.

Figure 1: Diagram of COVID-19 Dynamics.

The description of the parameters used in the model for the COVID-19 transmission
are given in Table 1. Following the compartmental transition diagram illustrated in Figure
1, the eight state dynamical model describing the transmission dynamics of COVID-19 is
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Table 1: Description of parameters.

Parameter Description
Λ Recruitment rate
𝑞 Self-quarantined rate of the susceptible
𝑞1 Transition rate of self-quarantined individuals to the susceptible
𝛽𝑒 Transmission rate from the exposed to the susceptible
𝛽𝑖1 Transmission rate from the infectious with timely diagnosis to the susceptible
𝛽𝑖2 Transmission rate from the infectious with delayed diagnosis to the susceptible
𝛽𝑣 Transmission rate from virus in the environment to susceptible

1/𝜔 Incubation period
𝜙 Proportion of the infectious with timely diagnosis

1/𝛾1 Waiting time of the infectious for timely diagnosis
1/𝛾2 Waiting time of the infectious for delayed diagnosis
𝜇 Natural human death rate
𝑑 Disease-induced death rate
𝑚 Recovery rate of the hospitalized
𝑓1 Virus released rate of the exposed
𝑓2 Virus released rate of the infectious with timely-diagnosis
𝑓3 Virus released rate of the infectious with delayed-diagnosis
𝑑𝑣 Decay rate of virus in the environment

given as follows

𝑑𝑆

𝑑𝑡
= Λ − 𝜆𝑆 + 𝑞1𝑆𝑞 − (𝜇 + 𝑞)𝑆,

𝑑𝑆𝑞

𝑑𝑡
= 𝑞𝑆 − 𝑞1𝑆𝑞 − 𝜇𝑆𝑞,

𝑑𝐸

𝑑𝑡
= 𝜆𝑆 − 𝜔𝐸 − 𝜇𝐸,

𝑑𝐼1

𝑑𝑡
= 𝜙𝜔𝐸 − 𝛾1𝐼1 − 𝜇𝐼1 − 𝑑𝐼1, (3.1)

𝑑𝐼2

𝑑𝑡
= (1 − 𝜙)𝜔𝐸 − 𝛾2𝐼2 − 𝜇𝐼2 − 𝑑𝐼2,

𝑑𝐻

𝑑𝑡
= 𝛾1𝐼1 + 𝛾2𝐼2 − 𝑚𝐻 − 𝜇𝐻 − 𝑑𝐻,

𝑑𝑅

𝑑𝑡
= 𝑚𝐻 − 𝜇𝑅,

𝑑𝑉

𝑑𝑡
= 𝑓1𝐸 + 𝑓2𝐼1 + 𝑓3𝐼2 − 𝑑𝑣𝑉.
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3.3 Methodology on the impact of imperfect vaccine on
infectious disease dynamics

The aims is to use mathematical modelling to evaluate the effectiveness of various
vaccination strategies in eradicating diseases within a heterogeneous community according
to the population turnover level. Specifically, we want to find out whether a vaccine that
solely reduces the infection rate is more efficient in achieving disease eradication compared
to vaccines that both reduce infection and enhance recovery, or those that made by the
trade-off of these properties. Additionally, we seek to explore how these outcomes are
influenced by population turnover, with the goal of generalizing our findings to animal
populations. To do that, we formulate the mathematical model, detailing the parameters
and assumptions that underpin our analysis. Then, we explore the basic properties of
the model’s steady state solutions and examines the conditions for global stability of
the equilibria. Following this, we conduct a global sensitivity analysis using the Latin
Hypercube Sampling (LHS) technique and partial rank correlation coefficients (PRCCs) at
different time points regarding the level of efficiency of the vaccine and the population
turnover. Finally, we present numerical simulations for varying parameter values to
illustrate the interaction between population turnover and vaccine trade-offs on disease
dynamics. And we conclude by discussing the implications of our findings for vaccination
strategies, not only in human populations but also in domesticated and wild animal species,
where population turnover rates differ, representing different points along a continuum of
epidemiological outcomes.

• Model Formulation

The formulation of the model is based on compartmental modelling [9], which consists
of creating virtual reservoirs called compartments. A compartment is a kinetically
homogeneous structure. This means that any individual who enters a compartment is
identical, from the epidemiological point of view to any other already present in that
compartment. A mathematical model, therefore, consists of describing the flow of
individuals between the various compartments.

To study the dynamics of an infectious disease during and after a vaccination campaign,
we extend the model formulated in [48] by incorporating a recovered compartment, and
considering a frequency-dependent disease transmission (incidence rate). The model
accounts solely for host-to-host disease transmission. Since many vaccines do not confer
perfect immunity, we consider a heterogeneous host community/population comprising two
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types of hosts: those fully susceptible to the disease and those partially resistant to infection
due to imperfect vaccination. The fully susceptible hosts are categorise into uninfected (𝑆1)
and infected (𝐼1) individuals. Similarly, the partially resistant hosts, include uninfected (𝑆2)
and infected (𝐼2) individuals. All infected individuals regardless of susceptibility status
can recovered (𝑅), and all recovered individuals are fully immune to reinfection [45]. Thus,
the total population at time 𝑡, 𝑁 (𝑡) is given by

𝑁 (𝑡) = 𝑆1(𝑡) + 𝑆2(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡). (3.2)

We assume the parasite population is monomorphic that is it consists of only one type
or genotype [42]. In addition, we assume that new uninfected hosts enter the population
through birth and immigration at a constant rate, 𝜃 ≥ 0. Among these arrival, a proportion,
0 ≤ 𝑝 ≤ 1, is partially immune due to vaccination, while the remaining proportion, 1 − 𝑝,
is susceptible (completely vulnerable to the parasite). Uninfected, infected and recovered
hosts experience natural mortality at a rate 𝜇 ≥ 0, with infected hosts incurring additional
mortality due to parasite virulence. To reflect that vaccination induced resistance may
reduce the parasite impact on within-host growth [48], we assume the virulence of the
parasite on fully susceptible hosts, 𝑑1 ≥ 0, is greater than on partially resistant hosts, 𝑑2 ≥ 0.

Uninfected hosts become infected through the forces of infection𝜆1(𝑡) = 𝛽11
𝐼1(𝑡)
𝑁 (𝑡) +𝛽12

𝐼2(𝑡)
𝑁 (𝑡)

and 𝜆2(𝑡) = 𝛽21
𝐼1(𝑡)
𝑁 (𝑡) +𝛽22

𝐼2(𝑡)
𝑁 (𝑡) depending on whether they are fully susceptible or partially

resistant, respectively. The transmission rates are 𝛽11 ≥ 0 (resp. 𝛽21 ≥ 0) for transmission
from 𝐼1 to 𝑆1 (resp. 𝑆2) and 𝛽12 ≥ 0 (resp. 𝛽22 ≥ 0) for transmission 𝐼2 to 𝑆1 (resp. 𝑆2).
Since resistance may lower the probability of infection [48], we generally assume 𝛽21 ≤ 𝛽11

and 𝛽22 ≤ 𝛽12. Recovery rates are denoted by 𝛾1 ≥ 0 for fully susceptible hosts and 𝛾2 ≥ 0
for partially resistant hosts. A schematic diagram of the model is shown in Figure 2.
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Mathematically, the model is as follows:

d𝑆1

d𝑡
= 𝜃 (1 − 𝑝) − 𝜆1(𝑡)𝑆1(𝑡) − 𝜇𝑆1(𝑡),

d𝑆2

d𝑡
= 𝜃𝑝 − 𝜆2(𝑡)𝑆2(𝑡) − 𝜇𝑆2(𝑡),

d𝐼1
d𝑡

= 𝜆1(𝑡)𝑆1(𝑡) − (𝜇 + 𝛾1 + 𝑑1)𝐼1(𝑡),

d𝐼2
d𝑡

= 𝜆2(𝑡)𝑆2(𝑡) − (𝜇 + 𝛾2 + 𝑑2)𝐼2(𝑡),

d𝑅
d𝑡

= 𝛾1𝐼1(𝑡) + 𝛾2𝐼2(𝑡) − 𝜇𝑅(𝑡).

(3.3)

A summary of the biological significance of the model parameters (3.3) is given in
Table 2.

Figure 2: Schematic diagram of the epidemiological model with imperfect vaccination.
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Table 2: Description and value of the model parameters.

Parameter Description Units Value Source
𝜃 Recruitment rate person.day−1 variable Assumed
𝜇 Natural mortality rate day−1 variable Assumed
𝑝 Proportion of new hosts vaccinated - variable Assumed
𝛽11 Transmission rate from 𝐼1 to 𝑆1 day−1 variable Assumed
𝛽12 Transmission rate from 𝐼2 to 𝑆1 day−1 variable Assumed
𝛽21 Transmission rate from 𝐼1 to 𝑆2 day−1 variable Assumed
𝛽22 Transmission rate from 𝐼2 to 𝑆2 day−1 variable Assumed
𝑑1 Mortality rate due to infection of 𝑆1 day−1 0.0008 [72]
𝑑2 Mortality rate due to infection of 𝑆2 day−1 0.0001 [72]
𝛾1 Recovery rate of 𝐼1 day−1 0.1 [72]
𝛾2 Recovery rate of 𝐼2 day−1 0.13 [72]

3.4 Methodology on the stochastic heterogeneous epidemi-
ological model

The goal is to study the variability associated with individual dynamics such as births,
deaths, immigration, emigration, or transitions between states. These types of variations
are often referred to as demographic variations. For that purpose, we propose a stochastic
epidemic model as a counterpart to the imperfect vaccination model described in [89] by
using the recent methodology outlined in [5]. Here, we consider all different independent
random changes that occur in the system. Then, The derived stochastic differential equation
(SDE) model incorporates diffusion coefficients which depend on the square roots of
population sizes. This characteristic introduces challenges, as the coefficients fail to
meet the Lipschitz condition when population sizes approach zero. To address this, we
rigorously prove the existence and uniqueness of a non-negative weak solution for the
derived SDE. Furthermore, we demonstrate that the model exhibits stochastic ultimate
boundedness, ensuring that the population sizes remain confined within certain limits
despite the randomness inherent in the system. We also explore the conditions under
which disease extinction or persistence in mean occurs. Finally, the analytical findings are
validated through numerical simulations.

• Model Formulation
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To derive the SDE model using the approach outlined in [5], we follow the methodology
described in [4, 6]. For simplicity, we retain the same notation as in the deterministic model
(3.3). We consider the process 𝑋 (𝑡) = {(𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) : 𝑡 ∈ [0, +∞)},
where 𝑡 is the time parameter of the process, 𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡) and 𝑅(𝑡) are
continuous random variables at time 𝑡.

Possible state transitions in the stochastic process are modeled on the deterministic
framework in (3.3). We assume that the transition probabilities of the process are within
the interval [0, 1] and the time interval Δ𝑡, is sufficiently small to ensure that only one
change can occur within that period. Thus, in the interval (𝑡, 𝑡 + Δ𝑡), one of the eleven
possible changes occurs, excluding the case where no change takes place in (Table 3).

Table 3: Possible state changes during Δ𝑡.

Description Transition at Δ𝑡 Probability of change 𝑟𝑖 (𝑡, 𝑋)Δ𝑡
Recruitment in 𝑆1 (1, 0, 0, 0, 0) 𝑟1(𝑡, 𝑋)Δ𝑡 = 𝜃 (1 − 𝑝)Δ𝑡
Recruitment in 𝑆2 (0, 1, 0, 0, 0) 𝑟2(𝑡, 𝑋)Δ𝑡 = 𝜃𝑝Δ𝑡
Death of 𝑆1 (−1, 0, 0, 0, 0) 𝑟3(𝑡, 𝑋)Δ𝑡 = 𝜇𝑆1Δ𝑡
Death of 𝑆2 (0,−1, 0, 0, 0) 𝑟4(𝑡, 𝑋)Δ𝑡 = 𝜇𝑆2Δ𝑡
Death of 𝐼1 (0, 0,−1, 0, 0) 𝑟5(𝑡, 𝑋)Δ𝑡 = (𝜇 + 𝑑1)𝐼1Δ𝑡
Death of 𝐼2 (0, 0, 0,−1, 0) 𝑟6(𝑡, 𝑋)Δ𝑡 = (𝜇 + 𝑑2)𝐼2Δ𝑡
Death of 𝑅 (0, 0, 0, 0,−1) 𝑟7(𝑡, 𝑋)Δ𝑡 = 𝜇𝑅Δ𝑡
Infection of 𝑆1 (−1, 0, 1, 0, 0) 𝑟8(𝑡, 𝑋)Δ𝑡 =

(
𝛽11

𝐼1

𝑁
+ 𝛽12

𝐼2

𝑁

)
𝑆1Δ𝑡

Infection of 𝑆2 (0,−1, 0, 1, 0) 𝑟9(𝑡, 𝑋)Δ𝑡 =
(
𝛽21

𝐼1

𝑁
+ 𝛽22

𝐼2

𝑁

)
𝑆2Δ𝑡

Recovery of 𝐼1 (0, 0,−1, 0, 1) 𝑟10(𝑡, 𝑋)Δ𝑡 = 𝛾1𝐼1Δ𝑡
Recovery of 𝐼2 (0, 0, 0,−1, 1) 𝑟11(𝑡, 𝑋)Δ𝑡 = 𝛾2𝐼2Δ𝑡

No change (0, 0, 0, 0, 0) 1 − ∑11
𝑖=1 𝑟𝑖 (𝑡, 𝑋)Δ𝑡

Using the state changes and their corresponding probabilities, we compute the expecta-
tion 𝐸 (Δ𝑋 (𝑡)) and the covariance 𝐸 (Δ𝑋 (𝑡) (Δ𝑋 (𝑡))𝑇 ) to the order Δ𝑡. Then

𝐸 (Δ𝑋 (𝑡)) = 𝑓 (𝑡, 𝑋 (𝑡))Δ𝑡 + 𝑜(Δ𝑡) (3.4)

and

𝐸 (Δ𝑋 (𝑡) (Δ𝑋 (𝑡))𝑇 ) =



𝑉11 0 𝑉13 0 0
0 𝑉22 0 𝑉24 0
𝑉31 0 𝑉33 0 𝑉35

0 𝑉42 0 𝑉44 𝑉45

0 0 𝑉53 𝑉54 𝑉55


Δ𝑡+𝑜(Δ𝑡) = 𝑉 (𝑡, 𝑋 (𝑡))Δ𝑡+𝑜(Δ𝑡), (3.5)

24



Chapter 3: Methodology

where 𝑉11 = 𝜃 (1 − 𝑝) + 𝛽11
𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁
+ 𝜇𝑆1, 𝑉13 = 𝑉31 = −𝛽11

𝑆1𝐼1

𝑁
− 𝛽12

𝑆1𝐼2

𝑁
,

𝑉22 = 𝜃𝑝 + 𝛽21
𝑆2𝐼1

𝑁
+ 𝛽22

𝑆2𝐼2

𝑁
+ 𝜇𝑆2, 𝑉24 = 𝑉42 = −𝛽21

𝑆2𝐼1

𝑁
− 𝛽22

𝑆2𝐼2

𝑁
,

𝑉33 = 𝛽11
𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁
+ (𝜇 + 𝛾1 + 𝑑1)𝐼1, 𝑉35 = 𝑉53 = −𝛾1𝐼1,

𝑉44 = 𝛽21
𝑆2𝐼1

𝑁
+ 𝛽22

𝑆2𝐼2

𝑁
+ (𝜇 + 𝛾2 + 𝑑2)𝐼2, 𝑉45 = 𝑉54 = −𝛾2𝐼2 𝑉55 = 𝛾1𝐼1 + 𝛾2𝐼2 + 𝜇𝑅.

As in [4], we can write the dynamic of 𝑋 as SDEs as follows:

𝑑𝑋 (𝑡) = 𝑓 (𝑡, 𝑋 (𝑡))𝑑𝑡 + 𝑔(𝑡, 𝑋 (𝑡))𝑑𝑊∗(𝑡), (3.6)

𝑑𝑋 (𝑡) = 𝑓 (𝑡, 𝑋 (𝑡))𝑑𝑡 + 𝐺 (𝑡, 𝑋 (𝑡))𝑑𝑊 (𝑡), (3.7)

where 𝑔 is a 5× 5 matrix, 𝐺 is a 5× 11 matrix,𝑊∗(𝑡) is a 5× 1 vector and𝑊 (𝑡) is a 11× 1
vector of independent Wienner processes. In addition 𝐺𝐺𝑇 = 𝑉 = 𝑔2 and

𝐺 (𝑡, 𝑋 (𝑡)) =



𝐺11 0 𝐺13 0 0 0 0 𝐺18 0 0 0
0 𝐺22 0 𝐺24 0 0 0 0 𝐺29 0 0
0 0 0 0 𝐺35 0 0 𝐺38 0 𝐺310 0
0 0 0 0 0 𝐺46 0 0 𝐺49 0 𝐺411

0 0 0 0 0 0 𝐺57 0 0 𝐺510 𝐺511


,

where

𝐺11 =
√︁
𝜃 (1 − 𝑝), 𝐺13 = −

√︁
𝜇𝑆1, 𝐺18 = −

√︂
𝛽11

𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁
, 𝐺22 =

√
𝜃𝑝,

𝐺24 = −
√︁
𝜇𝑆2, 𝐺29 = −

√︂
𝛽21

𝑆2𝐼1

𝑁
+ 𝛽22

𝑆2𝐼2

𝑁
, 𝐺35 = −

√︁
(𝜇 + 𝑑1)𝐼1,

𝐺38 =

√︂
𝛽11

𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁
, 𝐺310 = −

√
𝛾1𝐼1, 𝐺46 = −

√︁
(𝜇 + 𝑑2)𝐼2,

𝐺49 =

√︂
𝛽21

𝑆2𝐼1

𝑁
+ 𝛽22

𝑆2𝐼2

𝑁
, 𝐺411 = −

√
𝛾2𝐼2, 𝐺57 = −

√
𝜇𝑅, 𝐺510 =

√
𝛾1𝐼1 and

𝐺511 =
√
𝛾2𝐼2.

According to [4, Theorem 2.1], the probability density function of the solution to the
SDEs (3.6) and (3.7) satisfies the same Kolmogorov partial differential equations. In
addition, a solution of one equation is also a solution of the second equation. Consequently,
the well posedness of one system implies the well posedness of the other, and vice versa.

As highlighted in [5, 32], the solutions of equations (3.6) and (3.7) may take negative
values. To address this, we use a modification similar to that suggested in [5], to derive the
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following nonnegative valued SDE models:

𝑑𝑋 (𝑡) = 𝑓 (𝑋 (𝑡))𝑑𝑡 + 𝑔̂(𝑋 (𝑡))𝑑𝑊∗(𝑡), (3.8)

𝑑𝑋 (𝑡) = 𝑓 (𝑋 (𝑡))𝑑𝑡 + 𝐺̂ (𝑋 (𝑡))𝑑𝑊 (𝑡), (3.9)

where 𝐺̂𝐺̂𝑇 = 𝑉̂ = 𝑔̂2. 𝑉̂ is a matrix 5 × 5 with
𝑉̂11 = 𝑟𝛿1 (𝑋 (𝑡)) + 𝜑(𝑟3(𝑋 (𝑡))) + 𝑟𝛿8 (𝑋 (𝑡)), 𝑉̂13 = 𝑉̂31 = −𝑟𝛿8 (𝑋 (𝑡)),
𝑉̂22 = 𝑟𝛿2 (𝑋 (𝑡)) + 𝜑(𝑟4(𝑋 (𝑡))) + 𝑟𝛿9 (𝑋 (𝑡)), 𝑉̂24 = 𝑉̂42 = −𝑟𝛿9 (𝑋 (𝑡)),
𝑉̂33 = 𝜑(𝑟5(𝑋 (𝑡))) + 𝑟𝛿8 (𝑋 (𝑡)) + 𝑟

𝛿
10(𝑋 (𝑡)), 𝑉̂35 = 𝑉̂53 = −𝑟𝛿10(𝑋 (𝑡)),

𝑉̂44 = 𝜑(𝑟6(𝑋 (𝑡))) + 𝑟𝛿9 (𝑋 (𝑡)) + 𝑟
𝛿
11(𝑋 (𝑡)), 𝑉̂45 = 𝑉̂54 = −𝑟𝛿11(𝑋 (𝑡)),

𝑉̂55 = 𝜑(𝑟7(𝑋 (𝑡))) + 𝑟𝛿10(𝑋 (𝑡)) + 𝑟
𝛿
11(𝑋 (𝑡)),

𝑉̂12 = 𝑉̂14 = 𝑉̂15 = 𝑉̂21 = 𝑉̂23 = 𝑉̂25 = 𝑉̂32 = 𝑉̂34 = 𝑉̂41 = 𝑉̂43 = 𝑉̂51 = 𝑉̂52 = 0,

𝜑(𝑟 (𝑡)) = 𝑟 (𝑡) ∨ 0 =

{
𝑟 (𝑡) if 𝑟 (𝑡) ≥ 0,
0 if 𝑟 (𝑡) < 0.

(3.10)

𝑟𝛿1 (𝑋 (𝑡)) =
{
𝜃 (1 − 𝑝) for 𝑆1(𝑡) ≥ 𝛿,
𝜃 (1 − 𝑝)𝑆1(𝑡)/𝛿 for 0 ≤ 𝑆1(𝑡) < 𝛿.

(3.11)

𝑟𝛿2 (𝑋 (𝑡)) =
{
𝜃𝑝 for 𝑆2(𝑡) ≥ 𝛿,
𝜃𝑝𝑆2(𝑡)/𝛿 for 0 ≤ 𝑆2(𝑡) < 𝛿.

(3.12)

𝑟𝛿8 (𝑋 (𝑡)) =


𝜑

(
𝛽11

𝑆1(𝑡)𝐼1(𝑡)
𝑁 (𝑡) + 𝛽12

𝑆1(𝑡)𝐼2(𝑡)
𝑁 (𝑡)

)
for 𝐼1(𝑡) ≥ 𝛿,

𝜑

(
𝛽11

𝑆1(𝑡)𝐼1(𝑡)
𝑁 (𝑡) + 𝛽12

𝑆1(𝑡)𝐼2(𝑡)
𝑁 (𝑡)

)
𝐼1(𝑡)/𝛿 for 0 ≤ 𝐼1(𝑡) < 𝛿.

(3.13)

𝑟𝛿9 (𝑋 (𝑡)) =


𝜑

(
𝛽21

𝑆2(𝑡)𝐼1(𝑡)
𝑁 (𝑡) + 𝛽22

𝑆2(𝑡)𝐼2(𝑡)
𝑁 (𝑡)

)
for 𝐼2(𝑡) ≥ 𝛿,

𝜑

(
𝛽21

𝑆2(𝑡)𝐼1(𝑡)
𝑁 (𝑡) + 𝛽22

𝑆2(𝑡)𝐼2(𝑡)
𝑁 (𝑡)

)
𝐼2(𝑡)/𝛿 for 0 ≤ 𝐼2(𝑡) < 𝛿.

(3.14)

𝑟𝛿10(𝑋 (𝑡)) =
{
𝜑(𝛾1𝐼1(𝑡)) for 𝑅(𝑡) ≥ 𝛿,
𝜑(𝛾1𝐼1(𝑡))𝑅(𝑡)/𝛿 for 0 ≤ 𝑅(𝑡) < 𝛿.

(3.15)

𝑟𝛿11(𝑋 (𝑡)) =
{
𝜑(𝛾2𝐼2(𝑡)) for 𝑅(𝑡) ≥ 𝛿,
𝜑(𝛾2𝐼2(𝑡))𝑅(𝑡)/𝛿 for 0 ≤ 𝑅(𝑡) < 𝛿.

(3.16)
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𝑓 (𝑋 (𝑡)) =



𝑓1(𝑋 (𝑡))

𝑓2(𝑋 (𝑡))

𝑓3(𝑋 (𝑡))

𝑓4(𝑋 (𝑡))

𝑓5(𝑋 (𝑡))



=



𝜑(𝑟1(𝑋 (𝑡))) − 𝜑(𝑟8(𝑋 (𝑡))) − 𝜑(𝑟3(𝑋 (𝑡)))

𝜑(𝑟2(𝑋 (𝑡))) − 𝜑(𝑟9(𝑋 (𝑡))) − 𝜑(𝑟4(𝑋 (𝑡)))

𝜑(𝑟8(𝑋 (𝑡))) − 𝜑(𝑟5(𝑋 (𝑡))) − 𝜑(𝑟10(𝑋 (𝑡)))

𝜑(𝑟9(𝑋 (𝑡))) − 𝜑(𝑟6(𝑋 (𝑡))) − 𝜑(𝑟11(𝑋 (𝑡)))

𝜑(𝑟10(𝑋 (𝑡))) + 𝜑(𝑟11(𝑋 (𝑡))) − 𝜑(𝑟7(𝑋 (𝑡)))


and

0 < 𝛿 < 1.

The SDE (3.9) can be written in terms of square roots as follows



d𝑆1(𝑡) = 𝑓1(𝑋 (𝑡))d𝑡 +
√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) −

√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡) −

√︃
𝑟𝛿8 (𝑋 (𝑡))d𝑊8(𝑡),

d𝑆2(𝑡) = 𝑓2(𝑋 (𝑡))d𝑡 +
√︃
𝑟𝛿2 (𝑋 (𝑡))d𝑊2(𝑡) −

√︁
𝜑(𝑟4(𝑋 (𝑡)))d𝑊4(𝑡) −

√︃
𝑟𝛿9 (𝑋 (𝑡))d𝑊9(𝑡),

d𝐼1(𝑡) = 𝑓3(𝑋 (𝑡))d𝑡 −
√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡) +

√︃
𝑟𝛿8 (𝑋 (𝑡))d𝑊8(𝑡) −

√︃
𝑟𝛿10(𝑋 (𝑡))d𝑊10(𝑡),

d𝐼2(𝑡) = 𝑓4(𝑋 (𝑡))d𝑡 −
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) +

√︃
𝑟𝛿9 (𝑋 (𝑡))d𝑊9(𝑡) −

√︃
𝑟𝛿11(𝑋 (𝑡))d𝑊11(𝑡),

d𝑅(𝑡) = 𝑓5(𝑋 (𝑡))d𝑡 −
√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡) +

√︃
𝑟𝛿10(𝑋 (𝑡))d𝑊10(𝑡) +

√︃
𝑟𝛿11(𝑋 (𝑡))d𝑊11(𝑡).

(3.17)
Vaccination is one of the most effective public health policies for protecting humans

and animals from infectious diseases. Global vaccination campaigns have helped eradicate
diseases such as smallpox, measles, poliomyelitis and rinderpest in most parts of the
world, ultimately saving the lives of millions of humans and animals. By definition, a
perfect vaccine would keep vaccinated individuals from becoming infected when exposed
to the pathogen. An imperfect vaccine, however, does not prevent vaccinated individuals

27



Chapter 3: Methodology

from becoming infected upon pathogen exposure but may still be beneficial in various
ways [12]. For example, imperfect vaccines may provide benefits such as preventing infection,
limiting parasite within-host growth and thus reducing the damage done to the host [110] or
preventing transmission by infected hosts [48]. As we have seen recently with the epidemic
of COVID-19, imperfect vaccines can be used to reduce the number of infected individuals
and also to protect individuals at risk of developing a more lethal form of the infection.
The use of imperfect vaccines may be advantageous when the vaccination efficiency is
volatile and decreases due to the appearance of new variants of the virus [33, 54, 56].

The effectiveness of a given vaccine is determined not only by its biochemical and
immunological properties but also by how the vaccine is deployed and what other health
management (biosecurity) measures are in place. Maintaining herd immunity during a
disease outbreak, for example, has been promoted as a highly effective disease control
strategy [22, 35, 72]. However, a continuous influx of new susceptible, possibly unvaccinated
individuals contributes to the long-term persistence of the disease in the population [98, 101].
The frequent introduction of pathogens into a partially immune population (with an
intermediate level of population immunity) can lead to longer-lasting epidemics and/or a
higher total number of infectious individuals than the introduction into a naive population [98].
This phenomenon is named “epidemic enhancement” [98]. More generally, the population
turnover rate, that is, the rate at which individuals can enter and exit the considered
population, may affect the effectiveness of control strategies [27, 63, 88]. In humans and also
domesticated animals, population turnover takes the form of immigration and emigration in
and out of the population, as well as the birth and death of individuals. The turnover is an
often neglected factor in epidemiology when generalising predictions of disease modelling
from human to domesticated and wild animal populations.

Moreover, a second parameter of importance in studying the efficiency of vaccination
strategies is the existence of biological trade-offs in the epidemiology of infectious diseases.
The prime example is the trade-off between parasite virulence and transmission rate,
which raises challenges for vaccine manufacturing. Indeed, in the seminal paper by
[48], vaccines affecting disease transmission are predicted to possibly lead to a decrease
in parasite virulence, while other types of vaccines (reducing within-host growth rate)
may lead to an increase in parasite virulence and thus the counter-effect of a worst
epidemiological outcome. Interestingly, much work has been devoted to generating precise
predictions for virulence evolution in known parasite species by incorporating empirical
characterisations of vaccine effects into models capturing the epidemiological details of a
given system [2, 31, 46]. In contrast, the biochemical and immunological trade-offs of the
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vaccine itself have received little attention. We specifically mean here that vaccination can
affect several aspects of the disease dynamics, such as within-host growth and transmission,
with possible trade-offs between these characteristics. For example, a vaccine reducing
within-host growth may be more or less effective in reducing disease transmission. We,
therefore, consider the definition of imperfect vaccines as i) providing partial protection
(non-maximal efficiency) against infection (decreasing transmission) and ii) partially
enhancing the recovery of infected individuals. We are interested in the possible trade-off
between these two properties. There has been remarkably little work performed to generally
assess how the interplay between different vaccine properties, trade-offs and vaccination
strategies influences the burden of the epidemic in a heterogeneous community/population
with imperfect vaccination.

The aim of this study is, therefore, to assess, through mathematical modelling, whether
the use of vaccines decreasing the infection rate is more efficient to eradicate the disease
in a heterogeneous community than a vaccine that both reduces the infection and favours
recovery or a vaccine reducing the infection rate but favouring recovery. We also want
to assess whether these results depend on the effect of population turnover in order to
generalise our results to animal populations.

29



Chapter 4

Presentation of findings

4.1 Global stability dynamics and sensitivity assessment
of COVID-19 with timely-delayed diagnosis in Ghana

Section 4.1.1 concerns the existence and uniqueness as well as the positivity and bound-
edness of the solution. We present the analysis of disease-free equilibrium in Section
4.1.2 and the endemic equilibrium in Section 4.1.3. The numerical results using data
from Ghana and corresponding parameters are presented in Section 4.1.4. A local and
global sensibility analysis are presented in section 4.1.5. Finally, the concluding remarks
and recommendations are presented in Section 4.1.6. The study was conducted between
March 2020 and June 2020, when Ghana experienced spark cases and undergoing delay in
diagnosis (therefore, everything that follows should be seen as such).

These results are published in Computational and Mathematical Biophysics
[79].

4.1.1 Analysis of the model problem

The model (3.1) is described by a system of first order autonomous nonlinear differential
equations. It can be rewritten in the matrix form as

𝑋′(𝑡) = 𝐹 (𝑋 (𝑡)), (4.1)
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where 𝑋 (𝑡) := (𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅,𝑉)𝑇 and 𝐹 is a smooth function defined from R8 by

𝐹 (𝑋) :=

©­­­­­­­­­­­­­­­«

Λ − (𝛽𝑒𝐸 + 𝛽𝑖1 𝐼1 + 𝛽𝑖2 𝐼2 + 𝛽𝑣𝑉)𝑆 + 𝑞1𝑆𝑞 − (𝜇 + 𝑞)𝑆
𝑞𝑆 − 𝑞1𝑆𝑞 − 𝜇𝑆𝑞

(𝛽𝑒𝐸 + 𝛽𝑖1 𝐼1 + 𝛽𝑖2 𝐼2 + 𝛽𝑣𝑉)𝑆 − 𝜔𝐸 − 𝜇𝐸
𝜙𝜔𝐸 − 𝛾1𝐼1 − 𝜇𝐼1 − 𝑑𝐼1

(1 − 𝜙)𝜔𝐸 − 𝛾2𝐼2 − 𝜇𝐼2 − 𝑑𝐼2
𝛾1𝐼1 + 𝛾2𝐼2 − 𝑚𝐻 − 𝜇𝐻 − 𝑑𝐻

𝑚𝐻 − 𝜇𝑅
𝑓1𝐸 + 𝑓2𝐼1 + 𝑓3𝐼2 − 𝑑𝑣𝑉

ª®®®®®®®®®®®®®®®¬

,

where 𝑋 := (𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅,𝑉) ∈ R8. Since 𝐹 is a smooth function, then 𝐹 is locally
lipschitz on R8. And we deduce the existence and uniqueness of the maximal solution
to the Cauchy problem associated with the differential system (3.1) relating to the initial
condition (𝑡0, 𝑋0) ∈ R × R8.

Next, we consider the positivity of the solution. Here, we investigate the asymptotic
behavior of orbits starting in the non-negative cone R8

+.

Theorem 5 For any initial condition(
𝑡0 = 0, 𝑋0 = (𝑆(0), 𝑆𝑞 (0), 𝐸 (0), 𝐼1(0), 𝐼2(0), 𝐻 (0), 𝑅(0), 𝑉 (0)) ∈ R8

+
)
, the maximal

solution
(
[0, 𝑇 [|𝑋 (𝑡) = (𝑆(𝑡), 𝑆𝑞 (𝑡), 𝐸 (𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝐻 (𝑡), 𝑅(𝑡), 𝑉 (𝑡))

)
of the Cauchy

problem related with system (3.1) is non-negative.

Proof : We define the setΔ :=
{̃
𝑡 ∈ [0, 𝑇 [ | 𝑋 (𝑡) > 0, ∀𝑡 ∈]0, 𝑡̃ [

}
. Since (𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅,𝑉)

are continuous functions, then Δ ≠ 0. Also, let 𝑇 := supΔ and show that 𝑇 = 𝑇 . Assume
𝑇 < 𝑇, then 𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅 and 𝑉 are simultaneously positive on ]0, 𝑇 [.

At least one of the following conditions is satisfied at time 𝑇 : 𝑆(𝑇) = 0, 𝑆𝑞 (𝑇) = 0,
𝐸 (𝑇) = 0, 𝐼1(𝑇) = 0, 𝐼2(𝑇) = 0, 𝐻 (𝑇) = 0, 𝑅(𝑇) = 0 or 𝑉 (𝑇) = 0.

Assume 𝑆(𝑇) = 0, then we deduce from the first equation of system (3.1)

𝑑

𝑑𝑡

(
𝑆𝑒

∫ 𝑡

0 (𝜆(𝑠)+𝜇+𝑞)𝑑𝑠
)
= (Λ + 𝑞1𝑆𝑞)𝑒

∫ 𝑡

0 (𝜆(𝑠)+𝜇+𝑞)𝑑𝑠. (4.2)

The integration of equation (4.2) from 0 to 𝑇 yields

𝑆(𝑇) = 𝑒−
∫ 𝑇

0 (𝜆(𝑠)+𝜇+𝑞)𝑑𝑠
(
𝑆(0) +

∫ 𝑇

0
(Λ + 𝑞1𝑆𝑞 (𝑡))𝑒

∫ 𝑡

0 (𝜆(𝑠)+𝜇+𝑞)𝑑𝑠𝑑𝑡

)
> 0.
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Similarly, we can prove that 𝑆(𝑇) > 0, 𝑆𝑞 (𝑇) > 0, 𝐸 (𝑇) > 0, 𝐼1(𝑇) > 0, 𝐼2(𝑇) > 0,
𝐻 (𝑇) > 0, 𝑅(𝑇) > 0 and 𝑉 (𝑇) > 0.This is a contradiction to the previous claim
that 𝑆(𝑇) = 0, 𝑆𝑞 (𝑇) = 0, 𝐸 (𝑇) = 0, 𝐼1(𝑇) = 0, 𝐼2(𝑇) = 0, 𝐻 (𝑇) = 0, 𝑅(𝑇) =

0 or 𝑉 (𝑇) = 0, if 𝑇 < 𝑇 . Then, 𝑇 = 𝑇 and consequently the maximal solution
(𝑆(𝑡), 𝑆𝑞 (𝑡), 𝐸 (𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝐻 (𝑡), 𝑅(𝑡), 𝑉 (𝑡)) of the Cauchy problem related with system
(3.1) is positive. □

Therefore, the variables of the system (3.1) are positive for all time 𝑡 > 0. In other
terms, solutions of the system (3.1) with nonnegative initial conditions will stay positive
for all 𝑡 > 0.

Next, we consider the invariant region of the model problem (3.1).

Theorem 6 The model problem (3.1) has solutions in the invariant region

Ω :=
{
(𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅,𝑉) ∈ R8

+, 𝑁 (𝑡) ≤ Λ

𝜇
and 𝑉 (𝑡) ≤ ( 𝑓1 + 𝑓2 + 𝑓3)

Λ

𝜇𝑑𝑣

}
.

Proof : We first split model system (3.1) into two parts i.e. the human population
(𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅) and the viral spread in the environment𝑉. Then, using model system
(3.1), the dynamics of the total human population satisfy

𝑑𝑁

𝑑𝑡
= Λ − 𝜇𝑁 − 𝑑 (𝐼1 + 𝐼2 + 𝐻) ≤ Λ − 𝜇𝑁. (4.3)

Integrating the expression above, we deduce that

𝑁 (𝑡) ≤ Λ

𝜇
+

(
𝑁 (0) − Λ

𝜇

)
𝑒−𝜇𝑡 , ∀𝑡 ≥ 0,

where 𝑁 (0) is the value of 𝑁 (𝑡) at the beginning. We deduce that if 𝑁 (0) ≤ Λ

𝜇
, then

0 ≤ 𝑁 (𝑡) ≤ Λ

𝜇
, ∀𝑡 ≥ 0. Now using the fact that 𝐼1(𝑡) ≤ Λ/𝜇, 𝐼2(𝑡) ≤ Λ/𝜇, 𝐸 (𝑡) ≤ Λ/𝜇,

the dynamics of the viral spread in the environment satisfy

𝑑𝑉

𝑑𝑡
≤ ( 𝑓1 + 𝑓2 + 𝑓3)

Λ

𝜇
− 𝑑𝑣𝑉.

Integrating the expression above, we deduce that

𝑉 (𝑡) ≤ ( 𝑓1 + 𝑓2 + 𝑓3)
Λ

𝜇𝑑𝑣
+

(
𝑉 (0) − ( 𝑓1 + 𝑓2 + 𝑓3)

Λ

𝜇𝑑𝑣

)
𝑒−𝑑𝑣𝑡 , ∀𝑡 ≥ 0,
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where 𝑉 (0) is the initial condition of V(t). Thus, as 𝑡 → +∞ we have

𝑉 (𝑡) ≤ ( 𝑓1 + 𝑓2 + 𝑓3)
Λ

𝜇𝑑𝑣
.

Thus the region Ω is positively invariant and attracting for the system (3.1). It is therefore
sufficient to consider the dynamics of the flow generated by the system (3.1). Since
each maximal solution of the Cauchy problem associated with (3.1) remains positive and
bounded overtime, each solution of the model problem (3.1) is global [50]. □

4.1.2 Disease-free equilibrium and its stability

In analysing the spread of an infection, the disease-free equilibrium (DFE) stands for a
state where the disease is entirely absent from the population. This equilibrium is key as it
gives a measure for understanding the conditions under which the disease can invade or be
eradicated. The disease-free equilibrium is deduced from the resolution of the system of
equations in (3.1) by taking 𝐸 = 0, 𝐼1 = 0, 𝐼2 = 0, 𝐻 = 0 and 𝑉 = 0. Thus, the disease-free
equilibrium for model (3.1) satisfies the system following of equations:


(𝜇 + 𝑞)𝑆0 − 𝑞1𝑆

0
𝑞 = Λ,

𝑞𝑆0 − (𝜇 + 𝑞1)𝑆0
𝑞 = 0.

(4.4)

Solving the system of equations in 4.4 yields the disease-free equilibrium point:

𝑄0 = (𝑆0, 𝑆0
𝑞, 0, 0, 0, 0, 0),

where 𝑆0 =
Λ(𝜇 + 𝑞1)

𝜇(𝜇 + 𝑞 + 𝑞1)
, 𝑆0

𝑞 =
Λ𝑞

𝜇(𝜇 + 𝑞 + 𝑞1)
and 𝑆0 + 𝑆0

𝑞 =
Λ

𝜇
.

The linear stability of 𝑄0 depends on the basic reproductive number R0. The latter
is defined as the average number of secondary cases caused by an infected individual
during his/her infectivity period when he/she is introduced to a population of susceptible
individuals without any intervention. We study the stability of the equilibrium through the
next generation operator [58, 36]. Recalling the notations in [36] for model (3.1), the matrices
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F of the new infection and W of the remaining transfer terms are given by

F =



(𝛽𝑒𝐸 + 𝛽𝑖1 𝐼1 + 𝛽𝑖2 𝐼2 + 𝛽𝑣𝑉)𝑆
0
0
0
0


and W =



𝜔𝐸 + 𝜇𝐸

−𝜙𝜔𝐸 + 𝛾1𝐼1 + 𝜇𝐼1 + 𝑑𝐼1

−(1 − 𝜙)𝜔𝐸 + 𝛾2𝐼2 + 𝜇𝐼2 + 𝑑𝐼2

−𝛾1𝐼1 − 𝛾2𝐼2 + 𝑚𝐻 + 𝜇𝐻 + 𝑑𝐻

− 𝑓1𝐸 − 𝑓2𝐼1 − 𝑓3𝐼2 + 𝑑𝑣𝑉



.

The Jacobian matrices of F and W at 𝑄0 are respectively,

𝐹 =



𝛽𝑒𝑆
0 𝛽𝑖1𝑆

0 𝛽𝑖2𝑆
0 0 𝛽𝑣𝑆

0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


(4.5)

and

𝑊 =



𝜇 + 𝜔 0 0 0 0
−𝜙𝜔 𝜇 + 𝛾1 + 𝑑 0 0 0

−(1 − 𝜙)𝜔 0 𝜇 + 𝛾2 + 𝑑 0 0
0 −𝛾1 −𝛾2 𝜇 + 𝑚 + 𝑑 0
− 𝑓1 − 𝑓2 − 𝑓3 0 𝑑𝑣


(4.6)

Then, the basic reproduction number of model system (3.1) is

R0 = 𝜌(𝐹𝑊−1) = R0𝑒 + R0𝑖1 + R0𝑖2 + R0𝑣, (4.7)

where R0𝑒 =
𝛽𝑒𝑆

0

𝜇 + 𝜔 , R0𝑖1 =
𝛽𝑖1𝜙𝜔𝑆

0

(𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑)
, R0𝑖2 =

𝛽𝑖2 (1 − 𝜙)𝜔𝑆0

(𝜇 + 𝜔) (𝜇 + 𝛾2 + 𝑑)
,

R0𝑣 =
𝛽𝑣 𝑓3(1 − 𝜙)𝜔(𝜇 + 𝛾1 + 𝑑)𝑆0 + 𝛽𝑣 (𝜇 + 𝛾2 + 𝑑) [ 𝑓1(𝜇 + 𝛾1 + 𝑑) + 𝑓2𝜙𝜔]𝑆0

𝑑𝑣 (𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑)
and 𝜌(𝐹𝑊−1)

is the spectral radius of 𝐹𝑊−1.
The term R0𝑒 represents the average number of secondary cases caused by an exposed

individual during their infectious period. Similarly, R0𝑖1 (respectively R0𝑖2) represents the
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average number of secondary cases caused by an infectious timely diagnosis (respectively,
delayed diagnosis) during their infectious period. Moreover, the term R0𝑣 represents the
average number of secondary cases assigned to a single virus particle in the environment
over its infectious period.

The importance of the basic reproduction number comes from the result outlined in the
next Lemma, which is obtained from Theorem 2 in [36].

Lemma 1 The DFE𝑄0 of the system (3.1) is locally asymptotically stable (LAS) whenever
R0 ≤ 1 and unstable whenever R0 > 1.

The biological meaning of Lemma 1 is that a sufficiently small number of infected hosts
will not cause an epidemic unless R0 > 1. Global asymptotic stability (GAS) of the DFE
is required for better disease control. In addition, expanding the basin of attraction of 𝑄0

presents a more challenging task for the model under consideration. This leads to the
following new result. For this purpose, we will use Theorems 2.1 and 2.2 of [104].

Theorem 7 If R0 ≤ 1, the DFE 𝑄0 of the system (3.1) is GAS in Ω. If R0 > 1, 𝑄0 is
unstable, the system (3.1) is uniformly persistent and there exists at least one endemic
equilibrium in the interior of Ω.

Proof : The system (3.1) can be written as

𝑑𝑥

𝑑𝑡
= (𝐹 −𝑊)𝑥 − 𝑓 (𝑥, 𝑦),

𝑑𝑦

𝑑𝑡
= 𝑔(𝑥, 𝑦),

(4.8)

where 𝑥 = (𝐸, 𝐼1, 𝐼2, 𝐻,𝑉)𝑇 is the vector representing the infected classes, 𝑦 = (𝑆, 𝑆𝑞, 𝑅)𝑇

is the vector representing the uninfected classes, the matrices 𝐹 and𝑊 are given as in (4.5)
and (4.6) respectively, and

𝑓 (𝑥, 𝑦) =



𝛽𝑒𝐸 (𝑆0 − 𝑆) + 𝛽𝑖1 𝐼1(𝑆0 − 𝑆) + 𝛽𝑖2 𝐼2(𝑆0 − 𝑆) + 𝛽𝑣𝑉 (𝑆0 − 𝑆)
0
0
0
0


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and

𝑔(𝑥, 𝑦) =

Λ − (𝛽𝑒𝐸 + 𝛽𝑖1 𝐼1 + 𝛽𝑖2 𝐼2 + 𝛽𝑣𝑉)𝑆 + 𝑞1𝑆𝑞 − (𝜇 + 𝑞)𝑆

𝑞𝑆 − 𝑞1𝑆𝑞 − 𝜇𝑆𝑞
(𝛽𝑒𝐸 + 𝛽𝑖1 𝐼1 + 𝛽𝑖2 𝐼2 + 𝛽𝑣𝑉)𝑆 − 𝜔𝐸 − 𝜇𝐸

 .
Then,

𝑊−1𝐹 =



𝐴𝛽𝑒𝑆
0 𝐴𝛽𝑖1𝑆

0 𝐴𝛽𝑖2𝑆
0 0 𝐴𝛽𝑣𝑆

0

𝐵𝛽𝑒𝑆
0 𝐵𝛽𝑖1𝑆

0 𝐵𝛽𝑖2𝑆
0 0 𝐵𝛽𝑣𝑆

0

𝐶𝛽𝑒𝑆
0 𝐶𝛽𝑖1𝑆

0 𝐶𝛽𝑖2𝑆
0 0 𝐶𝛽𝑣𝑆

0

𝐷𝛽𝑒𝑆
0 𝐷𝛽𝑖1𝑆

0 𝐷𝛽𝑖2𝑆
0 0 𝐷𝛽𝑣𝑆

0

𝐸𝛽𝑒𝑆
0 𝐸𝛽𝑖1𝑆

0 𝐸𝛽𝑖2𝑆
0 0 𝐸𝛽𝑣𝑆

0



,

where

𝐴 =
1

𝜇 + 𝜔, 𝐵 =
𝜙𝜔

(𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑)
𝐶 =

(1 − 𝜙)𝜔
(𝜇 + 𝜔) (𝜇 + 𝛾2 + 𝑑)

,

𝐷 =
𝜔[𝛾1𝜙(𝜇 + 𝛾2 + 𝑑) + 𝛾2(1 − 𝜙) (𝜇 + 𝛾1 + 𝑑)]
(𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑) (𝜇 + 𝑚 + 𝑑) , and

𝐸 =
𝑓3(1 − 𝜙)𝜔(𝜇 + 𝛾1 + 𝑑) + (𝜇 + 𝛾2 + 𝑑) [ 𝑓1(𝜇 + 𝛾1 + 𝑑) + 𝑓2𝜙𝜔]

𝑑𝑣 (𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑)
.

Let (𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5) be the left eigenvalue of𝑊−1𝐹 and be given by

𝜔1 =
𝛽𝑒

𝛽𝑖1
, 𝜔2 = 1, 𝜔3 =

𝛽𝑖1

𝛽𝑣
, 𝜔4 = 0 and 𝜔5 = 1, (4.9)

since (𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5)𝑊−1𝐹 = R0(𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5). We consider the following
Lyapunov function

𝑄 =(𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5)𝑊−1(𝐸, 𝐼1, 𝐼2, 𝐻,𝑉)𝑇 = A𝐸 + B𝐼1 + C𝐼2 + D𝑉, (4.10)

where A =
R0𝑒

𝛽𝑖1𝑆
0 +

R0𝑖1
𝛽𝑖1𝑆

0 +
R0𝑖2
𝛽𝑣𝑆

0 +
R0𝑣

𝛽𝑣𝑆
0 ,B =

𝑑𝑣 + 𝑓2

𝑑𝑣 (𝜇 + 𝛾1 + 𝑑)
, C =

𝛽𝑖2𝑑𝑣 + 𝑓3𝛽𝑣

𝛽𝑣𝑑𝑣 (𝜇 + 𝛾2 + 𝑑)
and
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D =
1
𝑑𝑣
. Then the derivative of the Lyapunov function 𝑄 yields,

𝑄
′
= (R0 − 1) (𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5)𝑇𝑥 − (𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5)𝑇𝑊−1 𝑓 (𝑥, 𝑦).

Since (𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5) ≥ 0,𝑊−1 ≥ 0 and 𝑓 (𝑥, 𝑦) ≥ 0 inΩ, then (𝜔1, 𝜔2)𝑇𝑊−1 𝑓 (𝑥, 𝑦) ≥
0. Therefore, 𝑄′ ≤ 0 in Ω if R0 ≤ 1 and 𝑄 is a Lyapunov function for the system (3.1). By
LaSalle’s invariance principle [65, 66], 𝑄0 is GAS in Ω [21].

If R0 > 1, then 𝑄′
= (R0 − 1) (𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5)𝑇𝑥 > 0 provided that 𝑥 > 0 and

𝑦 = (𝑆0, 𝑆0
𝑞, 0). By continuity, 𝑄′

> 0 in the neighborhood of 𝑄0. Solutions in positive
cone sufficiently close to 𝑄0 move away from 𝑄0, implying that 𝑄0 is unstable. Thus, the
model system (3.1) is uniformly persistent [43, 69]. Uniform persistence and the positively
invariance of Ω imply the existence of an endemic equilibrium. □

As a consequence of the above result, we can confidently conclude that COVID-19
can be eradicated from the host community if the value of R0 is reduced and constantly
maintained below one. Figure 3 shows the validation of the global stability analysis for the
disease-free equilibrium point.
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Figure 3: Global stability when R0 < 1, in accordance with Theorem 7. Parameter values
used are as given in Table 4, except 𝛾2 = 1/10, so that R0 = 0.77 < 1.

4.1.3 Endemic equilibrium and its stability

Let 𝑄∗ = (𝑆∗, 𝑆∗𝑞, 𝐼∗1, 𝐼
∗
2, 𝐻

∗, 𝑅∗, 𝑉∗) be the positive endemic equilibrium (EE) of model
system (3.1). Then, the positive endemic equilibrium can be obtained by setting the right
hand side of all equations in model system (3.1) to zero, giving:
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

Λ − 𝜆∗𝑆∗ + 𝑞1𝑆
∗
𝑞 − (𝜇 + 𝑞)𝑆∗ = 0,

𝑞𝑆∗ − 𝑞1𝑆
∗
𝑞 − 𝜇𝑆∗𝑞 = 0,

𝜆∗𝑆∗ − 𝜔𝐸∗ − 𝜇𝐸∗ = 0,
𝜙𝜔𝐸∗ − 𝛾1𝐼

∗
1 − 𝜇𝐼

∗
1 − 𝑑𝐼

∗
1 = 0,

(1 − 𝜙)𝜔𝐸∗ − 𝛾2𝐼
∗
2 − 𝜇𝐼

∗
2 − 𝑑𝐼

∗
2 = 0,

𝛾1𝐼
∗
1 + 𝛾2𝐼

∗
2 − 𝑚𝐻

∗ − 𝜇𝐻∗ − 𝑑𝐻∗ = 0,
𝑚𝐻∗ − 𝜇𝑅∗ = 0,
𝑓1𝐸

∗ + 𝑓2𝐼
∗
1 + 𝑓3𝐼

∗
2 − 𝑑𝑣𝑉

∗ = 0,

(4.11)

where 𝜆∗ = 𝛽𝑒𝐸∗ + 𝛽𝑖1 𝐼∗1 + 𝛽𝑖2 𝐼
∗
2 + 𝛽𝑣𝑉

∗. Given the complexity of the system (4.11), we are
going to try to determine an explicit formula for the endemic equilibrium point 𝑄∗. To
do this, we will solve the system (4.11). After algebraic manipulations of this system, we
obtain:

𝑅∗ =
𝑚

𝜇
𝐻∗, 𝐸∗ =

𝜇 + 𝛾1 + 𝑑
𝜙𝜔

𝐼∗1, 𝐼
∗
2 =

(1 − 𝜙) (𝜇 + 𝛾1 + 𝑑)
𝜙(𝜇 + 𝛾2 + 𝑑)

𝐼∗1, 𝑆
∗
𝑞 =

𝑞1 + 𝜇
𝑞

𝑆∗,

𝐻∗ =
𝛾1𝜙(𝜇 + 𝛾2 + 𝑑) + 𝛾2(1 − 𝜙) (𝜇 + 𝛾1 + 𝑑)

𝜙(𝜇 + 𝛾2 + 𝑑) (𝜇 + 𝑚 + 𝑑) 𝐼∗1,

𝑉∗ =
𝑓1(𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑) + 𝑓2𝜙𝜔(𝜇 + 𝛾2 + 𝑑) + 𝑓3(1 − 𝜙)𝜔(𝜇 + 𝛾1 + 𝑑)

𝜙𝜔𝑑𝑣 (𝜇 + 𝛾2 + 𝑑)
𝐼∗1,

𝑆∗ =
𝑑𝑣 (𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑)

𝛽𝑒𝑑𝑣 (𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑) + 𝛽𝑖1𝜙𝜔𝑑𝑣 (𝜇 + 𝛾2 + 𝑑) + 𝛽𝑖2 (1 − 𝜙)𝜔𝑑𝑣 (𝜇 + 𝛾1 + 𝑑)

+ 𝑑𝑣 (𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑)
𝛽𝑣 𝑓1(𝜇 + 𝛾1 + 𝑑) (𝜇 + 𝛾2 + 𝑑) + 𝛽𝑣 𝑓2𝜙𝜔(𝜇 + 𝛾2 + 𝑑) + 𝛽𝑣 𝑓3(1 − 𝜙)𝜔(𝜇 + 𝛾1 + 𝑑)

,

and

𝐼∗1 =
𝜙𝜔[(𝑞 + 𝜇) (𝑞1 + 𝜇) − 𝑞𝑞1]
(𝑞1 + 𝜇) (𝜇 + 𝜔) (𝜇 + 𝛾1 + 𝑑)

𝑆∗(R0 − 1).

Lemma 2 Model (3.1) has exactly one endemic equilibrium whenever R0 > 1.

We establish the following result to analyze the stability of 𝑄∗.

Theorem 8 If R0 > 1, the endemic equilibrium 𝑄∗ is GAS in Ω.
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Proof : Consider the following Lyapunov function candidate [1, 109]:

𝐿 =

(
𝑆 − 𝑆∗ − 𝑆∗ ln

𝑆

𝑆∗

)
+ ℎ1

(
𝑆𝑞 − 𝑆∗𝑞 − 𝑆∗𝑞 ln

𝑆𝑞

𝑆∗𝑞

)
+ ℎ2

(
𝐸 − 𝐸∗ − 𝐸∗ ln

𝐸

𝐸∗

)
+ ℎ3

(
𝐼1 − 𝐼∗1 − 𝐼

∗
1 ln

𝐼1

𝐼∗1

)
+ ℎ4

(
𝐼2 − 𝐼∗2 − 𝐼

∗
2 ln

𝐼2

𝐼∗2

)
+ ℎ5

(
𝑉 −𝑉∗ −𝑉∗ ln

𝑉

𝑉∗

)
, (4.12)

where ℎ1, ℎ2, ℎ3, ℎ4 and ℎ5 are positive constants to be determined later. Differentiating
the function (4.12) with respect to time yields

¤𝐿 =

(
1− 𝑆

∗

𝑆

)
¤𝑆+ℎ1

(
1−

𝑆∗𝑞

𝑆𝑞

)
¤𝑆𝑞+ℎ2

(
1− 𝐸

∗

𝐸

)
¤𝐸 +ℎ3

(
1−

𝐼∗1
𝐼1

)
¤𝐼1+ℎ4

(
1−

𝐼∗2
𝐼2

)
¤𝐼2+ℎ5

(
1−𝑉

∗

𝑉

)
¤𝑉.

(4.13)
Substituting equation (3.1) into equation (4.13) and using Equation (4.11) at the positive
endemic equilibrium with further simplification yields

¤𝐿 = − (𝑞 + 𝜇)
(
1 − 1

𝑥1

)2
𝑆 + 𝛽𝑒𝑆∗𝐸∗

(
1 − 1

𝑥1
+ 𝑥3 − 𝑥1𝑥3

)
+ 𝛽𝑖1𝑆∗𝐼∗1

(
1 − 1

𝑥1
+ 𝑥4 − 𝑥1𝑥4

)
+ 𝛽𝑖2𝑆∗𝐼∗2

(
1 − 1

𝑥1
+ 𝑥5 − 𝑥1𝑥5

)
+ 𝛽𝑣𝑆∗𝑉∗

(
1 − 1

𝑥1
+ 𝑥6 − 𝑥1𝑥6

)
+ 𝑞1𝑆

∗
𝑞

(
𝑥2 +

1
𝑥1

− 𝑥2

𝑥1
− 1

)
+ ℎ1𝑞𝑆

∗
(
𝑥1 − 𝑥2 −

𝑥1

𝑥2
+ 1

)
+ ℎ2𝛽𝑒𝑆

∗𝐸∗
(
1 − 𝑥1 − 𝑥3 + 𝑥1𝑥3

)
+ ℎ2𝛽𝑖1𝑆

∗𝐼∗1

(
1 − 𝑥3 + 𝑥1𝑥4 −

𝑥1𝑥4

𝑥3

)
+ ℎ2𝛽𝑖2𝑆

∗𝐼∗2

(
1 − 𝑥3 + 𝑥1𝑥5 −

𝑥1𝑥5

𝑥3

)
+ ℎ2𝛽𝑣𝑆

∗𝑉∗
(
1 − 𝑥3 + 𝑥1𝑥6 −

𝑥1𝑥6

𝑥3

)
+ ℎ3𝜙𝜔𝐸

∗
(
1 + 𝑥3 − 𝑥4 −

𝑥3

𝑥4

)
+ ℎ4(1 − 𝜙)𝜔𝐸∗

(
1 + 𝑥3 − 𝑥5 −

𝑥3

𝑥5

)
+ ℎ5 𝑓1𝐸

∗
(
1 + 𝑥3 − 𝑥6 −

𝑥3

𝑥6

)
+ ℎ5 𝑓2𝐼

∗
1

(
1 + 𝑥4 − 𝑥6 −

𝑥4

𝑥6

)
+ ℎ5 𝑓3𝐼

∗
2

(
1 + 𝑥5 − 𝑥6 −

𝑥5

𝑥6

)
, (4.14)

where 𝑥1 =
𝑆

𝑆∗
, 𝑥2 =

𝑆𝑞

𝑆∗𝑞
, 𝑥3 =

𝐸

𝐸∗ , 𝑥4 =
𝐼1

𝐼∗1
, 𝑥5 =

𝐼2

𝐼∗2
and 𝑥6 =

𝑉

𝑉∗ . Then equation (4.14)
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becomes

¤𝐿 = − (𝑞 + 𝜇)
(
1 − 1

𝑥1

)2
𝑆 + 𝛽𝑒𝑆∗𝐸∗ + 𝛽𝑖1𝑆∗𝐼∗1 + 𝛽𝑖2𝑆

∗𝐼∗2 + 𝛽𝑣𝑆
∗𝑉∗ − 𝑞1𝑆

∗
𝑞 + ℎ1𝑞𝑆

∗

+ ℎ2𝛽𝑒𝑆
∗𝐸∗ + ℎ2𝛽𝑖1𝑆

∗𝐼∗1 + ℎ2𝛽𝑖2𝑆
∗𝐼∗2 + ℎ2𝛽𝑣𝑆

∗𝑉∗ + ℎ3𝜙𝜔𝐸
∗ + ℎ4(1 − 𝜙)𝜔𝐸∗ + ℎ5 𝑓1𝐸

∗

+ ℎ5 𝑓2𝐼
∗
1 + ℎ5 𝑓3𝐼

∗
2 +

(
− 𝛽𝑒𝑆∗𝐸∗ − 𝛽𝑖1𝑆∗𝐼∗1 − 𝛽𝑖2𝑆

∗𝐼∗2 − 𝛽𝑣𝑆
∗𝑉∗ + 𝑞1𝑆

∗
𝑞

)
1
𝑥1

+ (ℎ1𝑞𝑆
∗ − ℎ2𝛽𝑒𝑆

∗𝐸∗)𝑥1 + (𝑞1𝑆
∗
𝑞 − ℎ1𝑞𝑆

∗)𝑥2 + (𝛽𝑒𝑆∗𝐸∗ − ℎ2𝛽𝑒𝑆
∗𝐸∗ − ℎ2𝛽𝑖1𝑆

∗𝐼∗1

− ℎ2𝛽𝑖2𝑆
∗𝐼∗2 − ℎ2𝛽𝑣𝑆

∗𝑉∗ + ℎ3𝜙𝜔𝐸
∗ + ℎ4(1 − 𝜙)𝜔𝐸∗ + ℎ5 𝑓1𝐸

∗)𝑥3

+ (𝛽𝑖1𝑆∗𝐼∗1 − ℎ3𝜙𝜔𝐸
∗ + ℎ5 𝑓2𝐼

∗
1)𝑥4 + (𝛽𝑖2𝑆∗𝐼∗2 + ℎ4(1 − 𝜙)𝜔𝐸∗ + ℎ5 𝑓3𝐼

∗
2)𝑥5

+ (𝛽𝑣𝑆∗𝑉∗ − ℎ5 𝑓1𝐸
∗ − ℎ5 𝑓2𝐼

∗
1 − ℎ5 𝑓3𝐼

∗
2)𝑥6 + (−𝛽𝑒𝑆∗𝐸∗ + ℎ2𝛽𝑒𝑆

∗𝐸∗)𝑥1𝑥3

+ (−𝛽𝑖1𝑆∗𝐼∗1 + ℎ2𝛽𝑖1𝑆
∗𝐼∗1)𝑥1𝑥4 + (−𝛽𝑖2𝑆∗𝐼∗2 + ℎ2𝛽𝑖2𝑆

∗𝐼∗2)𝑥1𝑥5

+ (−𝛽𝑣𝑆∗𝑉∗ + ℎ2𝛽𝑣𝑆
∗𝑉∗)𝑥1𝑥6 − 𝑞1𝑆

∗
𝑞

𝑥2

𝑥1
+ ℎ1𝑞𝑆

∗𝑥1

𝑥2
− ℎ3𝜙𝜔𝐸

∗𝑥3

𝑥4
− ℎ4(1 − 𝜙)𝜔𝐸∗𝑥3

𝑥5

− ℎ5 𝑓1𝐸
∗𝑥3

𝑥6
− ℎ5 𝑓2𝐼

∗
1
𝑥4

𝑥6
− ℎ5 𝑓3𝐼

∗
2
𝑥5

𝑥6
− ℎ2𝛽𝑖1𝑆

∗𝐼∗1
𝑥1𝑥4

𝑥3
− ℎ2𝛽𝑖2𝑆

∗𝐼∗2
𝑥1𝑥5

𝑥3
− ℎ2𝛽𝑣𝑆

∗𝑉∗𝑥1𝑥6

𝑥3
.

(4.15)

Considering the expressions

ℎ2𝛽𝑒𝑆
∗𝐸∗ = 𝛽𝑒𝑆

∗𝐸∗, ℎ2𝛽𝑖1𝑆
∗𝐼∗1 = 𝛽𝑖1𝑆

∗𝐼∗1, ℎ2𝛽𝑖2𝑆
∗𝐼∗2 = 𝛽𝑖2𝑆

∗𝐼∗2, and ℎ2𝛽𝑣𝑆
∗𝑉∗ = 𝛽𝑣𝑆

∗𝑉∗,

we have ℎ2 = 1, thus the coefficients of 𝑥1𝑥3, 𝑥1𝑥4, 𝑥1𝑥5 and 𝑥1𝑥6 are all 0. By setting the
coefficients of 𝑥2, 𝑥4, 𝑥5, and 𝑥6 to 0 and solving for ℎ1, ℎ3, ℎ4 and ℎ5 yields

ℎ1 =
𝑞1𝑆

∗
𝑞

𝑞𝑆∗
, ℎ3 =

𝛽𝑖1𝑆
∗𝐼∗1 ( 𝑓1𝐸

∗ + 𝑓2𝐼
∗
1 + 𝑓3𝐼

∗
2) + 𝛽𝑣 𝑓2𝑆

∗𝑉∗𝐼∗1
𝜙𝜔𝐸∗( 𝑓1𝐸∗ + 𝑓2𝐼

∗
1 + 𝑓3𝐼

∗
2)

,

ℎ4 =
𝛽𝑖2𝑆

∗𝐼∗2 ( 𝑓1𝐸
∗ + 𝑓2𝐼

∗
1 + 𝑓3𝐼

∗
2) + 𝛽𝑣 𝑓3𝑆

∗𝑉∗𝐼∗1
(1 − 𝜙)𝜔𝐸∗( 𝑓1𝐸∗ + 𝑓2𝐼

∗
1 + 𝑓3𝐼

∗
2)

and ℎ5 =
𝛽𝑣𝑆

∗𝑉∗

𝑓1𝐸∗ + 𝑓2𝐼
∗
1 + 𝑓3𝐼

∗
2
.
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Therefore, ¤𝐿 can be rewritten as

¤𝐿 = − (𝑞 + 𝜇)
(
1 − 1

𝑥1

)2
𝑆 − 𝛽𝑒𝑆∗𝐸∗

(
𝑥1 +

1
𝑥1

− 2
)

− 𝛽𝑖1𝑆∗𝐼∗1
(
𝑥3 − 𝑥4 +

1
𝑥1

+ 𝑥1𝑥4

𝑥3
− 2

)
− 𝛽𝑖2𝑆∗𝐼∗2

(
𝑥3 − 𝑥5 +

1
𝑥1

+ 𝑥1𝑥5

𝑥3
− 2

)
− 𝛽𝑣𝑆∗𝑉∗

(
𝑥3 − 𝑥6 +

1
𝑥1

+ 𝑥1𝑥6

𝑥3
− 2

)
− 𝑞1𝑆

∗
𝑞

(
𝑥1

𝑥2
+ 𝑥2

𝑥1
− 𝑥1 −

1
𝑥1

)
− ℎ3𝜙𝜔𝐸

∗
(
𝑥4 − 𝑥3 − 1 + 𝑥3

𝑥4

)
− ℎ4(1 − 𝜙)𝜔𝐸∗

(
𝑥5 − 𝑥3 − 1 + 𝑥3

𝑥5

)
− ℎ5 𝑓1𝐸

∗
(
𝑥6 − 𝑥3 − 1 + 𝑥3

𝑥6

)
− ℎ5 𝑓2𝐼

∗
1

(
𝑥6 − 𝑥4 − 1 + 𝑥4

𝑥6

)
− ℎ5 𝑓3𝐼

∗
2

(
𝑥6 − 𝑥5 − 1 + 𝑥5

𝑥6

)
.

Thus, using the arithmetic-geometric means inequality, we can see that ¤𝐿 is less or equal to
zero with equality only if 𝑥1 = 1, 𝑥2 = 1, 𝑥2 = 1, 𝑥3 = 1, 𝑥4 = 1, 𝑥5 = 1 and 𝑥6 = 1. By
LaSalle’s invariance principle the largest invariant set in Ω, contained in

{(𝑆, 𝑆𝑞, 𝐸, 𝐼1, 𝐼2, 𝐻, 𝑅,𝑉) ∈ Ω | ¤𝐿 = 0}

is reduced to the endemic equilibrium 𝑄∗. Then, we conclude that the endemic equilibrium
is globally asymptotically stable in Ω [29, 109]. □

Figure 4 shows the validation of the global stability analysis for the endemic equilibrium
point.
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Figure 4: Global stability when R0 > 1, in accordance with Theorem 8. Parameter values
used are as given in Table 4, except 𝜙 = 0.8, so that R0 = 2.06 > 1.
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4.1.4 Numerical results

In this section, we present numerical simulations of the proposed model (3.1), using
parameters estimated from COVID-19 data for Ghana [111]. The estimation was performed
using the least squares approach, which consists of minimizing the sum of the squared
differences between the observed cumulative cases data point and the corresponding
model(3.1) predicted points. In Figure 5, we present the fitted model, along with the
cumulative cases and residual plot for Ghana using 100 data points. The initial conditions
are set based on the first confirmed cases, dated 12th March, 2020. The incubation periods
of COVID-19 is known to range from 2 to 14 days. On 12th March, 2020, Ghana reported
its first two COVID-19 cases, so we assume an initial number of hospitalized to be two i.e.
𝐻 (0) = 2. The total population of Ghana at the time was 30, 417, 856. It is assumed that,
there were no recoveries at the start, and the number of exposed, timely diagnosed, and
delayed individual was equal to the initial number of detected cases. Therefore, the initial
values for Ghana are given by 𝑆(0) = 30, 417, 848 𝑆𝑞 (0) = 0 𝐸 (0) = 2 𝐼1(0) = 2 𝐼2(0) = 2
𝐻 (0) = 2 𝑅(0) = 0 𝑉 (0) = 0. From the data fitting, as shown in Figure 5 and Table 4, the
computed reproduction number, R0, for the 100 data points is given as R𝑐 = 1.0410. In
what follows, we present the results of the sensitivity analysis and other numerical outputs
of the model using the obtained parameters in Table 4.
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(b) Residual plot.

Figure 5: Model fit for Ghana during the time window 12 March, 2020 to 19 June, 2020 .

4.1.5 Sensitivity analysis

In this section, we utilized two sensitivity analysis approaches to find the factors that
contribute the most to the transmission: the forward sensitivity index normalised and LHS
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Table 4: Estimated parameters

Parameters Value/day Source Parameters Value/day Source
Λ 1319.294 [94] 𝛾1 0.5000 Fitted
𝑞 0.0333 Fitted 𝛾2 0.0714 Fitted
𝑞1 1.6945 × 10−5 Estimated 𝜇 4.2578 × 10−5 [103]
𝛽𝑒 6.0380 × 10−8 Fitted 𝑑 0.006139 Estimated
𝛽𝑖1 3.8196 × 10−8 Fitted 𝑓1 0.0178 Fitted
𝛽𝑖2 1.4286 × 10−5 Fitted 𝑓2 0.3115 Fitted
𝛽𝑣 4.00199 × 10−8 [21] 𝑓3 4.6131 × 10−5 Fitted
𝜔 1/5.2 [103] 𝑚 0.9815 Fitted
𝜙 0.9000 unitless Fitted 𝑑𝑣 0.3117 [97]

as seen in [20, 55, 17, 76, 16]. From [76, 19], the normalized forward-sensitivity index of R0, is
defined as:

Δ
𝜌∗

R0
=
𝜕R0

𝜕𝜌∗
𝜌∗

R0
. (4.16)

where 𝜌∗ represent the various parameters in R0. Using the parameter values in Table
4, the calculated (local) sensitivity indexes are given in Table 5. LHS is known to be a
Monte Carlo sampling method. It divides the various parameters into equal intervals and
indiscriminately draws one sample from each equal interval. LHS is usually carried out
with PRCC to estimate the nonlinearity between the parameters and also the unmodulated
relationship between model parameters [18, 112]. Using the LHS with 2500 samples from a
uniform distribution, the parameters in the basic reproduction number R0 were employed to
obtain the global sensitivity of the various parameters in R0. Using the PRCC plot in Figure
6, we noticed further that the parameters contributing to the growth of the basic reproduction
number are 𝛽𝑣, 𝛽𝑒, 𝑓1, 𝑞1, 𝑓2,Λ, 𝛽𝑖1, 𝜙, 𝑓3, and 𝛽𝑖2 (ordered in order of magnitude). While,
𝜇, 𝑞, 𝑑𝑣, 𝜔, 𝑑, 𝛾1, 𝛾2, contribute to the decline of the basic reproduction number, R0 (ordered
in order of magnitude). Among the positive parameters from the PRCC analysis, 𝛽𝑣 and 𝛽𝑒
are the most dominant. This suggests that a reducing interaction of susceptible individuals
with exposed individuals and virus in the environment, will significantly slow the spread
of virus in the community, in turn decrease the basic reproduction number more rapidly.
Among the negative parameters, 𝑞 and 𝑑𝑣 are the most dominant. This suggests that
increasing these parameters would reduce the virus spread and leads to a quicker decline of
the basic reproduction number. Although 𝜇 (natural death rate) has the longest bar in the
analysis, it is not a viable control parameter. Therefore, in Figures 7 and 8 we show the
graphical trajectories of some parameters on the infected classes.
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Table 5: Local sensitivity analysis.

Parameters Sensitivity index Parameters Sensitivity index
Λ 1 𝜙 −8.7710
𝑞 −0.9982 𝛾1 −0.0073
𝛽𝑒 0.0166 𝛾2 −0.8977
𝑞1 0.2842 𝜇 −0.2867
𝑑𝑣 0.0110 𝑑 −0.0773
𝛽𝑖1 0.0036 𝑓1 0.0006
𝛽𝑖2 0.9754 𝑓2 0.0110
𝛽𝑣 0.0044 𝑓3 1.6314 × 10−6

𝜔 −0.0170
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Figure 6: PRCC plot for the parameters in the basic reproduction number, R0.
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Figure 7: Sensitivity analysis plot for COVID-19 model with timely-delayed diagnosis,
using Λ, and 𝛽𝑒.
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Figure 8: Sensitivity analysis plot for COVID-19 model with timely-delayed diagnosis,
using 𝜙, 𝑞, 𝜔 and 𝛾2.
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In Figures 7(a)-7(d), we show the impact of the rate of recruitment Λ, and the rate of
relative transmissibility of exposed individuals 𝛽𝑒, on the model. We noticed in Figure 7(a)
that an increase in Λ would have an immediate increase in the number of new infections,
whiles Figure 7(b) shows that a decline in Λ will help eradicate the disease in Ghana. In
Figures 7(c) and 7(d), we notice that an increase in the relative transmissibility of exposed
individuals will have exponential growth in the number of secondary infections. Hence, we
suggest that all persons keep to the regular washing of hands with soap and alcohol-based
sanitiser whenever they use public facilities since this will help reduce the spread of the
virus by exposed individuals.

Figures 8(a) and Figure 8(b) illustrate the dynamical effects of varying the proportion
of individual with timely diagnosis and self-quarantined rate among susceptible individuals.
Figure 8(a) indicates that an increase in the proportion of infectious individual promptly
diagnosis leads to a reduction in the basic reproduction number. Notably that a 100%
timely detection of infected individuals reduces the basic reproduction number to 0.025,
resulting in complete eradication of the disease within 100 days. In Figure 8(b), we noticed
that the willingness of individuals to practice self-quarantine has a major role in reducing
the spread of disease in Ghana. Figure 8(c) demonstrates the effect of the incubation period
of the disease on the number of individuals timely-delayed diagnosis. We noticed that
an increase in the number of incubation periods reduces the number of timely-delayed
diagnosis individuals. Figure 8(d) shows the dynamic effects of delayed diagnosis on the
number of exposed individuals. A reduction in the delay time decreases the number of
exposed individuals. Based on these findings, we suggest that the government enhance
their diagnostic efforts to reduce the number of infected individuals in each community.

4.1.6 Summary

In this section, we presented the results of the analysis of a COVID-19 model that considers
self-quarantined individuals, delay in diagnosis and environmental transmission and
analysed the transmission dynamics of the pandemic in Ghana. The proposed model was
shown to be globally asymptotically stable when R0 ≤ 1 and when R0 > 1. Then we
suggest that all persons should keep to the regular washing of hands with soap and alcohol
based sensitizer whenever they use public facilities, since this will help reduce the spread of
the virus by exposed individuals. In addition to reduce the risk of infection from exposed
individuals, we advise to improve air quality by increasing airflow, cleaning the air, or
opting to gather outdoors. And the government should increase their efforts in diagnoses
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so to reduce the number of infected individuals in each community.

4.2 Impact of imperfect vaccine, vaccine trade-off and
population turnover on infectious disease dynamics

In this section, we compute the basic properties of the steady-state solutions as well as
the existence of local and global stability of the equilibria of the model (Section ??).
We then perform a numerical sensitivity analysis of the model and study examples of
numerical analyses for different parameter values to describe the interaction between
population turnover and vaccine trade-offs on the epidemiological outcome. We conclude
by providing predictions on the applicability of these results to vaccination strategies in
human populations, but also domesticated (and wild) animal species for which turnover
rates represent a different end of a continuum.

These results are published in Mathematics [89].

4.2.1 Basic properties

First, we study the basic characteristics of the system solutions: the existence, non-negativity
and boundedness of solutions. These are (1) essential to make sure that the model (3.3)
is well defined mathematically and epidemiologically and (2) useful for the proofs of the
stability results.

4.2.1.1 Positive invariance of the non-negative orthant

For any associated Cauchy problem, system (3.3), which is a 𝐶∞-differentiable system, has
a unique maximal solution.

Lemma 3 The following result corresponds to Proposition B.7, Appendix B in [106]. Let 𝐷
be an open subset of R𝑛, 𝑓 : R×𝐷 → R𝑛, be a vector-valued function, 𝑓 = ( 𝑓1, 𝑓2, · · · , 𝑓𝑛).
Consider a system of ODEs of the form

𝑥′ = 𝑓 (𝑡, 𝑥). (4.17)

Suppose that 𝑓 in Equation (4.17) has the property that solutions of initial value
problems 𝑥(𝑡0) = 𝑥0 ≥ 0 are unique and for all 𝑖 𝑓𝑖 (𝑡, 𝑥) ≥ 0 whenever 𝑥 ≥ 0 satisfies
𝑥𝑖 = 0. Then 𝑥(𝑡) ≥ 0 for all 𝑡 ≥ 𝑡0 for which it is defined, provided 𝑥(𝑡0) ≥ 0.
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Theorem 9 If the initial conditions of system (3.3) are such that 𝑆1(0) ≥ 0, 𝑆2(0) ≥ 0,
𝐼1(0) ≥ 0, 𝐼2(0) ≥ 0 and 𝑅(0) ≥ 0, then the solution (𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) of
the system equation is non-negative for all 𝑡 ≥ 0.

Proof : Considering model (3.3). We have

d𝑆1

d𝑡

���
𝑆1=0

=𝜃 (1 − 𝑝) ≥ 0,

d𝑆2

d𝑡

���
𝑆2=0

=𝜃𝑝 ≥ 0,

d𝐼1
d𝑡

���
𝐼1=0

=𝛽11
𝐼1(𝑡)
𝑁 (𝑡) 𝑆1(𝑡) ≥ 0,

d𝐼2
d𝑡

���
𝐼2=0

=𝛽21
𝐼1(𝑡)
𝑁 (𝑡) 𝑆2(𝑡) ≥ 0,

d𝑅
d𝑡

���
𝑅=0

=𝛾1𝐼1(𝑡) + 𝛾2𝐼2(𝑡) ≥ 0,

for all 𝑆1, 𝑆2, 𝐼1, 𝐼2, 𝑅 ≥ 0. By using Lemma 3, we conclude that the solution
(𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) of the system equation is non-negative for all 𝑡 ≥ 0.

Thus, solutions of system (3.3) with non-negative initial conditions will be non-negative
for all 𝑡 ≥ 0.

4.2.1.2 Boundedness of solutions

Since the variables of model (3.3) are non-negative, and we are dealing with the dynamic
of a number of individuals, it is important and biologically realistic that the total number
of individuals does not explode (that is, it is bounded).

Lemma 4 The closed set

Ω =

{
(𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) ∈ R5 : 𝑆1(𝑡) ≥ 0, 𝑆2(𝑡) ≥ 0, 𝐼1(𝑡) ≥ 0, 𝐼2(𝑡) ≥ 0, 𝑅(𝑡) ≥ 0, 𝑁 (𝑡) ⩽ 𝜃

𝜇

}
is positively invariant and attracting for system (3.3).
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Proof : Using system (3.3), the dynamics of the total human population satisfies:

d𝑁
d𝑡

= 𝜃 − 𝜇𝑁 − 𝑑1𝐼1 − 𝑑2𝐼2 ⩽ 𝜃 − 𝜇𝑁.

Integrating both sides of the expression above, we deduce that

𝑁 (𝑡) ⩽ 𝜃

𝜇
+

(
𝑁 (0) − 𝜃

𝜇

)
𝑒−𝜇𝑡 , ∀𝑡 ⩾ 0, (4.18)

where 𝑁 (0) is the value of 𝑁 (𝑡) at time zero. We deduce that if 𝑁 (0) ⩽
𝜃

𝜇
, then

0 ⩽ 𝑁 (𝑡) ⩽ 𝜃

𝜇
, ∀𝑡 ⩾ 0 and Ω is positively invariant. If 𝑁 (0) ⩾ 𝜃

𝜇
, then from Equation

(4.18) the total population decreases, and the solutions of system (3.3) enter Ω. Hence
𝑁 (𝑡) is bounded as 𝑡 → ∞, which means that Ω is attracting.

Remark 2 We know from Theorem 13 in [68] that every maximal solution of the Cauchy
problem (4.17) that is bounded is global; that is, it exists for all 𝑡 ≥ 0. Then, every maximal
solution of system (3.3) is well-defined for all 𝑡 ≥ 0.

System (3.3) is epidemiologically and mathematically well-posed in Ω since its state
variables are non-negative, and the size of the total population is bounded. The maximum
value of N represents the size of the total population under the ideal situation without
infection.

4.2.2 Disease-free equilibrium and its stability

For the analysis of the spread of an infection, we define the DFE, which is the state of the
population without infection. The disease-free equilibrium is deduced from the resolution
of system (3.3) by taking 𝐼1 = 0 and 𝐼2 = 0. Thus, the disease-free equilibrium satisfies the
following system of equations: {

𝜃 (1 − 𝑝) − 𝜇𝑆0
1 = 0,

𝜃 𝑝 − 𝜇𝑆0
2 = 0.

(4.19)

Solving the system of equations (4.19) yields the disease-free equilibrium point:

𝑄0 = (𝑆0
1, 𝑆

0
2, 0, 0, 0),

where 𝑆0
1 =

𝜃 (1 − 𝑝)
𝜇

, 𝑆0
2 =

𝜃𝑝

𝜇
and 𝑁0 = 𝑆0

1 + 𝑆
0
2 =

𝜃

𝜇
.

50



Chapter 4: Presentation of findings

The linear stability of𝑄0 depends on the well-known reproduction number R0, which is
defined as the average number of secondary cases caused by an infected individual during
its infectious period when introduced into a population of susceptible individuals. We
study the stability of the equilibrium through the next-generation operator [36, 59]. Recalling
the notations in [36] for system (3.3), the matrices F of the new infection and V of the
remaining transfer terms are, respectively, given by

F =


𝛽11

𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁

𝛽21
𝑆2𝐼1

𝑁
+ 𝛽22

𝑆2𝐼2

𝑁


and V =


(𝜇 + 𝛾1 + 𝑑1)𝐼1

(𝜇 + 𝛾2 + 𝑑2)𝐼2

 .
The Jacobian matrices of F and V at 𝑄0 are, respectively,

𝐹 =


𝛽11

𝑆0
1
𝑁0 𝛽12

𝑆0
1
𝑁0

𝛽21
𝑆0

2
𝑁0 𝛽22

𝑆0
2
𝑁0


and 𝑉 =


𝜇 + 𝛾1 + 𝑑1 0

0 𝜇 + 𝛾2 + 𝑑2

 . (4.20)

Then,

𝐹𝑉−1 =



𝛽11𝑆
0
1

𝑁0(𝜇 + 𝛾1 + 𝑑1)
𝛽12𝑆

0
1

𝑁0(𝜇 + 𝛾2 + 𝑑2)

𝛽21𝑆
0
2

𝑁0(𝜇 + 𝛾1 + 𝑑1)
𝛽22𝑆

0
2

𝑁0(𝜇 + 𝛾2 + 𝑑2)


,

and the reproduction number of model system (3.3) is

R0 = 𝜌(𝐹𝑉−1) =1
2

[ 𝑆0
1
𝑁0R0,11 +

𝑆0
2
𝑁0R0,22 +

√︄( 𝑆0
1
𝑁0R0,11 −

𝑆0
2
𝑁0R0,22

)2
+ 4

𝑆0
1
𝑁0

𝑆0
2
𝑁0R0,12R0,21

]
,

R0 =
1
2

[
(1 − 𝑝)R0,11 + 𝑝R0,22 +

√︂(
(1 − 𝑝)R0,11 − 𝑝R0,22

)2
+ 4𝑝(1 − 𝑝)R0,12R0,21

]
,

(4.21)

where
𝑆0

1
𝑁0 = 1 − 𝑝 (

𝑆0
2
𝑁0 = 𝑝) is the proportion of susceptible individuals that have not been

vaccinated (have been vaccinated) at the DFE 𝑄0. Similarly, we define R0,11 =
𝛽11

𝜇 + 𝛾1 + 𝑑1
which represents the average number of secondary cases generated by an unvaccinated
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infected individual during its infectious period through interaction within the unvaccinated
population. Furthermore, R0,12 =

𝛽12

𝜇 + 𝛾1 + 𝑑1
represents the average number of secondary

cases generated by a vaccinated infected individual in the unvaccinated segment of the
population. For the vaccinated population R0,21 =

𝛽21

𝜇 + 𝛾2 + 𝑑2
represents the average

number of secondary cases generated by an unvaccinated infected individual, while
R0,22 =

𝛽22

𝜇 + 𝛾2 + 𝑑2
represents the average number of secondary cases generated by a

vaccinated infected individual. Further, 𝜌(𝐹𝑉−1) is the spectral radius of 𝐹𝑉−1.

Remark 3 From the expression of the reproduction number R0 in Equation 4.21, we
deduce that
R0 ≥ max{(1 − 𝑝)R0,11; 𝑝R0,22}. Moreover, using (4.21) for 𝑝 = 0 (all new hosts
are unvaccinated), R0 = R0,11. Further, if 𝑝 = 1 (all new hosts are vaccinated), then
R0 = R0,22.

The importance of the reproduction number is due to the result given in the next lemma
derived from Theorem 2 in [36].

Lemma 5 The disease-free equilibrium 𝑄0 of system (3.3) is locally asymptotically stable
in Ω if R0 < 1, and unstable if R0 > 1.

The biological meaning of Lemma 5 is that a sufficiently small number of infected hosts
does not induce an epidemic unless the reproduction number R0 is greater than unity. That
is, the disease rapidly dies out (when R0 < 1) if the initial number of infected hosts is in
the basin of attraction of the DFE, 𝑄0. Global asymptotic stability of the DFE is required
to better control the disease. In addition, analysing the expansion of the basin of attraction
of 𝑄0 is a more challenging task for the model under consideration, involving a fairly new
result. For this purpose, we use Theorems 2.1 and 2.2 in [104].

Theorem 10 If R0 ⩽ 1, the disease-free equilibrium 𝑄0 of system (3.3) is globally
asymptotic stable in Ω. If R0 > 1, 𝑄0 is unstable, system (3.3) is uniformly persistent, and
there exists at least one endemic equilibrium in the interior of Ω.

Proof : See Appendix 4.A.
As a consequence of the meaning of Theorem 10 and Remark 3, we can confidently

deduce that the disease can be eradicated from the host community if the value of R0

is reduced to less than unity, independently of whether individuals introduced to the
population are all vaccinated or not.
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4.2.3 Endemic equilibrium and its stability

Let 𝑄∗ = (𝑆∗1, 𝑆
∗
2, 𝐼

∗
1, 𝐼

∗
2, 𝑅

∗) be the positive EE of model system (3.3). Then, the positive
endemic equilibrium can be obtained by setting the right-hand side of all equations in
model system (3.3) to zero, giving:

𝜃 (1 − 𝑝) − 𝛽11
𝑆∗1𝐼

∗
1

𝑁∗ − 𝛽12
𝑆∗1𝐼

∗
2

𝑁∗ − 𝜇𝑆∗1 = 0,

𝜃 𝑝 − 𝛽21
𝑆∗2𝐼

∗
1

𝑁∗ − 𝛽22
𝑆∗2𝐼

∗
2

𝑁∗ − 𝜇𝑆∗2 = 0,

𝛽11
𝑆∗1𝐼

∗
1

𝑁∗ + 𝛽12
𝑆∗1𝐼

∗
2

𝑁∗ − (𝜇 + 𝛾1 + 𝑑1)𝐼∗1 = 0,

𝛽21
𝑆∗2𝐼

∗
1

𝑁∗ + 𝛽22
𝑆∗2𝐼

∗
2

𝑁∗ − (𝜇 + 𝛾2 + 𝑑2)𝐼∗2 = 0,

𝛾1𝐼
∗
1 + 𝛾2𝐼

∗
2 − 𝜇𝑅

∗ = 0.

(4.22)

Given the complexity of system (4.22), we are not determining an explicit formula
for the endemic equilibrium point 𝑄∗. Note that determining 𝑄∗ is often very difficult to
be carried out when the system is complex and has a large size. However, to prove the
existence of 𝑄∗, we can rewrite system (4.22) as a fixed point problem and use Theorem
2.1 in [53]. To do this, we solve system (4.22). After algebraic manipulations, we obtain:

𝑅∗ =
𝛾1𝐼

∗
1 + 𝛾2𝐼

∗
2

𝜇
, 𝑆∗1 =

𝜃 (1 − 𝑝)𝑁∗

𝛽11𝐼
∗
1 + 𝛽12𝐼

∗
2 + 𝜇𝑁∗ , 𝑆∗2 =

𝜃𝑝𝑁∗

𝛽21𝐼
∗
1 + 𝛽22𝐼

∗
2 − 𝑑1𝐼

∗
1 − 𝑑2𝐼

∗
2 + 𝜃

,

𝐼∗1 =
𝜃 (1 − 𝑝) (𝛽11𝐼

∗
1 + 𝛽12𝐼

∗
2)

(𝜇 + 𝛾1 + 𝑑1) (𝛽11𝐼
∗
1 + 𝛽12𝐼

∗
2 − 𝑑1𝐼

∗
1 − 𝑑2𝐼

∗
2 + 𝜃)

= 𝐻1(𝐼∗) and

𝐼∗2 =
𝜃𝑝(𝛽21𝐼

∗
1 + 𝛽22𝐼

∗
2)

(𝜇 + 𝛾2 + 𝑑2) (𝛽21𝐼
∗
1 + 𝛽22𝐼

∗
2 − 𝑑1𝐼

∗
1 − 𝑑2𝐼

∗
2 + 𝜃)

= 𝐻2(𝐼∗) with 𝐼∗ = (𝐼∗1, 𝐼
∗
2).

Then, the endemic equilibrium is the fixed points of 𝐻 given by 𝐼 = 𝐻 (𝐼) where
𝐼 = (𝐼1, 𝐼2). By definition, 𝐻 is continuous, monotonously non-decreasing and strictly
sublinear. 𝐻 is also a bounded function that maps the non-negative orthant Ω into itself.
Moreover, 𝐻 (0) = 0 by definition and the jacobian of 𝐻 at the zero, 𝐻 ′ (0), exists and is
irreducible since

𝐻
′ (0) =


𝛽11𝑎1 𝛽12𝑎1

𝛽21𝑎2 𝛽22𝑎2

 = 𝐹𝑉−1,
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where 𝑎1 =
1 − 𝑝

𝜇 + 𝛾1 + 𝑑1
and 𝑎2 =

𝑝

𝜇 + 𝛾2 + 𝑑2
.

We deduce that the spectral radius 𝜌(𝐻 ′ (0)) of the matrix 𝐻 ′ (0) is R0. Then, the
existence and the uniqueness of a non-negative fixed point occur if and only if R0 > 1.

Proposition 2 System (3.3) has only one endemic equilibrium whenever R0 > 1.

We establish the following result to analyse the stability of 𝑄∗.

Theorem 11 If R0 > 1, the endemic equilibrium 𝑄∗ is globally asymptotic stable in Ω.

Proof : Consider the following Lyapunov candidate function:

𝐿 = 𝐿1 + 𝐿2 + 𝐿3 + 𝐿4,

where 𝐿1 = 𝑆1 − 𝑆∗1 − 𝑆
∗
1 log

(
𝑆1

𝑆∗1

)
, 𝐿2 = 𝑆2 − 𝑆∗2 − 𝑆

∗
2 log

(
𝑆2

𝑆∗2

)
, 𝐿3 = 𝐼1 − 𝐼∗1 − 𝐼

∗
1 log

(
𝐼1

𝐼∗1

)
and 𝐿4 = 𝐼2 − 𝐼∗2 − 𝐼

∗
2 log

(
𝐼2

𝐼∗2

)
.

Using the inequality 1 − 𝑧 + log(𝑧) ⩽ 0 for 𝑧 > 0 with equality if and only if 𝑧 = 1,
differentiation and using the EE values give

𝐿
′
= 𝐿

′

1 + 𝐿
′

2 + 𝐿
′

3 + 𝐿
′

4,

where
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𝐿
′

1 =

(
1 −

𝑆∗1
𝑆1

)
d𝑆1

d𝑡

=

(
1 −

𝑆∗1
𝑆1

) [
𝛽11

𝑆∗1𝐼
∗
1

𝑁∗ − 𝛽11
𝑆1𝐼1

𝑁
+ 𝛽12

𝑆∗1𝐼
∗
2

𝑁∗ − 𝛽12
𝑆1𝐼2

𝑁
− 𝜇𝑆1 + 𝜇𝑆∗1

]

= −
𝜇(𝑆1 − 𝑆∗1)

2

𝑆1
+ 𝛽11

𝑆∗1𝐼
∗
1

𝑁∗

[
1 −

𝑆∗1
𝑆1

− 𝑆1𝐼1𝑁
∗

𝑆∗1𝐼
∗
1𝑁

+ 𝐼1𝑁
∗

𝐼∗1𝑁

]
+ 𝛽12

𝑆∗1𝐼
∗
2

𝑁∗

[
1 −

𝑆∗1
𝑆1

− 𝑆1𝐼2𝑁
∗

𝑆∗1𝐼
∗
2𝑁

+ 𝐼2𝑁
∗

𝐼∗2𝑁

]
.

Then 𝐿
′

1 ⩽ 𝛽11
𝑆∗1𝐼

∗
1

𝑁∗

[
𝐼1𝑁

∗

𝐼∗1𝑁
− log

(
𝐼1𝑁

∗

𝐼∗1𝑁

)
− 𝑆1𝐼1𝑁

∗

𝑆∗1𝐼
∗
1𝑁

+ log

(
𝑆1𝐼1𝑁

∗

𝑆∗1𝐼
∗
1𝑁

)]

+𝛽12
𝑆∗1𝐼

∗
2

𝑁∗

[
𝐼2𝑁

∗

𝐼∗2𝑁
− log

(
𝐼2𝑁

∗

𝐼∗2𝑁

)
− 𝑆1𝐼2𝑁

∗

𝑆∗1𝐼
∗
2𝑁

+ log

(
𝑆1𝐼2𝑁

∗

𝑆∗1𝐼
∗
2𝑁

)]
.

(4.23)
We can also deduce in an analogous way:

𝐿
′

2 ⩽ 𝛽22
𝑆∗2𝐼

∗
2

𝑁∗

[
𝐼2𝑁

∗

𝐼∗2𝑁
− log

(
𝐼2𝑁

∗

𝐼∗2𝑁

)
− 𝑆2𝐼2𝑁

∗

𝑆∗2𝐼
∗
2𝑁

+ log

(
𝑆2𝐼2𝑁

∗

𝑆∗2𝐼
∗
2𝑁

)]

+𝛽21
𝑆∗2𝐼

∗
1

𝑁∗

[
𝐼1𝑁

∗

𝐼∗1𝑁
− log

(
𝐼1𝑁

∗

𝐼∗1𝑁

)
− 𝑆2𝐼1𝑁

∗

𝑆∗2𝐼
∗
1𝑁

+ log

(
𝑆2𝐼1𝑁

∗

𝑆∗2𝐼
∗
1𝑁

)]
.

(4.24)

We also have
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𝐿
′

3 =

(
1 −

𝐼∗1
𝐼1

)
d𝐼1
d𝑡

=

(
1 −

𝐼∗1
𝐼1

) [
𝛽11

𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁
− (𝜇 + 𝛾1 + 𝑑1)𝐼1

]

=

(
1 −

𝐼∗1
𝐼1

) [
𝛽11

𝑆1𝐼1

𝑁
+ 𝛽12

𝑆1𝐼2

𝑁
− 𝛽11

𝑆∗1𝐼1

𝑁∗ + 𝛽12
𝑆∗1𝐼

∗
2 𝐼1

𝑁∗𝐼∗1

]

= 𝛽11
𝑆∗1𝐼

∗
1

𝑁∗

[
𝑆1𝐼1𝑁

∗

𝑆∗1𝐼
∗
1𝑁

− 𝑆1𝑁
∗

𝑆∗1𝑁
− 𝐼1

𝐼∗1
+ 1

]
+ 𝛽12

𝑆∗1𝐼
∗
2

𝑁∗

[
𝑆1𝐼2𝑁

∗

𝑆∗1𝐼
∗
2𝑁

−
𝑆1𝐼

∗
1 𝐼2𝑁

∗

𝑆∗1𝐼1𝐼
∗
2𝑁

− 𝐼1

𝐼∗1
+ 1

]
,

𝐿
′

3 ⩽ 𝛽11
𝑆∗1𝐼

∗
1

𝑁∗

[
𝑆1𝐼1𝑁

∗

𝑆∗1𝐼
∗
1𝑁

− log

(
𝑆1𝐼1𝑁

∗

𝑆∗1𝐼
∗
1𝑁

)
− 𝐼1

𝐼∗1
+ log

(
𝐼1

𝐼∗1

)]

+𝛽12
𝑆∗1𝐼

∗
2

𝑁∗

[
𝑆1𝐼2𝑁

∗

𝑆∗1𝐼
∗
2𝑁

− log

(
𝑆1𝐼2𝑁

∗

𝑆∗1𝐼
∗
2𝑁

)
− 𝐼1

𝐼∗1
+ log

(
𝐼1

𝐼∗1

)]
.

(4.25)
Similarly, we obtain

𝐿
′

4 ⩽ 𝛽22
𝑆∗2𝐼

∗
2

𝑁∗

[
𝑆2𝐼2𝑁

∗

𝑆∗2𝐼
∗
2𝑁

− log

(
𝑆2𝐼2𝑁

∗

𝑆∗2𝐼
∗
2𝑁

)
− 𝐼2

𝐼∗2
+ log

(
𝐼2

𝐼∗2

)]

+𝛽21
𝑆∗2𝐼

∗
1

𝑁∗

[
𝑆2𝐼1𝑁

∗

𝑆∗2𝐼
∗
1𝑁

− log

(
𝑆2𝐼1𝑁

∗

𝑆∗2𝐼
∗
1𝑁

)
− 𝐼2

𝐼∗2
+ log

(
𝐼2

𝐼∗2

)]
.

(4.26)
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Therefore, by adding (4.23), (4.24), (4.25) and (4.26), we deduce

𝐿
′
⩽

(
− 𝐼1𝑁

∗

𝐼∗1𝑁
+ log

(
𝐼1𝑁

∗

𝐼∗1𝑁

)) (
− 𝛽11

𝑆∗1𝐼
∗
1

𝑁∗ − 𝛽21
𝑆∗2𝐼

∗
1

𝑁∗

)
+

(
− 𝐼2𝑁

∗

𝐼∗2𝑁
+ log

(
𝐼2𝑁

∗

𝐼∗2𝑁

)) (
− 𝛽12

𝑆∗1𝐼
∗
2

𝑁∗ − 𝛽22
𝑆∗2𝐼

∗
2

𝑁∗

)
+

(
− 𝐼1

𝐼∗1
+ log

(
𝐼1

𝐼∗1

)) (
𝛽11

𝑆∗1𝐼
∗
1

𝑁∗ + 𝛽12
𝑆∗1𝐼

∗
2

𝑁∗

)
+

(
− 𝐼2

𝐼∗2
+ log

(
𝐼2

𝐼∗2

)) (
𝛽22

𝑆∗2𝐼
∗
2

𝑁∗ + 𝛽21
𝑆∗2𝐼

∗
1

𝑁∗

)
.

Then 𝐿
′
⩽0, since − 𝑧 + log(𝑧) ⩽ −1, ∀𝑧 > 0.

Since {𝑄∗} is the only invariant subset in Ω where 𝐿 = 0, therefore, by La Salle’s
invariance principle [66], 𝑄∗ is globally global asymptotic stable in Ω.

The epidemiological consequence of this theorem is that the disease persists as endemic
in the host population as soon as R0 > 1.

4.2.4 Herd immunity threshold

Herd immunity is a form of indirect protection against infectious disease that occurs when a
sufficient percentage of a population has become immune, either through previous infections
or vaccination. This notably reduce the likelihood of infection for individuals lacking
immunity, as immune individuals are less likely to contribute to disease transmission,
thereby disrupting chains of infection, and slowing or halting disease spread. To compute
the herd immunity threshold associated with system (3.3), we set the basic reproduction

number, R0, to one and solve for 𝑝 =
𝑆0

2
𝑁0 , which is the proportion of susceptible individuals

that have been vaccinated at the DFE, 𝑄0 [35, 22]. Thus we have,

R0 = 1 ⇐⇒
[
2 − R0,11 + (R0,11 − R0,22)𝑝

]2
=

[
R0,11 − (R0,11 + R0,11)𝑝

]2 + 4𝑝(1 − 𝑝)R0,12R0,21

⇐⇒
[
(R0,11 − R0,22)2 − (R0,11 + R0,22)2 + 4R0,12R0,21

]
𝑝2 +

[
2(2 − R0,11) (R0,11 − R0,22)

+ 2R0,11(R0,11 + R0,22) − 4R0,12R0,21
]
𝑝 + (2 − R0,11)2 − R2

0,11 = 0.
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Thus, solving R0 = 1 is equivalent to finding the roots of polynomial 𝑄(𝑝) given by:

𝑄(𝑝) = 𝐴𝑝2 + 𝐵𝑝 + 𝐶, (4.27)

where 𝐴 = 4R0,12R0,21 − 4R0,11R0,22, 𝐵 = 4R0,11(1 + R0,22) − 4(R0,22 + R0,12R0,21) and
𝐶 = 4(1 − R0,11).

Since negative thresholds are biologically meaningless in this context, the conditions
under which𝑄(𝑝) has positive real roots are determined below. To achieve this, we perform
a case-by-case analysis to determine the positive real zeros of 𝑄.

Let Δ = 𝐵2 − 4𝐴𝐶 be the discriminant of the equation 𝑄(𝑝) = 0.

Case 1 Suppose 𝐴 = 0. Then
𝑝𝑐 = −𝐶

𝐵

is the only real root of 𝑄. In addition, 𝑝𝑐 > 0 if and only if 𝐵 and 𝐶 have opposite
signs and 𝐵 ≠ 0.

Case 2 Suppose 𝐴 ≠ 0 and Δ = 0. Then

𝑝𝑐0 = − 𝐵

2𝐴

is the only real root of 𝑄. Further 𝑝𝑐0 > 0 if and only if 𝐴 and 𝐵 have opposite signs.

Case 3 Suppose 𝐴 ≠ 0 and Δ > 0. Then

𝑝𝑐1 =
−𝐵 −

√
Δ

2𝐴
and 𝑝𝑐2 =

−𝐵 +
√
Δ

2𝐴

are the real roots of 𝑄.

Moreover, if 𝐴 > 0, then{
𝑝𝑐1 > 0 if and only if

√
Δ < −𝐵,

𝑝𝑐2 > 0 if and only if
√
Δ > 𝐵.

Therefore, 𝑄(𝑝) has two positive real roots if 𝐴 > 0, 𝐵 < 0, 𝐶 > 0 and Δ > 0. In
addition, it has one positive real root if (𝐴 > 0, 𝐵 < 0, 𝐶 < 0 and Δ > 0) or (𝐴 > 0,
𝐵 > 0 and 𝐶 < 0 and Δ > 0).
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Finally, if 𝐴 < 0, then {
𝑝𝑐1 > 0 if and only if

√
Δ > −𝐵,

𝑝𝑐2 > 0 if and only if
√
Δ < 𝐵.

Therefore, 𝑄(𝑝) has two positive real roots if 𝐴 < 0, 𝐵 > 0, 𝐶 < 0 and Δ > 0. It has
one positive real root if (𝐴 < 0, 𝐵 > 0, 𝐶 > 0 and Δ > 0) or (𝐴 < 0, 𝐵 < 0, 𝐶 > 0
and Δ > 0).

Theorems 10 and 11 can be combined to give the following result:

Corollary 1 An imperfect vaccine can lead to the elimination of the disease if 𝑄(𝑝) > 0
(i.e., R0 < 1). If 𝑄(𝑝) < 0 (i.e., R0 > 1), then the disease persists in the population.

Corollary 1 implies that using an imperfect vaccine can lead still to the elimination of
the disease within the host population, provided the proportion of vaccinated individuals
satisfies one of the following conditions:

1. 𝑝 > 𝑝𝑐, if 𝐴 = 0, 𝐵 > 0 and 𝐶 < 0;

2. 𝑝 ∈ [0, 𝑝𝑐 [, if 𝐴 = 0, 𝐵 > 0 and 𝐶 > 0;

3. 𝑝 ≠ 𝑝𝑐0, if 𝐴 > 0, Δ = 0 and 𝐵 < 0;

4. 𝑝 ∈ [0, 𝑝𝑐1 [ or 𝑝 > 𝑝𝑐2, if 𝐴 > 0, Δ > 0, 𝐵 < 0 and 𝐶 > 0;

5. 𝑝 > 𝑝𝑐1 or 𝑝 > 𝑝𝑐2, if (𝐴 > 0, Δ > 0, 𝐵 < 0 and 𝐶 < 0) or (𝐴 > 0, Δ > 0, 𝐵 > 0
and 𝐶 < 0);

6. 𝑝 ∈]𝑝𝑐2, 𝑝𝑐1 [, if 𝐴 < 0, Δ > 0, 𝐵 > 0 and 𝐶 < 0;

7. 𝑝 ∈ [0, 𝑝𝑐1 [ or 𝑝 ∈ [0, 𝑝𝑐2 [, if (𝐴 < 0, Δ > 0, 𝐵 > 0 and 𝐶 > 0) or (𝐴 < 0, Δ > 0,
𝐵 < 0 and 𝐶 > 0).

Conversely, the disease persists within the population if the proportion of vaccinated
individuals satisfies one of the following conditions:

1. 𝑝 ∈ [0, 𝑝𝑐 [, if 𝐴 = 0, 𝐵 > 0 and 𝐶 < 0;

2. 𝑝 > 𝑝𝑐, if 𝐴 = 0, 𝐵 > 0 and 𝐶 > 0;

3. 𝑝 ≠ 𝑝𝑐0, if 𝐴 < 0, Δ = 0 and 𝐵 > 0;
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4. 𝑝 ∈]𝑝𝑐1, 𝑝𝑐2 [, if 𝐴 > 0, Δ > 0, 𝐵 < 0 and 𝐶 > 0;

5. 𝑝 ∈ [0, 𝑝𝑐1 [ or 𝑝 ∈ [0, 𝑝𝑐2 [, if (𝐴 > 0, Δ > 0, 𝐵 < 0 and 𝐶 < 0) or (𝐴 > 0, Δ > 0,
𝐵 > 0 and 𝐶 < 0);

6. 𝑝 ∈ [0, 𝑝𝑐2 [ or 𝑝 > 𝑝𝑐1, if 𝐴 < 0, Δ > 0, 𝐵 > 0 and 𝐶 < 0;

7. 𝑝 > 𝑝𝑐1 or 𝑝 > 𝑝𝑐2, if (𝐴 < 0, Δ > 0, 𝐵 > 0 and 𝐶 > 0) or (𝐴 < 0, Δ > 0, 𝐵 < 0
and 𝐶 > 0).

We conclude the analytical portion of our study by stating that disease eradication
depends on achieving a critical vaccination threshold represented by 𝑝𝑐. In some cases,
a single critical threshold determines whether the basic reproduction number,R0, is less
than one (disease elimination) or greater than one (persistence). In other cases, two critical
proportions emerged, defining three potential dynamics: disease eradication when R0 < 1,
persistence dynamics when R0 > 1, and persistence with or without epidemiological
oscillations in the number of infected individuals. For scenarios involving two thresholds,
the analytical results derived above do not provide predictions for the epidemiological
dynamics or optimal vaccination proportions. To add on this, we supplement our analysis
with some numerical simulations.

4.2.5 Numerical simulations

We refine the above analytical results by numerical simulations to assess the influence
of the various model parameters and the impact of population turnover and trade-offs
in vaccination efficiency on the epidemiological dynamics (i.e., the number of infected
individuals and R0). To illustrate the behaviour of model (3.3), we use parameter values for
the mortality rates, 𝑑1 and 𝑑2, and the recovery rates, 𝛾1, 𝛾2, measured for COVID-19 as an
example of a highly transmissible disease (based on data from the United States [72]). In
order to assess the influence of the various parameters of the model on the epidemiological
outcome, we vary their values as described in Table 2. Note that we do not attempt here to
precisely model the COVID-19 epidemic, but we focus on highly transmissible diseases
relevant to public health. We indeed aim to go beyond applicability to a particular diseases
(COVID-19) and to provide a generalised overview of the influence of vaccination trade-offs
on epidemics.
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4.2.5.1 Global sensitivity analysis

Uncertainty/sensitivity analyses are first used to determine which model input parameters
have the greatest impact on the epidemiological outcome [75]. The sensitivity analysis of the
model parameters is carried out to measure the correlation between the model parameters
and 1) the total number of infected individuals (𝐼1 + 𝐼2) and 2) the threshold parameter
R0. The analysis is performed using the LHS technique and PRCCs [75]. In our analysis,
1,000 model simulations are performed by running the model for 200 time steps (equivalent
to 200 days), and the number of infected is recorded at time points 50, 100 and 200. To
perform the sensitivity analysis, each parameter has a parameter range defined by the
maximum (the minimum), being 50% greater (less) than its baseline (values in Table 7, 8,
9, 10). We then divide each parameter range into 1000 equally large sub-intervals, and
draw a value per parameter within that interval using a Uniform draw. By this means, we
obtain a uniform distribution of 1000 parameter values for each parameter. The parameter
space (or LHS matrix) has dimensions of length 11, with each dimension specifying an
uncertain parameter vector of length 1,000. The base parameter values are chosen to
define several scenarios of interest regarding the intensity of the turnover (weak and strong)
and the efficiency of the vaccine (weak and strong). In PRCC analysis, the parameters
with larger positive or negative PRCC values (> 0.5 or < −0.5) and with correspondingly
small 𝑝-values (< 0.05) are deemed the most influential in determining the outcome of
the model. A positive (negative) correlation coefficient corresponds to an increasing
(decreasing) monotonic trend between the chosen response function and the parameter
under consideration. The results of the PRCC analyses are found in Tables 7, 8, 9, 10 in
Appendix 4.B .

Based on the results in Tables 7, 8, 9, 10, we provide, in Table 6, a summary of
the parameters that significantly affect the number of infected individuals. Overall, it
appears that the recruitment rate, 𝜃, and the recovery rate of the infected who have not been
vaccinated, 𝛾1, are the two main parameters driving the number of infected individuals. This
suggests that an effective control strategy should aim to significantly limit the immigration
of new hosts in the population (to decrease 𝜃) and improve the treatment of infected
individuals (to increase 𝛾1). We then proceed to a similar analysis with R0 and summarise
the sensitivity analysis of the LHS and PRCC techniques in Figure 9. We find, perhaps
unsurprisingly, that the proportion of new hosts vaccinated, 𝑝, is the most significant
parameter explaining the change in R0, along with the transmission rate from unvaccinated
infected to unvaccinated susceptibles, 𝛽11, and the recovery rate of the infected who have
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not been vaccinated, 𝛾1 (Table 6).

Table 6: Summary of the influence of parameters on the total numbers of infected at
different time points.

Scenarios Total Infected: 𝑰1 + 𝑰2

𝒕 = 50 days 𝒕 = 100 days 𝒕 = 200 days
Strong turnover and weak efficiency 𝜃(+), 𝛽11(+), 𝜇(−),𝛾1(−) 𝜃 (+), 𝛽11(+), 𝜇(−),𝛾1(−) 𝜃 (+), 𝛽11(+), 𝜇(−),𝛾1(−)
Strong turnover and strong efficiency 𝜃 (+), 𝛽11(+),𝜇(−),𝛾1(−) 𝜃 (+), 𝛽11(+), 𝜇(−),𝛾1(−) 𝜃 (+), 𝛽11(+), 𝜇(−),𝛾1(−)
Weak turnover and weak efficiency 𝛽11(−),𝛽21(−), 𝛽22(−) 𝛽21(−), 𝛽22(−),𝛾1(+),𝛾2(+) 𝜃 (+), 𝛽21(−),𝛾1(+)
Weak turnover and strong efficiency 𝜃 (+), 𝛽11(−),𝛽21(−),𝛾1(−) 𝛽21(−),𝜇(−),𝛾1(+) 𝜃 (+), 𝛽21(−),𝜇(−),𝛾1(+)

(a) (b)

(c) (d)

Figure 9: PRCCs describing the impact of model parameters on R0 of model (3.3) with
respect to some scenarios: (a) strong turnover and weak efficiency, (b) strong turnover and
strong efficiency, (c) weak turnover and weak efficiency and (d) weak turnover and strong
efficiency. The range of parameters in (a), (b), (c) and (d) is the same as given in Tables 7,
8, 9 and 10.
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4.2.5.2 Interplay between vaccine efficiency and population turnover

We now study the impact of population turnover and vaccine efficiency on the epidemiolog-
ical dynamics. Specifically, we conduct numerical simulations to determine the vaccination
coverage required to eradicate the disease in the community (as described Corollary 1),
under two population turnover rates. To control the turnover, we fix 𝜃/𝜇 defining strong
turnover scenario with 𝜃 = 1000 and 𝜇 = 0.09, and weak turnover scenario with 𝜃 = 10 and
𝜇 = 0.0009. In both cases, we assume that the vaccine can only reduce transmission. We
examine two levels of vaccine efficiency: weak efficiency (50%) where 𝛽21 = (1 − 0.5)𝛽11

and 𝛽22 = (1 − 0.5)𝛽12 and strong efficiency (90%), where (𝛽21 = (1 − 0.9)𝛽11 and
𝛽22 = (1 − 0.9)𝛽12.

Strong population turnover

The epidemiological dynamics in Figure 10(b) under strong turnover and weak vaccine
efficiency (R0 = 1.2352) show that the dynamics reach the endemic disease equilibrium.
Furthermore, if 𝑝 takes a value between 0 and 𝑝1 (with 𝑝1 ≈ 0.696), the basic reproduction
number is greater than 1, but if 𝑝 is between 𝑝1 and 1, the basic reproduction number is
less than 1 (as predicted in the analytical results in Corollary 1). Therefore, to eradicate the
disease under strong population turnover and weak efficiency of the vaccine, a minimum
vaccination rate is needed and is defined by 𝑝1. Under strong turnover and strong efficiency
(Figure 10(d), with R0 = 0.9808) the disease becomes extinct. Furthermore, if parameter
𝑝 is between 0 and 𝑝2 with 𝑝2 ≈ 0.489, the basic reproduction number is greater than 1,
while for 𝑝 between 𝑝2 and 1, the basic reproduction number is less than 1. Therefore, to
eradicate the disease in this context of strong turnover and strong efficiency of the vaccine,
there is a need to vaccinate more than 48.9% of the new host individuals.
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(a) (b)

(c) (d)

Figure 10: Epidemiological dynamics with initial conditions 𝑆1(0) = 1000, 𝑆2(0) = 700,
𝐼1(0) = 200, 𝐼2(0) = 80 and 𝑅(0) = 20, for various scenarios assuming the parameters
𝛽11 = 0.35, 𝛽12 = 0.28, 𝑝 = 0.5 and strong population turnover (𝜃 = 1000, 𝜇 = 0.09).
We present, under weak vaccine efficiency (𝛽21 = 0.175, 𝛽22 = 0.14), the number of
(a) uninfected and (b) infected individuals. We present, under strong vaccine efficiency
(𝛽21 = 0.035, 𝛽22 = 0.028) the number of (c) uninfected and (d) infected individuals.
Others parameter values are as in Table 2.

Weak population turnover

To illustrate a weak population turnover, we consider the values 𝜃 = 10 and 𝜇 = 0.0009,
noting that the ratio of 𝜃/𝜇 is the same as for the strong turnover investigated above.
Under weak turnover, the epidemiological dynamics exhibit damped oscillations (recurring
outbreaks) before stabilising at the endemic state with disease persistence (Figure 11(b)
with R0 = 2.2551, Figure 11(d) with R0 = 1.8276). These oscillations are due to the
fact that individuals migrate rapidly in the recovered compartment, and a new outbreak
only occurs when a sufficient number of susceptible individuals are available for new
recruitment into the population and recovered individuals lose their immunity (so-called
waning immunity). This phenomenon was also described in [22, 51, 98, 101], and the effect of
turnover and waning immunity is specifically described in [22, 98].

With respect to the control of the disease, under weak vaccine efficiency, 𝑝 can take
any value between 0 and 1, and the basic reproduction number is always greater than 1
(Figure 11(b) with R0 = 2.2551). In contrast, when vaccine efficiency is strong, three
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cases occur, Figure 11(d) (with R0 = 1.8276). When 𝑝 has a value between 0 and 𝑝3, with
𝑝3 ≈ 0.753, the basic reproduction number is greater than 1, and we observe a damped
periodicity of the number of infected individuals converging towards a stable endemic
state. When 𝑝 takes a value between 𝑝3 and 𝑝4 (with 𝑝4 ≈ 0.756), the basic reproduction
number, R0, is greater than 1, but no oscillations are observed. For 𝑝 ∈ [𝑝4, 1], the basic
reproduction number, R0, is less than 1, and the disease becomes extinct. Note that between
𝑝3 and 𝑝4, the behaviour can change very finely, but the resolution of our simulations does
not allow us to decide on a very precise bound when oscillations occur or not. Therefore,
to eradicate the disease in this context of weak population turnover and strong efficiency of
the vaccine, high vaccination coverage (more than 75.6% of the new host individuals) is
needed. Our results extend those in [87], showing that it is feasible to control the disease by
a weakly efficient vaccine acting on disease transmission but that the required vaccination
coverage depends on the population turnover. We note that the persistence of an endemic
equilibrium is predicted by the condition R0 > 1, even if damped oscillations in the number
of infected individuals occur. In other words, while the population turnover does not
factor directly in the analytical expression of R0, it enters only indirectly by affecting the
proportion of susceptible individuals available (Equation 4.21). The simulation results
provide examples of the analytical expressions obtained in eq. 4.27 following Corollary 1.
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(a) (b)

(c) (d)

Figure 11: Simulation of model (3.3) at the initial conditions 𝑆1(0) = 1000, 𝑆2(0) = 700,
𝐼1(0) = 200, 𝐼2(0) = 80 and 𝑅(0) = 20, when 𝜃 = 10, 𝛽11 = 0.35, 𝛽12 = 0.28,
𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.0009, 𝑝 = 0.5, (a) uninfected individuals with a weak
turnover and weak efficiency scenario and (b) infected individuals with a weak turnover and
weak efficiency scenario. When 𝜃 = 10, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.035, 𝛽22 = 0.028,
𝜇 = 0.0009 and 𝑝 = 0.5, (c) uninfected individuals with a weak turnover and strong
efficiency scenario and (d) infected individuals with a weak turnover and strong efficiency
scenario. Others parameter values are as in Table 2.

4.2.5.3 Interplay between types of vaccines and population turnover

We now assume that a vaccine can act on two ways: namely blocking transmission and/or
favouring the recovery in infected individuals. We investigate the effect of these vaccines
on the disease dynamics based on the population turnover. Specifically, we modify model
(3.3) to account for the impact of the vaccine on the probability of infection and the recovery
rate. This is achieved by simply rescaling the parameters as follows:

𝛽21 = (1 − 𝜀)𝛽11, 𝛽22 = (1 − 𝜀)𝛽12, and 𝛾1 = (1 − 𝜈)𝛾2, (4.28)

where 0 ≤ 𝜀 ≤ 1 represents the effect of the vaccine on disease transmission, and 0 ≤ 𝜈 ≤ 1
represents its effect on recovery. Substituting the rescaled expressions into model (3.3)
gives the following new expression of the basic reproduction number
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R0 =
1
2

[
(1 − 𝑝)R0,11 + 𝑝R0,22 +

√︂(
(1 − 𝑝)R0,11 − 𝑝R0,22

)2
+ 4𝑝(1 − 𝑝)R0,12R0,21

]
,

(4.29)

with R0,11 =
𝛽11

𝜇 + (1 − 𝜈)𝛾2 + 𝑑1
, R0,12 =

𝛽12

𝜇 + (1 − 𝜈)𝛾2 + 𝑑1
, R0,21 =

(1 − 𝜀)𝛽11

𝜇 + 𝛾2 + 𝑑2
and

R0,22 =
(1 − 𝜀)𝛽12

𝜇 + 𝛾2 + 𝑑2
. Simulations are carried out to assess the interplay of the type of

vaccine and the population turnover.
Under a strong population turnover, as expected, the reproduction number decreases

as vaccine coverage and efficiency in reducing transmission increase (Figure 12(a)). In
particular, if the vaccine is designed to reduce the transmission by 80% (i.e., 𝜀 = 0.8),
the disease can be eradicated in the host population (i.e., R0 < 1) if at least 70% of the
population is vaccinated (Figure 12(a)). On the other hand, when the vaccine is designed
to primary enhance recovery, the reproduction number decreases as vaccine coverage
increases and as vaccines efficiency in promoting recovery decreases (Figure 12(b)). With
a vaccine that imposed recovery by 20% (i.e., 𝜈 = 0.2), the eradication of the disease can
be achieved (R0 < 1) if at least 68% of the population is vaccinated (Figure 12(b)). In
Figure 12(c), we present the combined effect of the vaccine’s efficiency in both reducing
transmission and enhancing recovery on the reproduction number, with 𝑝 = 0.5. In this
situation, disease eradication is possible (R0 < 1) if the vaccine achieves at least 85%
efficiency in reducing infection (and thus transmission) and at least 20% efficiency in
enhancing recovery for the given vaccination coverage of 𝑝 = 0.5.

These figures represent subsets of the general results presented in Figure 14, in which
R0 is a function of 𝜀, 𝜈 and 𝑝. The use of a vaccine with a combined efficiency (decreasing
transmission and favouring recovery) can be associated with vaccination coverage in order
to achieve the elimination of the disease. For example, with vaccination coverage of 20%
(𝑝 = 0.2), it is not possible to eliminate the disease no matter the combined efficiency of
the vaccine (Figure 15), while at 80% coverage (𝑝 = 0.8), there are several combinations
of vaccine types, decreasing transmission and favouring recovery, that can promote disease
control (Figure 15).
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(a) (b)

(c)

Figure 12: Contour plots of the basic reproduction number (R0) of model (3.3) with
a strong population turnover as a function of (a) vaccination coverage, 𝑝, and vaccine
efficiency on disease transmission, 𝜀 (with fixed 𝜈 = 0.5); (b) vaccination coverage, 𝑝,
and vaccine efficiency on recovery, 𝜈 (with fixed 𝜀 = 0.5); and (c) vaccine efficiency on
recovery, 𝜈, and vaccine efficiency on transmission, 𝜀 (with fixed 𝑝 = 0.5). The parameters
are 𝜃 = 1000, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.09, 𝑑1 = 0.0008,
𝑑2 = 0.0001, 𝛾1 = 0.065 and 𝛾2 = 0.13.

The above results dramatically change under a weak population turnover. As expected,
the value of the reproduction number decreases as coverage and efficiency of the vaccine
on the transmission increase (Figure 16(a)), but higher vaccination coverage is needed
compared to the strong population turnover to achieve R0 < 1. Moreover, it is not possible
to eradicate the disease if 1) the vaccine is only efficient in enhancing recovery, no matter
the vaccination coverage (Figure 16(b)), or 2) if the efficiency of the vaccine is combined,
but vaccination coverage is 𝑝 = 0.5 (Figure 17). The general results of R0 as a function of
𝜀, 𝜈 and 𝑝 demonstrate that under weak population turnover, disease eradication requires a
very strong efficiency of the vaccine and high coverage (Figure 18).
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4.2.5.4 Interplay between vaccine efficiency trade-off and population turnover

Thus far, we assumed that the efficiency parameters of the vaccine can be independently
selected. We now study, the epidemiological dynamics assuming that there exists a realistic
trade-off between the vaccine’s efficiency in reducing transmission and its efficiency in
enhancing recovery. We consider three possible trade-off curves: convex (𝜈 = 𝜀2), concave
(𝜈 =

√
𝜀) or linear (𝜈 = 𝜀). Under a strong population turnover and assuming a vaccine of

at least 60% efficiency, disease eradication (R0 < 1) can be achieved with the following
vaccination coverage:

(i) At least 65% coverage under a convex trade-off (Figure 13(a))

(ii) At least 80% coverage under a concave trade-off (Figure 13(b))

(iii) At least 75% under a linear trade-off (Figure 13(c)).

Imposing vaccine trade-off, therefore, affects the shape of the R0 curves in Figure 13(a)–(c)
compared to Figure 12(a)–(b), and may be important to predict the minimum vaccination
coverage to be achieved. However, under a weak population turnover, the disease persists
no matter the vaccination coverage and whatever trade-off are assumed in the vaccine
(Figure 19(a)–(c)).
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(a) (b)

(c)

Figure 13: Contour plots of the basic reproduction number (R0) of model (3.3) with a
strong population turnover as a function of vaccine coverage, 𝑝, and vaccine efficiency
on the transmission, 𝜀 when: (a) 𝜈 = 𝜀2 (convex relationship); (b) 𝜈 =

√
𝜀 (concave

relationship); (c)𝜈 = 𝜀 (linear relationship). The parameters are 𝜃 = 1000, 𝛽11 = 0.35,
𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.09, 𝑑1 = 0.0008, 𝑑2 = 0.0001, 𝛾1 = 0.065 and
𝛾2 = 0.13.

4.2.6 Summary

In this session, we used mathematical modelling approaches (analysis and numerical
simulations) to assess the potential population level impact of using different types of
imperfect vaccines to control the burden of a disease in a community. In the first part, we
provide a theoretical analysis of the model, including the basic reproduction number R0

and conditions for the stability of the equilibria. We derive the condition to be satisfied
regarding the proportion of vaccinated individuals at a steady state in order to attain herd
immunity. We express this condition as the critical coverage to be achieved for R0 < 1. Our
results show that we can use a weak imperfect vaccine designed to reduce transmission to
control a disease within a community of strong level of population turnover. And we must
undertake a mass vaccination campaign and using a high efficiency vaccine (only targeting
transmission) to eradicate a disease within a community of weak level of population
turnover. Finally we recommend a vaccine with convex trade-off between the efficiency to
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reduce transmission and to enhance recovery along with a high vaccination coverage under
a strong migration of hosts to control an epidemic.

4.A Proof of Theorem 3.4

Proof : The system (3.3) can be written as:

d𝑎
d𝑡

= (𝐹 −𝑉)𝑎 − 𝑓 (𝑎, 𝑏),

d𝑏
d𝑡

= 𝑔(𝑎, 𝑏),

(4.30)

where 𝑎 = (𝐼1, 𝐼2)𝑇 is the vector representing the infected classes, 𝑏 = (𝑆1, 𝑆2, 𝑅)𝑇 is the
vector representing the uninfected classes, the matrices 𝐹 and 𝑉 are given as in Equation
(4.20) and

𝑓 (𝑎, 𝑏) =



𝛽11

(
𝑆0

1
𝑁0 − 𝑆1

𝑁

)
𝐼1 + 𝛽12

(
𝑆0

1
𝑁0 − 𝑆1

𝑁

)
𝐼2

𝛽21

(
𝑆0

2
𝑁0 − 𝑆2

𝑁

)
𝐼1 + 𝛽22

(
𝑆0

2
𝑁0 − 𝑆2

𝑁

)
𝐼2


and 𝑔(𝑎, 𝑏) =



𝜃 (1 − 𝑝) + 𝜆1𝑆1 − 𝜇𝑆1

𝜃𝑝 + 𝜆2𝑆2 − 𝜇𝑆2

𝛾1𝐼1 + 𝛾2𝐼2 − 𝜇𝑅


.

Then,

𝑉−1𝐹 =



𝛽11𝑆
0
1

𝑁0(𝜇 + 𝛾1 + 𝑑1)
𝛽12𝑆

0
1

𝑁0(𝜇 + 𝛾1 + 𝑑1)

𝛽21𝑆
0
2

𝑁0(𝜇 + 𝛾2 + 𝑑2)
𝛽22𝑆

0
2

𝑁0(𝜇 + 𝛾2 + 𝑑2)


,

and the left eigenvector of 𝑉−1𝐹, (𝜔1, 𝜔2) associated with the eigenvalue R0 is given by:

𝜔1 = 1 and 𝜔2 =
𝑁0(𝜇 + 𝛾2 + 𝑑2)

𝛽21𝑆
0
2

(
R0 −

𝛽11𝑆
0
1

𝑁0(𝜇 + 𝛾1 + 𝑑1)

)
since

(𝜔1, 𝜔2)𝑉−1𝐹 = R0(𝜔1, 𝜔2).
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Let us consider the following Lyapunov function:

𝑄 =(𝜔1, 𝜔2)𝑉−1(𝐼1, 𝐼2)𝑇

=
𝐼1

𝜇 + 𝛾1 + 𝑑1
+

(
R0 −

𝛽11𝑆
0
1

𝑁0(𝜇 + 𝛾1 + 𝑑1)

)
𝑁0𝐼2

𝛽21𝑆
0
2
. (4.31)

Then the derivative of 𝑄 with respect to 𝑡 yields,

𝑄
′
= (R0 − 1) (𝜔1, 𝜔2)𝑇𝑎 − (𝜔1, 𝜔2)𝑇𝑉−1 𝑓 (𝑎, 𝑏).

Since (𝜔1, 𝜔2) ⩾ 0, 𝑉−1 ⩾ 0 and 𝑓 (𝑎, 𝑏) ⩾ 0 in Ω, then (𝜔1, 𝜔2)𝑇𝑉−1 𝑓 (𝑎, 𝑏) ⩾ 0.
Therefore, 𝑄′

⩽ 0 in Ω if R0 ⩽ 1 and 𝑄 is a Lyapunov function for the system (1). By
LaSalle’s invariance principle [65, 66], 𝑄0 is GAS in Ω.

If R0 > 1, then 𝑄′
= (R0 − 1) (𝜔1, 𝜔2)𝑇𝑎 > 0 provided that 𝑎 > 0 and 𝑏 = (𝑆0

1, 𝑆
0
2, 0).

By continuity, 𝑄′
> 0 in the neighborhood of 𝑄0. Solutions in positive cone sufficiently

close to 𝑄0 move away from 𝑄0, implying that 𝑄0 is unstable. Thus, the model system
(1) is uniformly persistent [43, 69]. Uniform persistence and the positively invariance of Ω
imply the existence of an endemic equilibrium.
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4.B Tables

Table 7: PRCC of model’s parameters at time 𝑡 (days) with strong turnover and weak
efficiency of vaccine. The values 𝜃 = 1000, 𝜇 = 0.09, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175,
𝛽22 = 0.14 are used as baseline.

Parameters Range of parameters Total Infected: 𝐼1 + 𝐼2
Min Baseline Max 𝑡 = 50 days 𝑡 = 100 days 𝑡 = 200 days

𝜃 500 1000 1500 0.71395∗∗ 0.78511∗∗ 0.76166∗∗∗

𝑝 0 0.5 1 0.020314 0.0029584 0.028397
𝛽11 0.175 0.35 0.525 0.85757∗∗∗ 0.8731∗∗∗ 0.87175∗∗∗

𝛽12 0.14 0.28 0.42 0.0047432 0.027724 −0.030496
𝛽21 0.0875 0.175 0.2625 0.0090246 −0.012341 0.026579
𝛽22 0.07 0.14 0.21 −0.047262 0.02905 −0.037461
𝜇 0.045 0.09 0.135 −0.7695∗∗ −0.80652∗∗∗ −0.79222∗∗

𝑑1 0.0004 0.0008 0.0012 −0.012188 0.03368 −0.046922
𝑑2 0.00005 0.0001 0.00015 −0.025215 0.016188 −0.043869
𝛾1 0.05 0.1 0.15 −0.78315∗∗ −0.84015∗∗∗ −0.82903∗∗∗

𝛾2 0.0625 0.13 0.1925 0.010702 0.05007 0.012449
**: PRCC values: 0.7 to 0.79 or −0.7 to −0.79; ***: PRCC values: 0.8 to 0.99 or −0.8
to −0.99
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Table 8: PRCC of model’s parameters at time 𝑡 days with strong turnover and strong
efficiency of vaccine, when 𝜃 = 1000, 𝜇 = 0.09, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.035,
𝛽22 = 0.028 as baseline.

Parameters Range of parameters Total Infected: 𝐼1 + 𝐼2
Min Baseline Max 𝑡 = 50 days 𝑡 = 100 days 𝑡 = 200 days

𝜃 500 1000 1500 0.7381∗∗ 0.76387∗∗ 0.78486∗∗

𝑝 0 0.5 1 0.003905 0.0037356 0.027257
𝛽11 0.175 0.35 0.525 0.86469∗∗∗ 0.87427∗∗∗ 0.88181∗∗∗

𝛽12 0.14 0.28 0.42 0.0079816 0.033516 0.030158
𝛽21 0.0175 0.035 0.0525 0.0012134 0.018087 −0.00058438
𝛽22 0.014 0.028 0.042 0.021841 −0.0038364 0.018881
𝜇 0.045 0.09 0.135 −0.78849∗∗ −0.80304∗∗∗ −0.81535∗∗∗

𝑑1 0.0004 0.0008 0.0012 −0.054627 0.066816 0.019678
𝑑2 0.00005 0.0001 0.00015 −0.033227 −0.021472 −0.028882
𝛾1 0.05 0.1 0.15 −0.80324∗∗∗ −0.83346∗∗∗ −0.84421∗∗∗

𝛾2 0.0625 0.13 0.1925 −0.0099732 −0.02272 0.0020891
**: PRCC values: 0.7 to 0.79 or −0.7 to −0.79; ***: PRCC values: 0.8 to 0.99 or −0.8
to −0.99
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Table 9: PRCC of model’s parameters at time 𝑡 days with weak turnover and weak efficiency
of vaccine, when 𝜃 = 10, 𝜇 = 0.0009, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14 as
baseline.

Parameters Range of parameters Total Infected: 𝐼1 + 𝐼2
Min Baseline Max 𝑡 = 50 days 𝑡 = 100 days 𝑡 = 200 days

𝜃 5 10 15 0.45737 0.37556 0.51163∗

𝑝 0 0.5 1 −0.041574 0.028378 0.030938
𝛽11 0.175 0.35 0.525 −0.63334∗ −0.23892 0.355
𝛽12 0.14 0.28 0.42 −0.23979 −0.24053 −0.13989
𝛽21 0.0875 0.175 0.2625 −0.90072∗∗∗ −0.90502∗∗∗ −0.80837∗∗∗

𝛽22 0.07 0.14 0.21 −0.52059∗ −0.50519∗ −0.30843
𝜇 0.00045 0.0009 0.00135 −0.031697 −0.18722 −0.15951
𝑑1 0.0004 0.0008 0.0012 0.012078 −0.038623 0.01511
𝑑2 0.00005 0.0001 0.00015 0.028409 0.0088495 0.047733
𝛾1 0.05 0.1 0.15 −0.12428 0.81303∗∗∗ 0.59284∗

𝛾2 0.0625 0.13 0.1925 0.48726 0.62754∗ 0.48082
*: PRCC values: 0.5 to 0.69 or −0.5 to −0.69; ***: PRCC values: 0.8 to 0.99 or −0.8 to
−0.99
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Table 10: PRCC of model’s parameters at time 𝑡 days with weak turnover and strong
efficiency of vaccine, when 𝜃 = 10, 𝜇 = 0.0009, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.035,
𝛽22 = 0.028 as baseline.

Parameters Range of parameters Total Infected: 𝐼1 + 𝐼2
Min Baseline Max 𝑡 = 50 days 𝑡 = 100 days 𝑡 = 200 days

𝜃 5 10 15 0.5751∗ 0.48818 0.61256∗

𝑝 0 0.5 1 0.052835 0.014154 0.050557
𝛽11 0.175 0.35 0.525 −0.70943∗∗ −0.47854 0.44458
𝛽12 0.14 0.28 0.42 −0.16357 −0.16371 −0.03405
𝛽21 0.0175 0.035 0.0525 −0.84854∗∗∗ −0.90973∗∗∗ −0.85731∗∗∗

𝛽22 0.014 0.028 0.042 −0.17909 −0.22613 −0.14446
𝜇 0.00045 0.0009 0.00135 −0.40329 −0.61646∗ −0.72754∗∗

𝑑1 0.0004 0.0008 0.0012 −0.072168 0.04039 −0.040258
𝑑2 0.00005 0.0001 0.00015 0.019586 −0.053637 −0.030518
𝛾1 0.05 0.1 0.15 −0.81298∗∗∗ 0.76378∗∗ 0.69479∗

𝛾2 0.0625 0.13 0.1925 0.20028 0.31528 0.2891
*: PRCC values: 0.5 to 0.69 or −0.5 to −0.69; **: PRCC values: 0.7 to 0.79 or −0.7 to
−0.79; ***: PRCC values: 0.8 to 0.99 or −0.8 to −0.99

4.C Figures

Figure 14: Scatter plots of R0 with a strong turnover as a function of 𝜀, 𝜈 and 𝑝 .The
parameters are 𝜃 = 1000, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.09,
𝑑1 = 0.0008, 𝑑2 = 0.0001, 𝛾1 = 0.065, 𝛾2 = 0.13.
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Figure 15: Slice planes of R0 orthogonal to the p-axis at the values 0.2, 0.5, 0.8 with a strong
turnover. The parameters are 𝜃 = 1000, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14,
𝜇 = 0.09, 𝑑1 = 0.0008, 𝑑2 = 0.0001, 𝛾1 = 0.065, 𝛾2 = 0.13.

(a) (b)

(c)

Figure 16: Contour plots of the basic reproduction number (R0) of the model (3.3) with
a weak turnover as a function of: (a) vaccine coverage, 𝑝, and vaccine efficiency on the
transmission, 𝜀 (fixed 𝜈 = 0.5); (b) vaccine coverage, 𝑝, and vaccine efficiency on the
ability to enhance recovery, 𝜈 (fixed 𝜀 = 0.5); (c) vaccine efficiency on the ability of being
recovered, 𝜈, and vaccine efficiency on the transmission, 𝜀 (fixed 𝑝 = 0.5). The parameters
are 𝜃 = 10, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.0009, 𝑑1 = 0.0008,
𝑑2 = 0.0001, 𝛾1 = 0.065, 𝛾2 = 0.13
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Figure 17: Slice planes of R0 orthogonal to the p-axis at the values 0.2, 0.5, 0.8 with a weak
turnover. The parameters are 𝜃 = 10, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14,
𝜇 = 0.0009, 𝑑1 = 0.0008, 𝑑2 = 0.0001, 𝛾1 = 0.065, 𝛾2 = 0.13.

Figure 18: Scatter plots of R0 with a weak turnover as a function of 𝜀, 𝜈 and 𝑝 .The
parameters are 𝜃 = 10, 𝛽11 = 0.35, 𝛽12 = 0.28, 𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.0009,
𝑑1 = 0.0008, 𝑑2 = 0.0001, 𝛾1 = 0.065, 𝛾2 = 0.13.
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(a) (b)

(c)

Figure 19: Contour plot of the basic reproduction number (R0) of the model (3.3) with
a weak turnover as a function of vaccine coverage, 𝑝, and vaccine efficiency on the
transmission, 𝜀 when: (a) 𝜈 = 𝜀2(convex relationship); (b) 𝜈 =

√
𝜀(concave relationship);

(c)𝜈 = 𝜀(linear relationship). The parameters are 𝜃 = 1000, 𝛽11 = 0.35, 𝛽12 = 0.28,
𝛽21 = 0.175, 𝛽22 = 0.14, 𝜇 = 0.09, 𝑝 = 0.5, 𝑑1 = 0.0008, 𝑑2 = 0.0001, 𝛾1 = 0.065,
𝛾2 = 0.13.

4.4 Stochastic extinction and persistence of a heteroge-
neous epidemiological model

In this section, we prove the existence and uniqueness of a non-negative weak solution of the
derived SDE (3.17). We show that the derived model is stochastically ultimately bounded.
We compute and discuss the conditions for disease extinction and disease persistence in
mean. We finally perform numerical simulation to support our analytical results.

These results are published in Journal of Applied Mathematics and Computing
[90].
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4.4.1 Mathematical analysis of the stochastic model

4.4.1.1 Existence and uniqueness of nonnegative weak solution

In this subsection, we investigate the well posedness of the above SDE, focusing on the
existence and uniqueness of a global nonnegative weak solution to the SDE (3.17). While
the SDE was used for analysis in [5], the author did not establish crucial result. Here, we
address the gap and derive the following results

Proposition 3 The set R5
+ is invariant for the modified stochastic model (3.17).

Proof : Since the drift and diffusion coefficients of the modified stochastic model
(3.17) satisfy the hypothesis of [32, Corollary A.1] that is

• 𝑓𝑖 (𝑡, 𝑥) ≥ 0 for 𝑥 ∈ R5
+ such that 𝑥𝑖 = 0,

• 𝑔𝑖, 𝑗 (𝑡, 𝑥) = 0 for 𝑥 ∈ R5
+ such that 𝑥𝑖 = 0, 𝑗 ∈ {1, 2, . . . , 5},

for all 𝑡 ≥ 0 and 𝑖 ∈ {1, 2, . . . , 5}, then the result follows. The above result suggests that if
there is a unique solution of system (3.17), this solution is necessarily nonnegative.

Theorem 12 Suppose that 𝜃 = 𝜇𝐾, (𝜃 < 𝐾) where 𝐾 is the carrying capacity. Then, for
any initial condition 𝑋0 = (𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) ∈ R5

+, there is exactly one
weak solution 𝑋 (𝑡) = (𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) ∈ R5

+ of system (3.17) on 𝑡 ≥ 0.

The proof of the above result is done in four steps and makes use of [24, Theorem 1.2] (see
also Appendix 4.A). In particular, we check that the coefficients satisfy the condition of [24,
Theorem 1.2]. Proof :

Identifying the coefficients of the operator 𝐿 in (4.50) we have (𝑏𝑖)𝑖≤5 = ( 𝑓𝑖)𝑖≤5 and
the matrix (𝛾𝑖, 𝑗 )𝑖, 𝑗≤5 can be defined from the matrix (𝑉̂𝑖, 𝑗 )𝑖, 𝑗≤5. That is

𝑉̂𝑖, 𝑗 = 2√𝑥𝑖𝑥 𝑗𝛾𝑖, 𝑗 for all 𝑖, 𝑗 = 1, 2, . . . , 5. (4.32)

Let S+
5 denote the space of 5 × 5 symmetric strictly positive definite matrices and |𝑥 |

denote the Euclidean norm of 𝑥 ∈ R5. We only consider some coefficients in the matrix in
checking the conditions, due to their similarities.

Step 1: We verify that (𝛾𝑖, 𝑗 )𝑖, 𝑗≤5 is
1
2

- Hölder continuous on compacts sets. We
only consider 𝛾11, 𝛾13, since the bounds for the others can be found in a similar way.
Based on the definition of 𝜑, there are several cases. Define B(𝑎) := {𝑥 ∈ R5 : |
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𝑥 |≤ 𝑎} and 𝑥, 𝑥 ∈ B(𝑎)⋂R5
+ such that 𝑥 = (𝑠1, 𝑠2, 𝑖1, 𝑖2, 𝑟)𝑇 , 𝑥 = (𝑠1, 𝑠2, 𝑖1, 𝑖2, 𝑟)𝑇 ,

𝑛 = 𝑠1 + 𝑠2 + 𝑖1 + 𝑖2 + 𝑟 = 𝑠1 + 𝑠2 + 𝑖1 + 𝑖2 + 𝑟.
Case 1: We consider 𝛾11

• For 0 ≤ 𝑠1 < 𝛿 and 0 ≤ 𝑖1 < 𝛿, 𝛾11(𝑥) =
𝜃 (1 − 𝑝)

2𝛿
+ 1

2
𝜇 + 𝛽11

𝑖21
2𝛿𝑛

+ 𝛽12
𝑖1𝑖2

2𝛿𝑛
,

| 𝛾11(𝑥) − 𝛾11(𝑥) |= | 𝛽11
𝑖21

2𝛿𝑛
− 𝛽11

𝑖21
2𝛿𝑛

+ 𝛽12
𝑖1𝐼2

2𝛿𝑛
− 𝛽12

𝑖1𝑖2

2𝛿𝑛
|

≤ 𝛽11

2𝛿𝑛
| 𝑖21 − 𝑖

2
1 | + 𝛽12

2𝛿𝑛
| 𝑖1𝑖2 − 𝑖1𝑖2 |

≤ 𝛽11

2𝛿𝑛
| 𝑖1 + 𝑖1 | | 𝑖1 − 𝑖1 | + 𝛽12

2𝛿𝑛
| 𝑖1𝑖2 − 𝑖1𝑖2 + 𝑖1𝑖2 − 𝑖1𝑖2 |

≤ 𝛽11

𝛿
| 𝑖1 − 𝑖1 | +𝛽12

2𝛿
(
| 𝑖1 − 𝑖1 | + | 𝑖2 − 𝑖2 |

)
≤
√
𝑎max

{( 𝛽11

𝛿
+ 𝛽12

2𝛿

)
;
𝛽12

2𝛿

}
( | 𝑖1 − 𝑖1 |1/2 + | 𝑖2 − 𝑖2 |1/2).

• For 0 ≤ 𝑠1 < 𝛿 and 𝑖1 ≥ 𝛿, 𝛾11(𝑥) =
𝜃 (1 − 𝑝)

2𝛿
+ 1

2
𝜇 + 𝛽11

𝑖1

2𝑛
+ 𝛽12

𝑖2

2𝑛
. In this case,

𝛾11 is
1
2

- Hölder continuous on compacts sets by definition.

• For 𝑠1 ≥ 𝛿 and 0 ≤ 𝑖1 < 𝛿, 𝛾11(𝑥) =
𝜃 (1 − 𝑝)

2𝑠1
+ 1

2
𝜇 + 𝛽11

𝑖21
2𝛿𝑛

+ 𝛽12
𝑖1𝑖2

2𝛿𝑛
,

| 𝛾11(𝑥) − 𝛾11(𝑥) |= | 𝜃 (1 − 𝑝)
2𝑠1

− 𝜃 (1 − 𝑝)
2𝑠1

+ 𝛽11
𝑖21

2𝛿𝑛
− 𝛽11

𝑖21
2𝛿𝑛

+ 𝛽12
𝑖1𝑖2

2𝛿𝑛
− 𝛽12

𝑖1𝑖2

2𝛿𝑛
|

≤
√
𝑎max

{𝜃 (1 − 𝑝)
2𝛿2 ;

( 𝛽11

𝛿
+ 𝛽12

2𝛿

)
;
𝛽12

2𝛿

}
( | 𝑠1 − 𝑠1 |1/2

+ | 𝑖1 − 𝑖1 |1/2 + | 𝑖2 − 𝑖2 |1/2).

• For 𝑠1 ≥ 𝛿 and 𝑖1 ≥ 𝛿, 𝛾11(𝑥) =
𝜃 (1 − 𝑝)

2𝑠1
+ 1

2
𝜇 + 𝛽11

𝑖1

2𝑛
+ 𝛽12

𝑖2

2𝑛
.

In this case, 𝛾11 is
1
2

- Hölder continuous on compacts sets by definition.

Case 2: We consider 𝛾13

• For 0 ≤ 𝑖1 < 𝛿, 𝛾13(𝑥) = −𝛽11
𝑖1
√
𝑠1𝑖1

2𝛿𝑛
− 𝛽12

𝑖2
√
𝑠1𝑖1

2𝛿𝑛
,
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| 𝛾13(𝑥) − 𝛾13(𝑥) |= | 𝛽11
𝑖1
√
𝑠1𝑖1

2𝛿𝑛
− 𝛽11

𝑖1
√︁
𝑠1𝑖1

2𝛿𝑛
+ 𝛽12

𝑖2
√
𝑠1𝑖1

2𝛿𝑛
− 𝛽12

𝑖2
√︁
𝑠1𝑖1

2𝛿𝑛
|

≤𝛽11

√
𝑠1𝑖1

2𝛿𝑛
| 𝑖1 − 𝑖1 | +𝛽11

𝑖1
√
𝑖1

2𝛿𝑛
| 𝑠1 − 𝑠1 |1/2 +𝛽11

𝑖1
√
𝑠1

2𝛿𝑛
| 𝑖1 − 𝑖1 |1/2

+ 𝛽12

√
𝑠1𝑖1

2𝛿𝑛
| 𝑖2 − 𝑖2 | +𝛽12

𝑖2
√
𝑖1

2𝛿𝑛
| 𝑠1 − 𝑠1 |1/2 +𝛽12

𝑖2
√
𝑠1

2𝛿𝑛
| 𝑖1 − 𝑖1 |1/2

≤
√
𝑎

2𝛿
(𝛽11 + 𝛽12) | 𝑠1 − 𝑠1 |1/2 +

√
𝑎

2𝛿
(𝛽11 + 𝛽12) | 𝑖1 − 𝑖1 |1/2

+ 𝛽12

√
𝑎

2𝛿
| 𝑖2 − 𝑖2 |1/2

≤ max
{√
𝑎

2𝛿
(𝛽11 + 𝛽12); 𝛽12

√
𝑎

2𝛿

}
( | 𝑠1 − 𝑠1 |1/2

+ | 𝑖1 − 𝑖1 |1/2 + | 𝑖2 − 𝑖2 |1/2).

• For 𝑖1 ≥ 𝛿, 𝛾13(𝑥) = −𝛽11

√
𝑠1𝑖1

2𝑛
− 𝛽12

𝑖2
√
𝑠1

2𝑛
√
𝑖1

,

| 𝛾13(𝑥) − 𝛾13(𝑥) |= | 𝛽11

√
𝑠1𝑖1

2𝑛
− 𝛽11

√︁
𝑠1𝑖1

2𝑛
+ 𝛽12

𝑖2
√
𝑠1

2𝑛
√
𝑖1

− 𝛽12
𝑖2
√
𝑠1

2𝑛
√︁
𝑖1

|

≤𝛽11

√
𝑖1

2𝑛
| 𝑠1 − 𝑠1 |1/2 +𝛽11

√
𝑠1

2𝑛
| 𝑖1 − 𝑖1 |1/2 +𝛽12

√
𝑠1

2𝑛
√
𝑖1

| 𝑖2 − 𝑖2 |

+ 𝛽12
𝑖2

2𝑛
√
𝑖1

| 𝑠1 − 𝑠1 |1/2 +𝛽12
𝑖2
√
𝑠1

2𝑛
√︁
𝑖1𝑖1

| 𝑖1 − 𝑖1 |1/2

≤
(
𝛽11

√
𝑎

2𝛿
+ 𝛽12

2
√
𝛿

)
| 𝑠1 − 𝑠1 |1/2 +

√
𝑎

2𝛿
(𝛽11 + 𝛽12) | 𝑖1 − 𝑖1 |1/2 + 𝑎𝛽12

2𝛿
√
𝛿
| 𝑖2 − 𝑖2 |1/2

≤ max
{
𝛽11

√
𝑎

2𝛿
+ 𝛽12

2
√
𝛿

;
√
𝑎

2𝛿
(𝛽11 + 𝛽12);

𝑎𝛽12

2𝛿
√
𝛿

}
( | 𝑠1 − 𝑠1 |1/2

+ | 𝑖1 − 𝑖1 |1/2 + | 𝑖2 − 𝑖2 |1/2).

Using similar arguments, we can show that the remaining coefficients of (𝛾𝑖, 𝑗 )𝑖, 𝑗≤5 are
1
2

- Hölder continuous on compact sets.
Step 2: Using the definition of the drift vector ( 𝑓𝑖)𝑖≤5, it holds that Assumption (H2) in

Theorem 16 is satisfied.
Step 3: We claim that the drift ( 𝑓𝑖)𝑖≤5 in (3.17) satisfies the linear growth condition.
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Let 𝑥 ∈ R5
+ such that 𝑥 = (𝑠1, 𝑠2, 𝑖1, 𝑖2, 𝑟)𝑇 ,

| 𝑓1(𝑥) |= | 𝜃 (1 − 𝑝) − 𝛽11
𝑠1𝑖1

𝑛
− 𝛽12

𝑠1𝑖2

𝑛
− 𝜇𝑠1 |,

≤ 𝜃 (1 − 𝑝) + (𝛽11 + 𝛽12 + 𝜇) | 𝑠1 | .

| 𝑓3(𝑥) |= | 𝛽11
𝑠1𝑖1

𝑛
+ 𝛽12

𝑠1𝑖2

𝑛
− (𝜇 + 𝛾1 + 𝑑1)𝑖1 |,

≤ (𝛽11 + 𝛽12) | 𝑠1 | +(𝜇 + 𝛾1 + 𝑑1) | 𝑖1 | .

One can also easily show that 𝑓2, 𝑓4 and 𝑓5 are also of satisfy the linear growth. Thus
Assumption (4.51) of Theorem 16 is fulfilled.

Step 4: We show that (𝛾𝑖, 𝑗 )𝑖, 𝑗≤5 satisfy the condition (4.52) of Theorem 16. To do that,
we assume that 𝜃 = 𝜇𝐾 where 𝐾 is the carrying capacity [102]. Then the total population
𝑛 may vary in time but should be less than 𝐾 ≥ 1. This implies the boundedness of the
matrix coefficient (𝛾𝑖, 𝑗 )𝑖, 𝑗≤5. Therefore, set

𝑐1.1 =
M
𝜇
,

where M = 𝛽11 + 𝛽22 + (𝛽12 + 𝛽21 + 𝛾1 + 𝛾2)
√︂
𝐾

𝛿
. By the definition of the matrix 𝛾,

min
𝑖
𝛾𝑖𝑖 (𝑥) ≥ 𝜇, ∀𝑥 ∈ 𝜕R5

+.

Next, we show that
∑
𝑖≠ 𝑗 | 𝛾𝑖 𝑗 (𝑥) ≤ M, ∀𝑥 ∈ 𝜕R5

+. We consider once more several cases:

• For 𝑠1 = 0, 𝑠2 ≥ 𝛿, 𝑖1 ≥ 𝛿, 𝑖2 ≥ 𝛿 and 𝑟 ≥ 𝛿,

∑︁
𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |=𝛽21
𝑖1
√
𝑠2

𝑛
√
𝑖2

+ 𝛽22

√
𝑠2𝑖2

𝑛
+ 𝛾1

√︂
𝑖1

𝑟
+ 𝛾1

√︂
𝑖2

𝑟

≤ 𝛽22 + (𝛽21 + 𝛾1 + 𝛾2)
√︂
𝐾

𝛿
≤ M .
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• For 𝑠1 = 0, 0 ≤ 𝑠2 < 𝛿 < 1, 0 ≤ 𝑖1 < 𝛿 < 1, 0 ≤ 𝑖2 < 𝛿 < 1 and 0 ≤ 𝑟 < 𝛿 < 1,∑︁
𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |=𝛽21
𝑖1
√
𝑠2𝑖2

𝛿𝑛
+ 𝛽22

𝑖2
√
𝑠2𝑖2

𝛿𝑛
+ 𝛾1

√
𝑖1𝑟

𝛿
+ 𝛾1

√
𝑖2𝑟

𝛿

≤ 𝛽21 + 𝛽22 + 𝛾1 + 𝛾2 ≤ M .

• For 𝑠1 ≥ 𝛿, 𝑠2 = 0, 𝑖1 ≥ 𝛿, 𝑖2 ≥ 𝛿 and 𝑟 ≥ 𝛿,∑︁
𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |=𝛽12
𝑖2
√
𝑠1

𝑛
√
𝑖1

+ 𝛽11

√
𝑠1𝑖1

𝑁
+ 𝛾1

√︂
𝑖1

𝑟
+ 𝛾1

√︂
𝑖2

𝑟

≤ 𝛽11 + (𝛽12 + 𝛾1 + 𝛾2)
√︂
𝐾

𝛿
≤ M .

• For 𝑠1 ≥ 𝛿, 𝑠2 ≥ 𝛿, 𝑖1 = 0, 𝑖2 ≥ 𝛿 and 𝑟 ≥ 𝛿,∑︁
𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |=𝛽22

√
𝑠2𝑖2

𝑛
+ 𝛾1

√︂
𝑖2

𝑟
≤ 𝛽22 + 𝛾2

√︂
𝐾

𝛿
≤ M .

• For 𝑠1 ≥ 𝛿, 𝑠2 ≥ 𝛿, 𝑖1 ≥ 𝛿, 𝑖2 = 0 and 𝑟 ≥ 𝛿,∑︁
𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |=𝛽11

√
𝑠1𝑖1

𝑛
+ 𝛾1

√︂
𝑖1

𝑟
≤ 𝛽11 + 𝛾1

√︂
𝐾

𝛿
≤ M .

• For 𝑠1 ≥ 𝛿, 𝑠2 ≥ 𝛿, 𝑖1 ≥ 𝛿, 𝑖2 ≥ 𝛿 and 𝑟 = 0,

∑︁
𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |=𝛽11

√
𝑠1𝑖1

𝑛
+ 𝛽12

𝑖2
√
𝑠1

𝑛
√
𝑖1

+ 𝛽22

√
𝑠2𝑖2

𝑛
+ 𝛽21

𝑖1
√
𝑠2

𝑛
√
𝑖2

≤ 𝛽11 + 𝛽22 + (𝛽12 + 𝛽21)
√︂
𝐾

𝛿
≤ M .

For the remaining cases, we can proceed on the similar way.

4.4.1.2 Stochastically ultimate boundedness

In this section, we examine the ultimate boundedness in probability of solution.
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Theorem 13 For any initial value 𝑋0 = (𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) ∈ R5
+, the

solution of the model (3.17) is stochastically ultimately bounded.

Proof : Let 𝑚0 ≥ 1 be sufficiently large such that each component of the initial
value (𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) lies within the interval

[ 1
𝑚0
, 𝑚0

]
. For each integer

𝑚 ≥ 𝑚0, we define the stopping time

𝜏𝑚 = inf
{
𝑡 ∈ R+ : min{𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)} ≤

1
𝑚

or max{𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)} ≥ 𝑚
}
.

(4.33)
Using (3.2) and (3.17) we have that

d𝑁 (𝑡) =[𝜃 − 𝜇𝑁 (𝑡) − 𝑑1𝐼1(𝑡) − 𝑑2𝐼2(𝑡)]d𝑡 +
√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) +

√︃
𝑟𝛿2 (𝑋 (𝑡))d𝑊2(𝑡)

−
√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡) −

√︁
𝜑(𝑟4(𝑋 (𝑡)))d𝑊4(𝑡) −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡)

Let 𝑉 (𝑡) = (1 + 𝑁 (𝑡))𝛼 where 𝛼 ∈ (0, 1). From the generalized Itô’s formula, we get

d𝑉 (𝑡) =𝐿𝑉 (𝑡)d𝑡 + 𝛼(1 + 𝑁 (𝑡))𝛼−1
[√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) +

√︃
𝑟𝛿2 (𝑋 (𝑡))d𝑊2(𝑡)

−
√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡) −

√︁
𝜑(𝑟4(𝑋 (𝑡)))d𝑊4(𝑡) −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡)

]
, (4.34)

where

𝐿𝑉 (𝑡) =𝛼(1 + 𝑁 (𝑡))𝛼−1
[
𝜃 − 𝜇𝑁 (𝑡) − 𝑑1𝐼1(𝑡) − 𝑑2𝐼2(𝑡)

]
+ 𝛼(𝛼 − 1)

2
(1 + 𝑁 (𝑡))𝛼−2

[
𝑟𝛿1 (𝑋 (𝑡))

+ 𝜑(𝑟3(𝑋 (𝑡))) + 𝑟𝛿2 (𝑋 (𝑡)) + 𝜑(𝑟4(𝑋 (𝑡))) + 𝜑(𝑟5(𝑋 (𝑡))) + 𝜑(𝑟6(𝑋 (𝑡))) + 𝜑(𝑟7(𝑋 (𝑡)))
]

≤𝛼(1 + 𝑁 (𝑡))𝛼−2
[
− 𝜇𝑁2(𝑡) + (𝜃 − 𝜇)𝑁 (𝑡) + 𝜃

]
. (4.35)

Then,

d𝑉 (𝑡) ≤𝛼(1 + 𝑁 (𝑡))𝛼−2
[
− 𝜇𝑁2(𝑡) + (𝜃 − 𝜇)𝑁 (𝑡) + 𝜃

]
d𝑡 + 𝛼(1 + 𝑁 (𝑡))𝛼−1

[√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡)

+
√︃
𝑟𝛿2 (𝑋 (𝑡))d𝑊2(𝑡) −

√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡) −

√︁
𝜑(𝑟4(𝑋 (𝑡)))d𝑊4(𝑡) −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡)

]
. (4.36)
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For 0 < 𝜂 < 𝜇𝛼, we have

d
[
𝑒𝜂𝑡𝑉 (𝑡)

]
=𝜂𝑒𝜂𝑡𝑉 (𝑡)d𝑡 + 𝑒𝜂𝑡d𝑉 (𝑡)

=(𝜂𝑒𝜂𝑡𝑉 (𝑡) + 𝑒𝜂𝑡𝐿𝑉 (𝑡))d𝑡 + 𝑒𝜂𝑡𝛼(1 + 𝑁 (𝑡))𝛼−1
[√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) +

√︃
𝑟𝛿2 (𝑋 (𝑡))d𝑊2(𝑡)

−
√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡) −

√︁
𝜑(𝑟4(𝑋 (𝑡)))d𝑊4(𝑡) −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡)

]
. (4.37)

Moreover,

𝜂𝑒𝜂𝑡𝑉 (𝑡) + 𝑒𝜂𝑡𝐿𝑉 (𝑡) ≤𝛼𝑒𝜂𝑡 (1 + 𝑁 (𝑡))𝛼−2
[ 𝜂
𝛼
(1 + 𝑁 (𝑡))2 − 𝜇𝑁2(𝑡) + (𝜃 − 𝜇)𝑁 (𝑡) + 𝜃

]
≤𝛼𝑒𝜂𝑡 (1 + 𝑁 (𝑡))𝛼−2

[
−

(
𝜇 − 𝜂

𝛼

)
𝑁2(𝑡) +

(
𝜃 − 𝜇 + 2𝜂

𝛼

)
𝑁 (𝑡) + 𝜃 + 𝜂

𝛼

]
≤𝛼𝑒𝜂𝑡𝐻,

where we observe that the function 𝑁 ↦−→ (1+𝑁)𝛼−2
[
−

(
𝜇− 𝜂

𝛼

)
𝑁2+

(
𝜃−𝜇+ 2𝜂

𝛼

)
𝑁+𝜃+ 𝜂

𝛼

]
is uniformly bounded on R+ and let 𝐻 := sup𝑁∈R+ (1 + 𝑁)𝛼−2

[
−

(
𝜇 − 𝜂

𝛼

)
𝑁2 +

(
𝜃 − 𝜇 +

2𝜂
𝛼

)
𝑁 + 𝜃 + 𝜂

𝛼

]
+ 1.

Then, it follows from (4.37) that

d
[
𝑒𝜂𝑡𝑉 (𝑡)

]
≤𝛼𝑒𝜂𝑡𝐻d𝑡 + 𝑒𝜂𝑡𝛼(1 + 𝑁 (𝑡))𝛼−1

[√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) +

√︃
𝑟𝛿2 (𝑋 (𝑡))d𝑊2(𝑡)

−
√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡) −

√︁
𝜑(𝑟4(𝑋 (𝑡)))d𝑊4(𝑡) −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡)

]
. (4.38)

Integrations both sides of the above expression, and we can deduce the inequality

E
[
𝑒𝜂𝑡∧𝜏𝑚𝑉 (𝑡 ∧ 𝜏𝑚)

]
≤ 𝑉 (0) + 𝛼𝐻E

[ ∫ 𝑡∧𝜏𝑚

0
𝑒𝜂𝑠d𝑠

]
, (4.39)

where 𝜏𝑚 is given in (4.33). Letting 𝑚 −→ +∞ gives

E
[
𝑒𝜂𝑡 (1 + 𝑁 (𝑡))𝛼

]
≤ (1 + 𝑁 (0))𝛼 + 𝛼𝐻

𝜂
𝑒𝜂𝑡 .

Consequently,
lim sup
𝑡→+∞

E
[
(1 + 𝑁 (𝑡))𝛼

]
≤ 𝛼𝐻

𝜂
=: 𝐻0. (4.40)
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Now using the fact that |𝑋 (𝑡) | ≤ 𝑁 (𝑡)(thanks to the positivity of 𝑆1, 𝑆2, 𝐼1, 𝐼2, 𝑅), we have

|𝑋 (𝑡) |𝛼 ≤ (1 + 𝑁 (𝑡))𝛼, ∀𝑡 ≥ 0

combined with (4.40), we deduce

E
[
|𝑋 (𝑡) |𝛼

]
≤ 𝐻0, 𝑡 ≥ 0.

Then, for 𝛼 =
1
2

, there exists a constant 𝐻0 = 𝜅 > 0 such that

E
[
|𝑋 (𝑡) | 1

2
]
≤ 𝜅, 𝑡 ≥ 0. (4.41)

For any 𝜖 > 0 set 𝛿 =
𝜅2

𝜖2 , then using the Chebyshev’s inequality, we have

P{|𝑋 (𝑡) | ≥ 𝛿} <
E
[
|𝑋 (𝑡) | 1

2
]

𝛿
1
2

in other words,
lim sup
𝑡→+∞

P{|𝑋 (𝑡) | ≥ 𝛿} < 𝜅

𝛿
1
2
= 𝜖,

which completes the proof.

4.4.1.3 Extinction

In this section, we derive the conditions required for the extinction of the parasite within the
host population. The following notation and definition are provided for convenience. Let

⟨𝑥(𝑡)⟩ = 1
𝑡

∫ 𝑡

0
𝑥(𝑟)d𝑟.

Definition 12 For system (3.17), the infected individuals become extinct, if

lim
𝑡→∞

𝐼1(𝑡) = 0 a.s. and lim
𝑡→∞

𝐼2(𝑡) = 0 a.s..

Lemma 6 ( Strong law of large number [73] ) Let 𝑀 = {𝑀𝑡}𝑡≥0 be a real-valued contin-
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uous local martingale vanishing at 𝑡 = 0, then

lim
𝑡→∞

⟨𝑀, 𝑀⟩𝑡 = ∞ a.s. ⇒ lim
𝑡→∞

𝑀𝑡

⟨𝑀, 𝑀⟩𝑡
= 0 a.s. and also, (4.42)

lim sup
𝑡→∞

⟨𝑀, 𝑀⟩𝑡
𝑡

< ∞ a.s. ⇒ lim
𝑡→∞

𝑀𝑡

𝑡
= 0 a.s. (4.43)

Lemma 7 ( [60]) Let 𝑓 ∈ 𝐶 [(0,∞) × Ω, (0,∞)] and 𝐹 (𝑡) ∈ 𝐶 [(0,∞) × Ω,R] . If there
exist positive constants 𝜆0 and 𝑇 , such that

log 𝑓 (𝑡) ≤ 𝜆𝑡 − 𝜆0

∫ 𝑡

0
𝑓 (𝑠)d𝑠 + 𝐹 (𝑡) a.s. (4.44)

for all 𝑡 ≥ 𝑇 , and lim𝑡→∞
𝐹 (𝑡)
𝑡

= 0 a.s., then


lim sup𝑡→∞⟨ 𝑓 (𝑡)⟩ ≤

𝜆

𝜆0
a.s., if 𝜆 ≥ 0;

lim𝑡→∞ 𝑓 (𝑡) = 0 a.s., if 𝜆 < 0.
(4.45)

The following result provides conditions under which the parasite is eradicated with
probability one.

Theorem 14 Let 𝑋 (𝑡) = (𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) ∈ R5
+ be the solution of the system

(3.17) such that 𝑆1(𝑡) + 𝑆2(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) ≤
𝜃

𝜇
a.s. with the initial value

𝑋0 = (𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) ∈ R5
+ such that

𝑆1(0) + 𝑆2(0) + 𝐼1(0) + 𝐼2(0) + 𝑅(0) ≤
𝜃

𝜇
a.s.. Suppose one of two condition holds

(a) 𝛽21 ∨ 𝛽22 <
1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2, 1 − 𝑝 < 1

𝐾
+ 1

2𝐾2 and
𝑆1(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) ≥ 1, a.s.

(b) 𝛽11 ∨ 𝛽12 <
1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2, 𝑝 <

1
𝐾

+ 1
2𝐾2 and

𝑆2(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) ≥ 1, a.s.

Then
lim
𝑡→∞

𝐼1(𝑡) + 𝐼2(𝑡) = 0 a.s.

Remark 4 Finally, we establish sufficient conditions to ensure that the parasite is strongly
persistent in mean with probability one.
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Proof : We only consider the case when (a) is satisfied. The case under (b) is proven
analogously. Let consider𝑉1(𝑡) = 𝑆1(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) ≥ 1. To derive the conditions
for extinction of the parasite we apply the Itô’s formula to log(𝑉1(𝑡)) and obtain

d log(𝑉1(𝑡)) =
1

𝑉1(𝑡)

[
𝑓1(𝑋 (𝑡))d𝑡 +

√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) −

√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡)

−
√︃
𝑟𝛿8 (𝑋 (𝑡))d𝑊8(𝑡)

]
+ 1
𝑉1(𝑡)

[
𝑓3(𝑋 (𝑡))d𝑡 −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

+
√︃
𝑟𝛿8 (𝑋 (𝑡))d𝑊8(𝑡) −

√︃
𝑟𝛿10(𝑋 (𝑡))d𝑊10(𝑡)

]
+ 1
𝑉1(𝑡)

[
𝑓4(𝑋 (𝑡))d𝑡

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) +

√︃
𝑟𝛿9 (𝑋 (𝑡))d𝑊9(𝑡) −

√︃
𝑟𝛿11(𝑋 (𝑡))d𝑊11(𝑡)

]
+ 1
𝑉1(𝑡)

[
𝑓5(𝑋 (𝑡))d𝑡 −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡) +

√︃
𝑟𝛿10(𝑋 (𝑡))d𝑊10

+
√︃
𝑟𝛿11(𝑋 (𝑡))d𝑊11(𝑡)

]
− 1

2𝑉2
1 (𝑡)

[
𝑟𝛿1 (𝑋 (𝑡)) + 𝜑(𝑟3(𝑋 (𝑡))) + 𝜑(𝑟5(𝑋 (𝑡)))

+ 𝜑(𝑟6(𝑋 (𝑡))) + 𝑟𝛿9 (𝑋 (𝑡)) + 2𝑟𝛿11(𝑋 (𝑡)) + 𝜑(𝑟7(𝑋 (𝑡)))
]
d𝑡

=

[𝜃 (1 − 𝑝)
𝑉1(𝑡)

+ 𝛽21𝑆2(𝑡)𝐼1(𝑡)
𝑉1(𝑡)𝑁 (𝑡) + 𝛽22𝑆2(𝑡)𝐼2(𝑡)

𝑉1(𝑡)𝑁 (𝑡) − 𝜇𝑉1(𝑡)
𝑉1(𝑡)

− 𝑑1𝐼1(𝑡)
𝑉1(𝑡)

− 𝑑2𝐼2(𝑡)
𝑉1(𝑡)

]
d𝑡

− 1
2𝑉2

1 (𝑡)

[
𝑟𝛿1 (𝑋 (𝑡)) + 𝜑(𝑟3(𝑋 (𝑡))) + 𝜑(𝑟5(𝑋 (𝑡))) + 𝜑(𝑟6(𝑋 (𝑡))) + 𝑟𝛿9 (𝑋 (𝑡)) + 𝜑(𝑟7(𝑋 (𝑡)))

]
d𝑡

+

√︃
𝑟𝛿1 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊1(𝑡) −
√︁
𝜑(𝑟3(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊3(𝑡) −
√︁
𝜑(𝑟5(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊5(𝑡)

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊6(𝑡) +

√︃
𝑟𝛿9 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊9(𝑡) −
√︁
𝜑(𝑟7(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊7(𝑡)

≤
[𝜃 (1 − 𝑝)
𝑉1(𝑡)

+ 𝛽21𝐼1(𝑡) + 𝛽22𝐼2(𝑡) − 𝜇 −
𝑑1 ∧ 𝑑2

𝑉1(𝑡)
(𝐼1(𝑡) + 𝐼2(𝑡))

]
d𝑡 − 1

2𝑉2
1 (𝑡)

[
𝜇𝑉1(𝑡)

+ 𝑑1 ∧ 𝑑2(𝐼1(𝑡) + 𝐼2(𝑡))
]
d𝑡 +

√︃
𝑟𝛿1 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊1(𝑡) −
√︁
𝜑(𝑟3(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊3(𝑡)

−
√︁
𝜑(𝑟5(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊5(𝑡) −
√︁
𝜑(𝑟6(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊6(𝑡) +

√︃
𝑟𝛿9 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊9(𝑡)

−
√︁
𝜑(𝑟7(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊7(𝑡).

Using the almost sure inequalities 1 ≤ 𝑉1(𝑡) ≤ 𝐾 and 𝐼1(𝑡) + 𝐼2(𝑡) ≤ 𝑉1(𝑡), and integrating
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from 0 to 𝑡 give

log(𝑉1(𝑡)) ≤ log(𝐼1(0) + 𝐼2(0)) +
∫ 𝑡

0

{[
𝜃 (1 − 𝑝) + 𝛽21 ∨ 𝛽22(𝐼1(𝑢) + 𝐼2(𝑢)) − 𝜇 −

𝜇

2𝐾

−
( 1
𝐾

+ 1
2𝐾2

)
𝑑1 ∧ 𝑑2(𝐼1(𝑢) + 𝐼2(𝑢))

]}
d𝑢 +

∫ 𝑡

0

√︃
𝑟𝛿1 (𝑋 (𝑢))
𝑉1(𝑢)

d𝑊1(𝑢)

−
∫ 𝑡

0

√︁
𝜑(𝑟3(𝑋 (𝑡)))
𝑉1(𝑢)

d𝑊3(𝑢) −
∫ 𝑡

0

√︁
𝜑(𝑟5(𝑋 (𝑢)))
𝑉1(𝑢)

d𝑊5(𝑢)

−
∫ 𝑡

0

√︁
𝜑(𝑟6(𝑋 (𝑢)))
𝑉1(𝑢)

d𝑊6(𝑢) +
∫ 𝑡

0

√︃
𝑟𝛿9 (𝑋 (𝑢))
𝑉1(𝑡)

d𝑊9(𝑢) −
∫ 𝑡

0

√︁
𝜑(𝑟7(𝑋 (𝑢)))
𝑉1(𝑢)

d𝑊7(𝑢)

≤ log(𝐼1(0) + 𝐼2(0)) +
[
𝜃 (1 − 𝑝) − 𝜇 − 𝜇

2𝐾

]
𝑡

−
[ 1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2 − 𝛽21 ∨ 𝛽22

] ∫ 𝑡

0
(𝐼1(𝑟) + 𝐼2(𝑟))d𝑟 + 𝑀1(𝑡)

− 𝑀3(𝑡) − 𝑀5(𝑡) − 𝑀6(𝑡) + 𝑀9(𝑡) − 𝑀7(𝑡), (4.46)

where 𝑀𝑖 (𝑡) =
∫ 𝑡

0

√︁
𝜑(𝑟𝑖 (𝑋 (𝑟)))
𝑉1(𝑟)

d𝑊𝑖 (𝑟), 𝑀 𝑗 (𝑡) =
∫ 𝑡

0

√︃
𝑟𝛿
𝑗
(𝑋 (𝑟))

𝑉1(𝑟)
d𝑊 𝑗 (𝑟), 𝑖 = 3, 5, 6, 7,

and 𝑗 = 1, 9, are local continuous martingales and 𝑀𝑖 (0) = 0 and 𝑀 𝑗 (0) = 0.

Since 𝜃 = 𝜇𝐾 , 1− 𝑝 < 1
𝐾
+ 1

2𝐾2 , 𝛽21∨ 𝛽22 <
1
𝐾

(
1+ 1

2𝐾

)
𝑑1∧ 𝑑2 and by using Lemmas

6 and 7, we deduce from (4.46) that

lim sup
𝑡→∞

⟨𝐼1(𝑡) + 𝐼2(𝑡)⟩ ≤
𝜃 (1 − 𝑝) − 𝜇 − 𝜇

2𝐾
1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2 − 𝛽21 ∨ 𝛽22

a.s.

We conclude by using (4.45) that,

lim
𝑡→∞

𝐼1(𝑡) + 𝐼2(𝑡) = 0 a.s.,

which implies that

lim
𝑡→∞

𝐼1(𝑡) = 0 a.s. and lim
𝑡→∞

𝐼2(𝑡) = 0 a.s..

Remark 5 Theorem 14 shows that we need a high efficient imperfect vaccine designed to
reduce the transmission to eradicate the disease if there is a large vaccination rate. In the
case where there is a large number of unvaccinated individuals among the new recruitment
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in the community, we need to implement some strategies to reduce contact between
individuals. This implies that the conditions which are needed to have 𝐼1(𝑡) + 𝐼2(𝑡) to
become extinct in the stochastic system (3.17) are more restrictive than in the corresponding
deterministic system (3.3).

4.4.1.4 Persistence in mean

In this section, we establish sufficient conditions to ensure that the parasite is strongly
persistent in mean with probability one.

Definition 13 For system (3.17), the parasite is said to be persistent in mean if

lim
𝑡→∞

inf⟨𝐼1(𝑡) + 𝐼2(𝑡)⟩ > 0 a.s.

Theorem 15 Let 𝑋 (𝑡) = (𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) ∈ R5
+ be the solution of system

(3.17) such that 𝑆1(𝑡) + 𝑆2(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) < 𝐾 with the initial value 𝑋0 =

(𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) ∈ R5
+ such that 𝑆1(0) + 𝑆2(0) + 𝐼1(0) + 𝐼2(0) + 𝑅(0) < 𝐾 .

Suppose one of two condition holds

(a) 𝛽21∨ 𝛽22 >
1
𝐾

(
1+ 1

2𝐾

)
𝑑1∧𝑑2, 1− 𝑝 < 1

𝐾
+ 1

2𝐾2 and 𝑆1(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) +𝑅(𝑡) ≥ 1,
a.s.

(b) 𝛽11 ∨ 𝛽12 >
1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2, 𝑝 <

1
𝐾

+ 1
2𝐾2 and 𝑆2(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) ≥ 1,

a.s.

Then the solution (𝑆1(𝑡), 𝑆2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡)) has the property

lim
𝑡→∞

inf⟨𝐼1(𝑡) + 𝐼2(𝑡)⟩ > 0 a.s.

Proof : We only consider the case when (a) is satisfied. The case under (b) is proven
analogously. Let consider𝑉1(𝑡) = 𝑆1(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡) ≥ 1. To derive the conditions
for persistence in mean of parasites, we apply the Itô’s formula to − log(𝑉1(𝑡)) and obtain
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the following lower bound

−d log(𝑉1(𝑡)) = − 1
𝑉1(𝑡)

[
𝑓1(𝑋 (𝑡))d𝑡 +

√︃
𝑟𝛿1 (𝑋 (𝑡))d𝑊1(𝑡) −

√︁
𝜑(𝑟3(𝑋 (𝑡)))d𝑊3(𝑡)

−
√︃
𝑟𝛿8 (𝑋 (𝑡))d𝑊8(𝑡)

]
− 1
𝑉1(𝑡)

[
𝑓3(𝑋 (𝑡))d𝑡 −

√︁
𝜑(𝑟5(𝑋 (𝑡)))d𝑊5(𝑡)

+
√︃
𝑟𝛿8 (𝑋 (𝑡))𝑑𝑊8(𝑡) −

√︃
𝑟𝛿10(𝑋 (𝑡))d𝑊10(𝑡)

]
− 1
𝑉1(𝑡)

[
𝑓4(𝑋 (𝑡))d𝑡

−
√︁
𝜑(𝑟6(𝑋 (𝑡)))d𝑊6(𝑡) +

√︃
𝑟𝛿9 (𝑋 (𝑡))𝑑𝑊9(𝑡) −

√︃
𝑟𝛿11(𝑋 (𝑡))d𝑊11(𝑡)

]
− 1
𝑉1(𝑡)

[
𝑓5(𝑋 (𝑡))d𝑡 −

√︁
𝜑(𝑟7(𝑋 (𝑡)))d𝑊7(𝑡) +

√︃
𝑟𝛿10(𝑋 (𝑡))d𝑊10

+
√︃
𝑟𝛿11(𝑋 (𝑡))d𝑊11(𝑡)

]
+ 1

2𝑉2
1 (𝑡)

[
𝑟𝛿1 (𝑋 (𝑡)) + 𝜑(𝑟3(𝑋 (𝑡))) + 𝜑(𝑟5(𝑋 (𝑡)))

+ 𝜑(𝑟6(𝑋 (𝑡))) + 𝑟𝛿9 (𝑋 (𝑡)) + 𝜑(𝑟7(𝑋 (𝑡)))
]
d𝑡
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=

[
− 𝜃 (1 − 𝑝)

𝑉1(𝑡)
− 𝛽21𝑆2(𝑡)𝐼1(𝑡)

𝑉1(𝑡)𝑁 (𝑡) − 𝛽22𝑆2(𝑡)𝐼2(𝑡)
𝑉1(𝑡)𝑁 (𝑡) + 𝜇𝑉1(𝑡)

𝑉1(𝑡)
+ 𝑑1𝐼1(𝑡)
𝑉1(𝑡)

+ 𝑑2𝐼2(𝑡)
𝑉1(𝑡)

]
d𝑡

+ 1
2𝑉2

1 (𝑡)

[
𝑟𝛿1 (𝑋 (𝑡)) + 𝜑(𝑟3(𝑋 (𝑡))) + 𝜑(𝑟5(𝑋 (𝑡))) + 𝜑(𝑟6(𝑋 (𝑡))) + 𝑟𝛿9 (𝑋 (𝑡)) + 𝜑(𝑟7(𝑋 (𝑡)))

]
d𝑡

−

√︃
𝑟𝛿1 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊1(𝑡) +
√︁
𝜑(𝑟3(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊3(𝑡) +
√︁
𝜑(𝑟5(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊5(𝑡)

+
√︁
𝜑(𝑟6(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊6(𝑡) −

√︃
𝑟𝛿9 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊9(𝑡) +
√︁
𝜑(𝑟7(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊7(𝑡)

≥
[
− 𝜃 (1 − 𝑝) − 𝛽21𝐼1 − 𝛽22𝐼2 + 𝜇 +

𝑑1

𝐾
𝐼1(𝑡) +

𝑑2

𝐾
𝐼2(𝑡)

]
d𝑡 +

[ 1
2𝐾

𝜇 + 1
2𝐾2𝑑1𝐼1(𝑡)

+ 1
2𝐾2𝑑2𝐼2(𝑡)

]
d𝑡 −

√︃
𝑟𝛿1 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊1(𝑡) +
√︁
𝜑(𝑟3(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊3(𝑡)

+
√︁
𝜑(𝑟5(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊5(𝑡) +
√︁
𝜑(𝑟6(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊6(𝑡) −

√︃
𝑟𝛿9 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊9(𝑡)

+
√︁
𝜑(𝑟7(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊7(𝑡)

≥
[
𝜇 + 1

2𝐾
𝜇 − 𝜃 (1 − 𝑝) − 𝛽21 ∨ 𝛽22(𝐼1(𝑡) + 𝐼2(𝑡))

+ 1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2(𝐼1(𝑡) + 𝐼2(𝑡))

]
d𝑡 −

√︃
𝑟𝛿1 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊1(𝑡)

+
√︁
𝜑(𝑟3(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊3(𝑡) +
√︁
𝜑(𝑟5(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊5(𝑡) +
√︁
𝜑(𝑟6(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊6(𝑡)

−

√︃
𝑟𝛿9 (𝑋 (𝑡))
𝑉1(𝑡)

d𝑊9(𝑡) +
√︁
𝜑(𝑟7(𝑋 (𝑡)))
𝑉1(𝑡)

d𝑊7(𝑡). (4.47)

Integrating (4.47) from 0 to 𝑡 on both sides gives[
𝛽21 ∨ 𝛽22 −

1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2

] ∫ 𝑡

0
(𝐼1(𝑟) + 𝐼2(𝑟))d𝑟

≥ − log(𝑉1(0)) +
[
𝜇 + 1

2𝐾
𝜇 − 𝜃 (1 − 𝑝)

]
𝑡 + log(𝑉1(𝑡))

− 𝑀1(𝑡) + 𝑀3(𝑡) + 𝑀5(𝑡) + 𝑀6(𝑡) − 𝑀9(𝑡) + 𝑀7(𝑡), (4.48)
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where 𝑀𝑖 (𝑡) =
∫ 𝑡

0

√︁
𝜑(𝑟𝑖 (𝑋 (𝑟)))
𝑉1(𝑟)

d𝑊𝑖 (𝑟), 𝑀 𝑗 (𝑡) =
∫ 𝑡

0

√︃
𝑟𝛿
𝑗
(𝑋 (𝑟))

𝑉1(𝑟)
d𝑊 𝑗 (𝑟), 𝑖 = 3, 5, 6, 7,

and 𝑗 = 1, 9, are local continuous martingales and 𝑀𝑖 (0) = 0.
Since 𝜃 = 𝜇𝐾 , 1− 𝑝 < 1

𝐾
+ 1

2𝐾2 , 𝛽21 ∨ 𝛽22 >
1
𝐾

(
1+ 1

2𝐾

)
𝑑1 ∧ 𝑑2 and by using Lemma

6, we deduce from (4.48) that,

lim
𝑡→∞

inf⟨𝐼1(𝑡) + 𝐼2(𝑡)⟩ ≥
𝜇 + 1

2𝐾
𝜇 − 𝜃 (1 − 𝑝)

𝛽21 ∨ 𝛽22 −
1
𝐾

(
1 + 1

2𝐾

)
𝑑1 ∧ 𝑑2

> 0 a.s.

4.4.2 Numerical simulations

In this section some numerical simulations for the system (3.17) are conducted to illustrate
the obtained theoretical results provided in Theorem 14 and Theorem 15. Applying the
Euler-Maruyama method used in [5] on (3.17), the system (3.17) can be discretized as
follows:

𝑆1(𝑡𝑘+1) = 𝑆1(𝑡𝑘) + 𝑓1(𝑋 (𝑡𝑘))Δ +
√︃
𝑟𝛿1 (𝑋 (𝑡𝑘))𝜂1𝑘

√
Δ −

√︁
𝜑(𝑟3(𝑋 (𝑡𝑘)))𝜂3𝑘

√
Δ −

√︃
𝑟𝛿8 (𝑋 (𝑡𝑘))𝜂8𝑘

√
Δ,

𝑆2(𝑡𝑘+1) = 𝑆2(𝑡𝑘) + 𝑓2(𝑋 (𝑡𝑘))Δ +
√︃
𝑟𝛿2 (𝑋 (𝑡𝑘))𝜂2𝑘

√
Δ −

√︁
𝜑(𝑟4(𝑋 (𝑡𝑘)))𝜂4𝑘

√
Δ −

√︃
𝑟𝛿9 (𝑋 (𝑡𝑘))𝜂9𝑘

√
Δ,

𝐼1(𝑡𝑘+1) = 𝐼1(𝑡𝑘) + 𝑓3(𝑋 (𝑡𝑘))Δ −
√︁
𝜑(𝑟5(𝑋 (𝑡𝑘)))𝜂5𝑘

√
Δ +

√︃
𝑟𝛿8 (𝑋 (𝑡𝑘))𝜂8𝑘

√
Δ −

√︃
𝑟𝛿10(𝑋 (𝑡𝑘))𝜂10𝑘

√
Δ,

𝐼2(𝑡𝑘+1) = 𝐼2(𝑡𝑘) + 𝑓4(𝑋 (𝑡𝑘))Δ −
√︁
𝜑(𝑟6(𝑋 (𝑡𝑘)))𝜂6𝑘

√
Δ +

√︃
𝑟𝛿9 (𝑋 (𝑡𝑘))𝜂9𝑘

√
Δ −

√︃
𝑟𝛿11(𝑋 (𝑡𝑘))𝜂11𝑘

√
Δ,

𝑅(𝑡𝑘+1) = 𝑅(𝑡𝑘) + 𝑓5(𝑋 (𝑡𝑘))Δ −
√︁
𝜑(𝑟7(𝑋 (𝑡𝑘)))𝜂7𝑘

√
Δ +

√︃
𝑟𝛿10(𝑋 (𝑡𝑘))𝜂10𝑘

√
Δ +

√︃
𝑟𝛿11(𝑋 (𝑡𝑘))𝜂11𝑘

√
Δ.

(4.49)
where 𝑋 (𝑡𝑘) = (𝑆1(𝑡𝑘), 𝑆2(𝑡𝑘), 𝐼1(𝑡𝑘), 𝐼2(𝑡𝑘), 𝑅(𝑡𝑘)), 𝑘 = 0, 1, 2, · · · , Δ is the step size and
𝜂𝑖𝑘(for 𝑖 ∈ {1; 2; · · · ; 11} and 𝑘 = 0, 1, 2, · · · ) are mutually independent Gaussian random
variables which follow the distribution N(0, 1). In addition, the discretized equations (4.49)
are similar to the ones in [74, 114] with the positive preserving truncated Euler–Maruyama
method. This ensures that, population sizes remain nonnegative: if at the 𝑡𝑡ℎ

𝑘
time step

a calculated population size is negative, it si reset to zero before the 𝑡𝑡ℎ
𝑘+1 time step [5].

Notably in [74, 114], the function 𝜑 is only use in the numerical implementation to preserve
the positivity.
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We compute the sample paths with a step size of 0.01. The parameter 𝛿 is set to 0.25
and the carrying capacity, representing the maximum population size, 𝐾 , is set to 100000.
The specific parameter values used are summarized in Table 2. The initial values are set as
(𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) = (1000, 700, 200, 80, 20).

In Figure 20(a), we fix 𝜃 = 1000, 𝛽11 = 0.4, 𝛽12 = 0.2, 𝛽21 = 10−9, 𝛽22 = 10−9,
𝜇 = 𝜃/𝐾 , 𝑝 = 1−0.00001 (others as given in Table 2), so that the condition (a) of Theorem
14 is satisfied. For the condition (b) of Theorem 14, we consider parameter values as
𝜃 = 1000, 𝛽11 = 10−9, 𝛽12 = 10−9, 𝛽21 = 0.4, 𝛽22 = 0.3, 𝜇 = 𝜃/𝐾, 𝑝 = 0.00001 (others
as given in Table 2). However, a stochastic solution of the same system yields different
outcome for each simulation due to the randomness of the system (see Figures 20(a) and
20(b), upper panel). To address this, in Figure 20(c) (respectively Figure 20(d)), we present
the mean value of 1000 simulations of the number of infected (𝐼1 + 𝐼2) using the parameter
values that satisfy condition (a)(respectively condition (b)) of Theorem 14. The result
illustrates the extinction of the parasite within the host population.

In Figure 21(a), we choose 𝜃 = 1000, 𝛽11 = 0.6, 𝛽12 = 0.5, 𝛽21 = 0.4, 𝛽22 = 0.3,
𝜇 = 𝜃/𝐾, 𝑝 = 1 − 0.00001 (others as given in Table 2) to ensure that the condition (a)
of Theorem 15 is satisfied. Similarly, the condition (b) of Theorem 15, is satisfied when
𝜃 = 1000, 𝛽11 = 0.5, 𝛽12 = 0.6, 𝛽21 = 0.2, 𝛽22 = 0.1, 𝜇 = 𝜃/𝐾, 𝑝 = 0.00001(others as
given in Table 2). Figure 21(c)(respectively Figure 21(d)) is corresponding to the mean
value of 1000 simulations of number infected (𝐼1 + 𝐼2). This shows the persistence in mean
of the parasite in the host population.

4.4.3 Summary

A major question in epidemiology is to account for the effect stochasticity and thus to
determine the likely realistic outcome of epidemics. In this chapter, we formulated the
stochastic model for the transmission dynamic of an infectious disease in a heterogeneous
population of vaccinated and unvaccinated hosts to investigate the effect of demographic
variability on the ODE system (3.3). Our work shows that the conditions for the disease to
become extinct in the stochastic system are more restrictive than those of the deterministic
system, a result which has implications for optimizing vaccination campaigns.
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(a) (b)

(c) (d)

Figure 20: Extinction of the disease with initial conditions
(𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) = (1000, 700, 200, 80, 20) and a step size 10−2.
Upper panel (a) (respectively (b)) represents 5 simulations of infected (𝐼1 + 𝐼2) of stochastic
system (3.17) with parameters which satisfy condition (a) (respectively (b)) of Theorem 14.
Lower panel (c) (respectively (d)) represents the average value of 1000 simulations of
infected (𝐼1 + 𝐼2) of system (3.17) with the same parameter values.

4.A Theorem 1.2 of [24]

Consider the operator

L 𝑓 (𝑥) =
𝑑∑︁

𝑖, 𝑗=1

√
𝑥𝑖𝑥 𝑗𝛾𝑖 𝑗 (𝑥)

𝜕2 𝑓

𝜕𝑥𝑖𝜕𝑥 𝑗
(𝑥) +

𝑑∑︁
𝑖=1

𝑏𝑖 (𝑥)
𝜕 𝑓

𝜕𝑥𝑖
(𝑥), (4.50)

on functions in C2
𝑏
(R𝑑+), the space of bounded C2 functions on the nonnegative orthant

with bounded first and second order partial derivatives.
Let 𝜈 be a probability on R𝑑+. Let Ω′ = C([0, +∞);R𝑑+) and furnish Ω′ with the
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(a) (b)

(c) (d)

Figure 21: Persistence in mean of the disease with initial conditions
(𝑆1(0), 𝑆2(0), 𝐼1(0), 𝐼2(0), 𝑅(0)) = (1000, 700, 200, 80, 20) and a step size 10−2. Up-
per panel (a) (respectively (b)) represents 5 simulations of infected (𝐼1 + 𝐼2) of stochastic
system (3.17) with parameters which satisfy condition (a) (respectively (b)) of Theorem
14. Lower panel (c) (respectively (d)) represents the average value of 1000 simulations of
infected (𝐼1 + 𝐼2) of system (3.17) with the same parameter values.

cylindrical Borel 𝜎− field. Let 𝑋𝑡 (𝜔) = 𝜔(𝑡) for 𝜔 ∈ Ω′. Set F ′
𝑡 =

⋂
𝑢>𝑡 𝜎(𝑋𝑠 : 𝑠 ≤ 𝑢).

We say a probability measure P on C(R𝑑+) solves the martingale problem 𝑀𝑃(L, 𝜈) if
under P the law of 𝑋0 is equal to 𝜈 and for all 𝑓 ∈ C2

𝑏
(R𝑑+),

𝑓 (𝑋𝑡) − 𝑓 (𝑋0) −
∫ 𝑡

0
L 𝑓 (𝑋𝑠)d𝑠,

is a local martingale under P with respect to 𝜎− fields F ′
𝑡 .

Let | 𝑥 | denote the Euclidean norm of 𝑥 ∈ R𝑑 and 𝑆+
𝑑

denote the space of 𝑑 × 𝑑
symmetric strictly positive definite matrices. We assume that for some fixed 𝛼 ∈ (0, 1],
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(H1) (𝛾𝑖 𝑗 )𝑖, 𝑗≤𝑑 : R𝑑+ → 𝑆+
𝑑

is 𝛼− Hölder continuous on compact sets;

(H2) (𝑏𝑖)𝑖≤𝑑 : R𝑑+ → R𝑑 is 𝛼− Höder continuous on compact sets and for all 𝑖 ≤ 𝑑,
𝑏𝑖 (𝑥) ≥ 0 whenever 𝑥𝑖 = 0.

We also assume that

| 𝑏(𝑥) |≤ 𝐶 (1+ | 𝑥 |) for all 𝑥 ∈ R𝑑+. (4.51)

Theorem 16 Suppose (H1) and (H2) hold. There is a positive constant 𝑐1.1 = 𝑐1.1(𝛼, 𝑑)
such that if ∑︁

𝑖≠ 𝑗

| 𝛾𝑖 𝑗 (𝑥) |≤ 𝑐1.1 min
𝑖
𝛾𝑖𝑖 (𝑥) for all 𝑥 ∈ 𝜕R𝑑+, (4.52)

then for any probability 𝜈 on R𝑑+, there is at most one solution to 𝑀𝑃(L, 𝜈). If, in addition,
(4.51) holds, then there is exactly one solution to 𝑀𝑃(L, 𝜈).
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Chapter 5

Conclusion and perspectives

5.1 General conclusion

This thesis seeks to deepen the understanding of the interplay between external variability
and host defenses in shaping the outcomes of epidemics, with a particular focus on
scenarios where parasites do not evolve. By examining the random factors influencing
disease dynamics, the research provides valuable insights into the complexities of epidemic
control, particularly in world that is rapidly changing. The findings highlight the need
for adaptive and flexible public health strategies, that can accommodate to the inherent
unpredictability of infectious disease outbreaks.

In Section 4.1, we presented the results of the analysis of a COVID-19 transmission
model that incorporated self-quarantined individuals, delays in diagnosis, and environmental
transmission. The model was specifically designed to analyze the dynamics of the pandemic
in Ghana. Our analysis revealed that the DFE is GAS when the basic reproduction number,
R0, is less than or equal to 1 and the EE is GAS when R0 > 1. From the sensitivity
analysis, we showed that reducing the interaction between susceptible individual, the virus
in the environment, and exposed individuals will further reduce the virus spread in the
local community or reduce the basic reproduction number more rapidly. As a result, we
recommended that all individuals adhere to strict hygiene practices, including regular hand
washing with soap and the use of alcohol-based sanitizers when using public facilities. This
would help minimize contact with contaminated surfaces or objects. In addition, to reduce
the risk of infection from exposed individuals, we advise to improve air quality through
increased airflow, air cleaning, or gathering outdoors. Moreover, Figure 8(d) highlighted
the importance of timely diagnosis in reducing the number of exposed individuals. Thus,
we suggested that the government intensify efforts in diagnosing COVID-19 cases to limit
the number of infected individuals in each community. This would significantly contribute
to controlling the spread of the virus in Ghana.

When a large proportion of a population becomes immune to a virus, it becomes harder
for the disease to spread. This concept constitutes the foundation of herd immunity [22, 35, 72].
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However, many individuals choose not to be vaccinated for various reasons (health concerns,
lack of information, systemic mistrust, see [83]). Furthermore some vaccines offer only
partial protection or are effective only against certain disease variants as seen in the case of
COVID-19 where the vaccine efficiency and immunity waning against different variants
have been a concern. Therefore, pathogens often encounter a heterogeneous population of
vaccinated and unvaccinated hosts [83], and this has consequences in the disease’s evolution
[2, 48, 45].

In Section 4.2, we employed mathematical modelling techniques, including both
analytical methods and numerical simulations, to assess the population-level impact of
different types of imperfect vaccines in controlling the spread of a disease transmission
within a community. In the first section, we conducted a theoretical analysis of the model,
focusing on key epidemiological indicators, such as the basic reproduction number, R0,
and determined the necessary conditions for the stability of the disease-free and endemic
equilibria. A key outcome of this analysis was the derivation of a condition related to
the proportion of vaccinated individuals required to achieve herd immunity. We defined
this as the critical vaccination coverage the threshold at which the reproduction number
is reduced to R0 < 1, ensuring that the disease cannot persist in the population. This
condition provides a measurable target for public health interventions aimed at achieving
disease eradication through vaccination.

When the vaccine is developed to prevent infection and stop transmission, our results
indicates that disease eradication was possible with a strong population turnover, provided
that vaccination coverage was greater than 69.6% (48.9%) for weak (strong) vaccine
efficiency. However, when population turnover is weak, we observed damped oscillations,
and eradication was only achievable with a highly efficient vaccine and a coverage above
75.6%. Otherwise, the disease persisted and became endemic in the community. We
emphasized the role of population turnover as an important factor in determining the
success of vaccination campaigns (as suggested in [63, 98, 101]). For example, for human
population, the turnover can be seen as migration in and out of the community, as birth and
death tend to be small and relatively constant. Our results suggested that for a community
with strong migration (strong turnover), vaccinating individuals coming in, could help
lower the basic reproduction number. However, if there was a weak migration (weak
turnover) such as during travel restriction, the vaccination strategy should be enhance with
mass vaccination campaigns and the use of high efficiency vaccines. A similar approach
applies to domesticated animals (livestock), with the movement of vaccinated individuals
between farms influence the dynamics of the epidemic.
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We then conducted more detailed analysis of the impact of vaccine type and its
efficiency on disease dynamics. The vaccine can reduce transmission and/or enhance the
recovery of infected individuals. Disease eradication was achievable if the vaccine reduced
transmission by 82%, improved recovery by at least 25%, and a vaccination coverage of
82% was reached provided there was a strong population turnover. In contrast, under weak
turnover, maximum vaccine efficiency and coverage were required. This highlights the
interaction between the strength of population turnover and the vaccine efficiency and
properties. Moreover, we explored the crucial role of vaccine design, specifically the
trade-off between its efficiency in preventing transmission (infection) and its ability to
accelerate recovery from the disease. By examining three trade-off curves, we found that
the convex function (𝜈 = 𝜀2) was the most desirable when the vaccine efficiency exceeded
60% under strong population turnover. However, under a weak population turnover, the
disease eradication was challenging regardless of the vaccination coverage and the vaccine
efficiency combined. Furthermore, we noticed that a smaller vaccination coverage and/or
efficiency was sufficient when using a vaccine designed with a convex trade-off between
transmission reduction and recovery enhancement compare to vaccines with other trade-offs
or no trade-off.

Our model has both limitations and advantages compared to previous work in the
literature, as it aims to study the overall behaviour of disease dynamics under various
schematic scenarios. First, we used, COVID-19 parameters for illustrative purposes to
show the vaccination coverage threshold for a highly transmissible disease. However, we
caution against drawing precise recommendations for COVID-19 vaccination solely from
these results. Second, our model does not explicitly account for continuous vaccination
or large vaccination campaigns in a community. In our model, vaccination is linked to
population turnover, which explain the periodic oscillations in disease incidence ( known as
”honeymoon periods”, [22, 51, 98, 101]). These periodic epidemics, as predicted for COVID-19,
may be linked to immunity waning of the various vaccines against emerging variants [72].
Third, we used a frequency dependent transmission, which allowed us to derive analytical
results in more comprehensively than some earlier model. However, the approach might
underestimate the spread of disease and speed of disease dynamics. Thus, to make accurate
predictions regarding vaccination efficiency and campaigns for a given disease, the ad hoc
parameters of our models must to be correctly calibrated and adjusted.

This model contained some general conclusions that extend beyond human populations
to include domesticated animals (livestock), wild animals and even crops. Domesticated
animals like human require vaccinations (e.g., [26, 49]), and our study emphasized the
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importance of turnover and migration rates within and out of the population. Our results
also suggested that in livestock, vaccine types can be adjusted depending on the disease,
especially if the goal is to ensure recovery of infected animals rather than focusing only on
preventing any transmission (e.g., [26, 49]). Our results could also be relevant for vaccination
campaigns aimed at wild, endangered animals [23]. The model can also be applied to
crop immunisation. For example, to protect plants from pathogens or pests, biotic or
synthetic chemicals can be used to induce immunity in the plant [38] or fungicides [95].
In this context, fungicide application is equivalent to vaccination and is decoupled from
population turnover, which in this case refers to the planting and harvesting cycle. Plant
epidemiology modelling has been used to predict the efficiency of imperfect fungicide
treatments in controlling epidemics and improving crop yield, with results similar to those
obtained in our study [95, 99].

A major question in epidemiology is to understand the effect stochasticity and determin-
ing realistic outcome of epidemics scenario. In Section 4.4, we formulated the stochastic
model to examine the transmission dynamic of an infectious disease within a heterogeneous
population of vaccinated and unvaccinated hosts, with the goal to investigate the effect
of demographic variability on the ODE system (3.3). The SDE model derived from the
approach of Allen et al. [5], does not satisfy the classical global Lipschitz condition
when population sizes approaches zero, as it involves square roots of population sizes in
the diffusion coefficients. To the best of our knowledge the existence and uniqueness of
solutions for such models have not been fully addressed in the stochastic disease modelling
literature. We were able to prove the existence and uniqueness of a non-negative weak
solution of the SDE by using Theorem 1.2 of [24]. We also discussed the extinction and
persistence in mean of the proposed model and providing sufficient conditions for each
scenario. Finally, we performed numerical simulations to support our analytical results.
Our findings show that the conditions required for disease extinction in the stochastic system
are more restrictive than those in the deterministic system, a result that has implications for
optimizing vaccination campaigns.

5.2 Perspectives

The thesis concludes with a forward looking exploration on how temperature variability and
vaccination strategies affect malaria dynamics within a metapopulation model of malaria.
Malaria remains a significant public health challenge, particularly in tropical and subtropical
regions, where temperature fluctuations significantly impact mosquito behavior and parasite
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development. Rising greenhouse gas emissions are expected to exacerbate climate change
in the coming years [78]. As atmospheric CO2 levels increase, global temperatures are
projected rise, enhancing breeding conditions, for vector such as mosquitoes, which transmit
malaria. Higher temperatures can expand the geographical range and seasonal duration
of mosquito habitats, improving their suitability for reproduction. These results in larger
mosquito population and faster parasite development within the vector, whichin turn can
lead to increase transmission rates of vector-borne diseases, like malaria.

Regions that experience low transmission rates of vector-borne diseases may face
significant changes as temperatures rise to levels more favorable for vector breeding. In
areas previously unsuitable for mosquito populations, even modest temperature increases
can create condition conducive to mosquito reproduction and survival. As temperatures
approach the optimal range for mosquito activity and parasite development, these areas
experience a sharp rise in transmission rates, potentially transforming previously low risk
regions into hotspots for diseases like malaria. This highlights the need to understand
and predict how climate change may alter disease transmission dynamics across various
ecological settings. To address this, we will incorporate a temperature model based
on an Ornstein–Uhlenbeck process, to capture global warming trend. Depending on
the availability of historical temperature data, we will estimated the model’s unknown
parameters. Coupling this temperature model with the metapopulation model for malaria,
we aim to simulate the impact of changing climatic conditions on malaria transmission
rates across multiple populations.

The model will also incorporate vaccination strategies, focusing on their effectiveness
in reducing malaria transmission within and between populations, particularly in areas
with significant variability in mosquito density and human movement. By capturing
the stochastic nature of transmission in metapopulations, the model account for local
extinctions and reintroductions of the disease, as well as the impact of temperature on
the parasite’s life cycle. Using both mathematical analysis and numerical simulations, we
validate the influence of temperature on mosquito breeding rates and mosquito mortality.
In addition, we will investigate and evaluate how these temperature dependent factors
interact with vaccination coverage to determine wheter malaria persists or is eradicated in
various regions. The study aims to provide more actionable insights into developing more
robust malaria control strategies by incorporating environmental variability, the limitation
of imperfect vaccines and the challenges posed by population heterogeneity.
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