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Abstract

We study admissible transformations and solve group classification problems for
various classes of linear and nonlinear Schrédinger equations with an arbitrary
number n of space variables.

The aim of the thesis is twofold. The first is the construction of the new theory
of uniform semi-normalized classes of differential equations and its application to
solving group classification problems for these classes. Point transformations con-
necting two equations (source and target) from the class under study may have
special properties of semi-normalization. This makes the group classification of
that class using the algebraic method more involved. To extend this method we
introduce the new notion of uniformly semi-normalized classes. Various types of
uniform semi-normalization are studied: with respect to the corresponding equiv-
alence group, with respect to a proper subgroup of the equivalence group as well as
the corresponding types of weak uniform semi-normalization. An important kind
of uniform semi-normalization is given by classes of homogeneous linear differen-
tial equations, which we call uniform semi-normalization with respect to linear
superposition of solutions.

The class of linear Schrédinger equations with complex potentials is of this type
and its group classification can be effectively carried out within the framework of
the uniform semi-normalization. Computing the equivalence groupoid and the
equivalence group of this class, we show that it is uniformly semi-normalized with
respect to linear superposition of solutions. This allow us to apply the version
of the algebraic method for uniformly semi-normalized classes and to reduce the
group classification of this class to the classification of appropriate subalgebras
of its equivalence algebra. To single out the classification cases, integers that are
invariant under equivalence transformations are introduced. The complete group
classification of linear Schrodinger equations is carried out for the cases n = 1 and
n=2.

The second aim is to study group classification problem for classes of general-
ized nonlinear Schrédinger equations which are not uniformly semi-normalized. We
find their equivalence groupoids and their equivalence groups and then conclude
whether these classes are normalized or not. The most appealing classes are the
class of nonlinear Schrédinger equations with potentials and modular nonlineari-
ties and the class of generalized Schrédinger equations with complex-valued and,
in general, coefficients of Laplacian term. Both these classes are not normalized.
The first is partitioned into an infinite number of disjoint normalized subclasses
of three kinds: logarithmic nonlinearity, power nonlinearity and general modu-
lar nonlinearity. The properties of the Lie invariance algebras of equations from
each subclass are studied for arbitrary space dimension n, and the complete group
classification is carried out for each subclass in dimension (142). The second
class is successively reduced into subclasses until we reach the subclass of (141)-
dimensional linear Schrédinger equations with variable mass, which also turns out
to be non-normalized. We prove that this class is mapped by a family of point
transformations to the class of (1+1)-dimensional linear Schrédinger equations
with unique constant mass.
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Populdrvetenskaplig sammanfattning

I denna avhandling studerar vi hur man kan klassificera bade linjira och ic-
ke-linjara Schrodinger ekvationer med gruppsymmetri som klassificeringsprincip.
Detta leder till introduktionen av en ny teori av sa kallade uniformt halv-norma-
liserade klasser av differentialekvationer som kan tillampas péa de olika typer av
ekvationsklasser. I synnerhet tillampas metoden pa linjdra Schrodinger ekvationer
med potential (bade reell och komplex) och pa s vis erhallas en fullstdndig klas-
sificering av denna typ av Schrédinger ekvationer i dimension 1+1 och 142.

Aven icke-linjiara Schrédinger ekvationer, med vissa typer av icke-linjira ter-
mer, studeras och en fullstdndig klassificering erhallas for dessa icke-linjara termer
i dimension 14+2. De klasser av icke-linjara Schrodinger ekvationer som studeras
hér innehaller en ekvationsklass med variabel massa. Vi visar bland annat att i
dimension 141 varje Schrédinger ekvation med variabel massa kan avbildas pa en
Schrodinger ekvation med konstant massa.

Bade linjdra och icke-linjara Schrodinger ekvationer forekommer i fysik och
teknik, och &ven linjira Schrodinger ekvationer med komplex potential har pa
senare ar undersokts i kvantteori. Att klassificera sddana ekvationer enligt grup-
psymmetriska egenskaper dr att skapa ett slags ordning i en skenbar oordning,
och det visar sig att det i grunden finns bara ett &ndligt antal "grundtyper" av
Schrédinger ekvationer som &r sinsemellan inekvivalenta.






ix

Acknowledgments

First of all I would like to express my deepest gratitude to my supervisors, Pro-
fessor Peter Basarab-Horwath and Professor Roman Popovych for their invaluable
impact on my research in Mathematics. They introduced me to the subject and
facilitated my research by providing me the required support along the way. I am
very grateful for the academic environment we have worked with and all valuable
advice and comments for the present thesis.

I thank Bengt-Ove Turesson, Bjorn Textorius, Meaza, Theresa and all the
academic and administrative staffs of the Department of Mathematics for their
help and guidance whenever needed.

I express my gratitude to the International Science Programme (ISP) for their
financial support through the East African Universities Mathematics Programme
(EAUMP)-network. In particular, I would like to thank Leif Abrahamsson for
his advice and care concerning the welfare students supported by the above pro-
gramme. Further my thanks go to Pravina Gajjar, Karangwa Desiré, Michael
Gahirima and Banzi Wellars for their quick responses and advice whenever needed.

Prof Alexandre Lyambabaje, Dr Mahara Isidore, Dr Minani Froduard and Mr
Claudio Achola showed me interest in doing Mathematics from the very beginning
in my graduate and post-graduate studies. Thank you very much.

My thanks go to my fellow PhD students for making Linképing such a nice
place to live and work. In particular, I express my thanks to my officemate Ad-
son Banda and my countrymates Venuste Nyagahakwa, Innocent Ngaruye and
Beatrice Byukusenge, for their discussion during my PhD studies.

I want also to thank the Government of Rwanda and the University of Rwanda
for giving me the opportunity to pursue further studies and providing me study
leave.

Finally, I am grateful to my family and friends for their strong support. Thank
you mam for your love and faith in me. Thank you my wife Dancille and my
children Ineza and Hirwa for your encouragement and your accepting for the pain
of missing me during the studies.

Célestin Kurujyibwami






xi

List of papers

The thesis consists of five papers, which will be referred to in the text by their
numbers in Roman numerals.

I. Kurujyibwami C., Basarab-Horwath P. and Popovych R.O., Algebraic met-
hod for group classification of (1+1)-dimensional linear Schréodinger equa-
tions, submitted to Acta Appl. Math., (2016) arXiv:1607.04118, 30 pp.

II. Kurujyibwami C., Basarab-Horwath P. and Popovych R.O., Group classifi-
cation of multidimensional linear Schrodinger equations with the algebraic
method, (in preparation) (2017).

III. Kurujyibwami C., Basarab-Horwath P. and Popovych R.O., Group classifi-
cation of multidimensional nonlinear Schrédinger equations, (in preparation)
(2017).

IV. Kurujyibwami C., Basarab-Horwath P. and Popovych R.O., Admissible tran-
sformations of (1+1)-dimensional Schrédinger equations with variable mass,
(in preparation) (2017).

V. Kurujyibwami C., Equivalence groupoid for (142)-dimensional linear Sch-
rodinger equations with complex potentials, Journal of Physics: Conference
Series, 621 (2015),12008-12014.

Contribution

Authors’s contribution to these papers is the following. I wrote Paper V myself. In
the other four papers supervisors posed the problems to be studied and proposed
the general plan of their solutions. The other piece of the work, which includes
computing and formulating results and writing the papers, was done by me.

The results of the above papers were presented by me at four conferences:

o Group classification of multidimensional Schrodinger equations with poten-
tials and general modular nonlinearity, The 3rd EAUMP conference “Ad-
vances in Mathematics and its applications” (October 26-28, 2016, Makerere
University, Kampala, Uganda).

e Group classification of multidimensional nonlinear Schrédinger equations,
Eighth International Workshop “Group Analysis of Differential Equations
and Integrable Systems” (June 12-17, 2016, Larnaka, Cyprus).

e Group classification of multidimensional linear Schriodinger equations with
algebraic method, 14th conference “Mathematics in Technical and Natural
Sciences” (September 18-24, 2015, Koscielsco, Poland).

o Algebraic method for group classification of (1+1)-dimensional linear Schro-
dinger equations, Seventh International Workshop “Group Analysis of Dif-
ferential Equations and Integrable Systems” (June 15-19, 2014, Larnaka,
Cyprus).



xii

These results were also presented in various seminars:

e Group classification of linear Schrédinger equations by the algebraic method,
Licentiate seminar at the Department of Mathematics (February 24, 2016,
Link6ping University, Linkoping, Sweden).

o Group classification of (1+n)-multidimensional linear Schrodinger
equations, Seminar at the Department of Mathematics (January 21, 2016,
University of Rwanda, Kigali, Rwanda).

o Group classification of (1+1)-dimensional linear Schrédinger equations,
Mathematics colloquium (May 23, 2014, Linképing University, Linkoping,
Sweden).

e Group classification of Schrédinger equations,
First Network Meeting for SIDA and ISP funded PhD Students in Mathe-
matics (March 7-8, 2017, Stockholm, Sweden).



Contents

1__Introductionl 3
I1.1 Lie symmetries of Schrodinger equations: known results] . . . . . . )
1.2 Motivation and relevancel . . . .. ... .. ... ... ... .. 6

|2 Basic notions of symmetry analysis| 9
2.1 One-parameter groups and their infinitesimal generators.|. . . . . . 9
22 Jetbundles . ... ... 10
2.3 Lie symmetries of ditferential equations| . . . . . . ... ... ... 13

[2.3.1 Nondegenerate systems of differential equations| . . . . . . . 16

I3 Classes of differential equations and equivalence transformations| 17
3.1 Classes of differential equations| . . . . . ... ... ... ... ... 17
[3.2 _Equivalence transformations|. . . . . .. .. ... ... 19
3.3 quivalence groups| . . . . . . .. L. o 20

[3.3.1  Usual equivalence group and equivalence algebral . . . . . . 20
[3.3.2  Generalized and generalized extended equivalence groups| . 21
[3.3.3  Gauge equivalence group| . . . .. .. ... L. 23
[3.3.4  Conditional equivalence groups| . . . . . . . . ... ... .. 24
3.4  Normalization properties|. . . . . . . . . . . ... ... ... 24

4  Group classification problem| 27
4.1  Formulation of the problem| . . . . . . ... ... ... ....... 27
4.2  Methods to solve the problem of group classification| . . . . . . .. 27

[4.2.1 Infinitesimal Lie’s method and direct integration of deter- |

| mining equations| . . . . . .. ... oo 28

[4.2.2  Algebraic method for group classification| . . . . .. .. .. 28

xiii



xiv Contents

4.3 Algorithm for solving the problem of group classification|. . . . . . 29

6 Summary of the papers| 31
Bibliography 35
I Algebraic method for group classification of (1+1)-dimensional |
linear Schrodinger equations| 41
I Introductionl. . . . . . . . . . ... 42

12 Group classification in classes of differential equations| . . . . . . . 45

13 Uniformly semi-normalized classes] . . . .. .. ... .. ... ... 48

4 Equivalence groupoid|. . . . . ... o000 53

15 Analysis of determining equations for Lie symmetries|. . . . . . . . 58

16 Group classification|. . . . . ... ..o oo 61

|7 Alternative proof] . . . . . . .. Lo 68

18 Subclass with real-valued potentials| . . . . .. ... .. ... ... 73

19 Conclusionl . . . . . . . . . e 75
[References| 79
IIT Group classification of multidimensional linear Schrodinger equa- |
| tions with the algebraic method | 83
L Introductionl. . . . . . .. ... . o 84

12 Basics notions of group classification| . . . . . .. .. ... ... 86

13 Uniformly semi-normalized classes] . . . . . .. ... ... .. ... 88

4 Weakly uniformly semi-normalized classes| . . . . . ... ... ... 93

15 Equivalence groupoid|. . . . . . ... o000 95

16 Equivalence group and equivalence algebral. . . . . . .. ... ... 98

|7 Analysis of determining equations for Lie symmetries|. . . . . . . . 100

3 Further properties of Lie symmetry algebras|. . . . . .. ... ... 103

9 Group classification of (1+2)-dimensional linear Schrédinger equa- |
L TI0NS « o o o e e e e e e e e e e 105
10 Conclusionl . . . . . . . . . 115
[References| 117
IIT Group classification of multidimensional nonlinear Schrodinger |
121
Il Introductionl. . . . . . ... .. .o o 122

12 Equivalence groupoid|. . . . . . .. ..o oo 124

13 Equivalence group and equivalence algebral. . . . . . .. ... . .. 126

4 Determining equations for Lie symmetries| . . . . . . . .. ... .. 130

5] Schrodinger equations with potentials and modular nonlinearity|. . 133
5.1 General casel . . ... ... ... L 133

9.2 Logarithmic modular nonlinearity|] . . . ... .. ... ... 134

5.3 Power nonlinearity| . . . . . . ... ... ... ... ... .. 135

|6 Group classification in dimension (14+2)] . . . . ... ... .. ... 137




XV

6.1 General case of nonlinearity] . . . . . . ... ... ... ... 138

6.2 Logarithmic modular nonlinearity] . . . ... .. ... ... 142

6.3 Power nonlinearity] . . . . . .. ... .. oL 147

[l Conclusion] . ... .. ... .. .. o 151
[References| 153
IV Admissible transformations of (141)-dimensional Schrédinger |
equations with variable mass| 157

[ Introduction]. . . . . . . . . . . ... 158

12 Equivalence groupoids of covering classes| . . . . .. .. ... ... 161
3 Admissible transformations in narrower classesl . . . .. ... ... 165

4 Linear Schrodinger equations with variable mass| . . . . . . . . .. 168

B Conclusionl . . . . . . . . 170
[References 171
[V Equivalence groupoid for (142)-dimensional linear Schrodinger |
equations with complex potentials| 173
L Introductionl. . . . . . . .. .. Lo 174

12 Equivalence groupoid|. . . . . ... ... oo 0oL L 176

13 Equivalence group and normalization properties|. . . . . . . . . .. 179

2! Conclusionl . . . . . . . . 179

[References] 181






Theoretical background






Introduction

Lie symmetries of differential equations were first introduced by the Norwegian
mathematician Sophus Lie in his efforts to create a theory for differential equations
similar to the work of Galois on algebraic equations. In this approach, a symmetry
of a differential equation (ordinary or partial) is an invertible transformation that
maps the set of solutions of the equation to itself: if L(u) = 0 is a differential
equation, where u stands for a solution of the equation, then we must have

L(a) =0 whenever L(u)=0,

where @ is the transform of u. It is easy to see that the set of all symmetries of a
given equation form a group.

Lie’s theory gave birth to the theory of continuous transformations group and
then led to the concept of Lie groups: a Lie group is, in modern terminology,
a finite-dimensional analytic manifold whose underlying set is also a group so
that the group operations of multiplication and taking the inverse, (g,h) — gh,
g — g1, are analytic (see [45]).

Lie’s original work on symmetries of differential equations was done in terms of
what are now called Lie algebras and one-parameter groups. These one-parameter
groups are generated by vector fields (known also as infinitesimal symmetries) and
the vector fields form a Lie algebra. The first step in a (Lie) symmetry analysis
of a given differential equation is to find the vector fields that generate (local)
one-parameter groups of symmetry transformations. To do this, Lie developed
an algorithmic method of determining these vector fields. This was one of his
many deep results, and it is still the basis of every investigation of the symmetry
properties of differential equations. This is known as the Lie infinitesimal method.
Having found the Lie algebra of infinitesimal symmetries of an equation, one can
then reconstruct the local one-parameter groups that they generate, and from a
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given solution of the equation we can generate new ones by applying the local
symmetry transformations.
In his approach, Lie posed two questions:

1. What symmetries does a given equation possess?

2. Given a group (in a given representation), what differential equations (of a
given order and type) admit this group as a group of symmetries?

In this thesis, we look at a variant of the first question: given a class of differential
equations, what symmetries can the equations in that class possess and how can
we classify them according to the various symmetry properties that they have?

From 1899, the year in which Lie died, up to the 1950’s, Lie’s methods fell
almost into disuse. However, two notable exceptions were Bateman’s proof in
1909 that the free wave equation is invariant under the conformal group and
Emmy Noether’s work on the correspondence between the symmetries of a La-
grangian variational problem and the conservation laws of the Euleur-Lagrange
equations [32].

In the late 1950’s and early 1960’s, Ovsiannikov began publishing his work on
the symmetry analysis of differential equations ([34], [35]) and from the late 1960’s
to the present day there has been an exponential growth in the application of sym-
metry methods to differential equations (see for instancecite [3], [6], [33], [36], [37]
and the references cited there).

Although Lie’s symmetry algorithm based on the infinitesimal Lie method is
fundamental in symmetry analysis, it is not always powerful enough on its own to
give complete results. For classes of differential equations whose arbitrary elements
depend on one variable only but not on any derivative, such as the equation

up = f(u)ugs + fulu)ug,

this approach is successful. However, the method is not powerful enough when
confronted by equations of the type

Uy = f(uvuw)uza: + g(ua ux)

The reason for this is quite simple: the infinitesimal method of Lie depends on
being able to express the symmetry condition (on the coefficients of a symmetry
vector field) as a polynomial in the derivatives. This is not possible when terms
such as f(u,u,) and g(u,u,) are present. The way out of this problem is to
supplement Lie’s infinitesimal method with other techniques. In this thesis we
use the algebraic method [4], which is based on the subgroup analysis of the
equivalence group associated with a class of differential equations under study.
This approach uses a synthesis of Lie’s infinitesimal method, the technique of
equivalence transformations [37] and the analysis of low-dimensional subalgebras
as well as the equivalence groupoid of the equation (or class of equations) [40]
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1.1 Lie symmetries of Schrodinger equations:
known results

The study of Schrodinger equations from the symmetry point of view began in
the early 1970’s with the symmetry analysis of the linear Schrédinger equation
(A, 251, 20, 28], [29], [30]). In [27] Niederer found the usual Lie symmetry
group of (143)-dimensional free linear Schrodinger equations using Lie’s infinites-
imal method. In subsequent papers ([28], [29], [30]) he obtained the maximal
kinematical invariance group of the harmonic oscillator as well establishing an
isomorphism between the invariance groups for both the harmonic and linear po-
tential, and the free invariance particle. Niederer also obtained a symmetry clas-
sification of linear Schrédinger equations with arbitrary real potential V = V (¢, x)
for space-dimension less or equal to three. Boyer ([7]) solved the problem of group
classification of the class of linear Schrédinger equations with arbitrary real-valued
time independent potential and found a generalization of Niederer’s results. In the
book [25], Miller gave a résumé of his important work on the symmetry properties
and separation of variables for linear Schrodinger equations.

In the early 1990’s, Fushchych and his collaborators in ([13], [14], [15], [16])
studied the symmetries and conditional symmetries and exact solutions of Schro-
dinger equations of the form

i+ MM+ F([)p =0 A#0

(as well as considering other nonlinear equations). Earlier, in ([I7], [I8], [19]
the group invariant solutions of (143)-dimensional generalized quintic nonlinear
Schrédinger equations, with F' = ag + aq [t|? + az|1|* were constructed. Nonlinear
Schrodinger equations of the type

iwt + ’(/}:vw + F(t7$a¢,¢*»¢m7¢;) = 07

where F is an arbitrary smooth, complex-valued function, were studied in ([8]), in
particular their invariance under subalgebras of the symmetry algebra of (141)-
dimensional free Schrodinger equation. The symmetry classification for the general
case of F' = F(1,1*) was carried out in [31].

A complete classification of the above type of nonlinear Schrodinger equation
with modular nonlinearities, supplementing Lie’s infinitesimal approach with the
notions of equivalence group and normalized classes of differential equations, was
given in [40]. They also gave a complete description of all admissible transforma-
tions in the class F (that is, those that map equations of the class to equations in
the same class).

In ([20]) the symmetry analysis of the class of (1+1)-dimensional cubic Sch-
rodinger equations with variable coefficients of the form

W + f(t, 0)ta + g(t @)1 + h(t, 2)9 = 0,

where f, g, h are complex-valued functions of (¢,2) with (Re f)(Reg) # 0, was
carried out.
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Various other classes of nonlinear Schréodinger equations have over the years
been studied using Lie’s method supplemented with other techniques. Among
these supplementary techniques is the exploitation of equivalence transformations,
as developed systematically by Ovsiannikov (see [37]). This method has been
enhanced and refined by Popovych and his collaborators (for details see [39], [40],
[46]). In this thesis, we investigate linear and non-linear Schrédinger equations
using the techniques developed by Popovych and his collaborators, and we enhance
these methods with new results.

1.2 Motivation and relevance

We consider linear and nonlinear Schrédinger equations with complex potentials.
Nonlinear Schrodinger equations have been used in nonlinear optics and plasma
physics, as well as other fields. Real potentials have an obvious interpretation in
quantum mechanics, but recently interest in complex-valued potentials has grown.
These complex potentials still give a real-valued spectrum for the Hamiltonian (see
for instance [1, [2], [12], [26], [42], [43]).

We are motivated in our treatment of linear and nonlinear Schrédinger equa-
tions for a variety of reasons.

First of all, we treat, in the first paper of this thesis, linear Schrédinger equa-
tions in (141)-time-space with a potential. Although this case was considered
previously by Niederer ([27]) and Boyer ([7]), their results are not complete. Also,
their approach to symmetries was based on an assumption of a linear representa-
tion of symmetries (as suggested by representation theory). Here, we use the Lie
algorithm for finding the symmetries, and the form of the representation is then
dictated by the equation. Our approach gives an exhaustive list of potentials,
both real and complex, and we thus obtain completeness in our classification. As
mentioned above, some complex potentials have been of interest in various appli-
cations, there are complex potentials which still allow the quantum mechanical
Hamiltonian to have a real spectrum. In the second paper, we look at the case of
linear Schrodinger equations with potential in (1+n)-time-space dimensions and
then give a more detailed analysis for the (1+2)-time-space.

As well as completeness, using our method on this type of Schrédinger equa-
tion provides us with a laboratory for the method and the auxiliary concepts we
develop. Indeed, we extend the methods described in ([4]). Further, in the third
paper we extend the results of ([40]) to the case of several dimensions.

Since nonlinear Schrédinger equations have been used in many contexts, we
use our methods to study nonlinear Schrodinger equations of the form

i + G(t, 2, 0,9", Vb, VY*) A + F(t, 2,4, 9", Vi, V') =0, G #0,

and then consider more specific cases of the nonlinearities F' and G. This study
is intended to help in the understanding of the various subclasses of nonlinear
equations.

Finally, our study is intended to give a Lie symmetry classification of these
Schrédinger equations and to use these Lie symmetries to construct exact solutions
of the equations.
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This thesis consists of two parts: in the first part we present a summary of the
theoretical background needed to read the research papers and the second part
consists of the research papers.






Basic notions of symmetry analysis

2.1 One-parameter groups and their infinitesimal
generators.

Symmetry analysis of differential equations is based on the notion of Lie algebras
of vector fields. These vector fields are the generators of (local) Lie groups of
symmetry transformations. A symmetry transformation is, as noted in the in-
troduction, simply a transformation which maps a solution of a given differential
equation to another solution of the same equation. We begin by recalling some
basic concepts and definitions which form the background of our approach. For
simplicity, we work in R™ or open subsets of R as all our considerations in this
thesis are of a local nature.

One of the fundamental ingredients in our approach is the concept of (local)
one-parameter group. This is just a modification of the idea of a one-parameter
group of transformations:

Definition 2.1. 1) A one-parameter group of smooth transformations of R™ (for
some positive integer n) is a one-parameter family of smooth transformations
®,: R — R” with ¢ € R, such that (¢,2) — ®,(z) is a smooth map R x R — R”
with the properties that &5 0 &, = &4, for all t € R and &g = idgn.

2) A one-parameter local group of smooth transformations of an open subset
U C R" is a family of smooth transformations ®;: U — U with ¢t € I for some
symmetric interval I C R about 0 € R™ such that (¢,2) — ®;(x) is smooth map
R x U — U and such that ®;(x) € U for all t € I and = € U, ®y(z) = x for each
z €U and @50 ®(z) € U for x € U and for all s,t € I such that s +¢ € I.
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—— Example 2.1
As examples of one-parameter groups of transformations we have

[cosh t sinh t] |:COS t —sint

sinht cosht sint  cost ] » teR.

Clearly, every one-parameter group of transformations is a local one-parameter
group. The generator of a local one-parameter group is a vector field which we
define as follows:

Definition 2.2. Suppose we are given a local one-parameter group of transfor-
mations ®;, ¢ € I on an open subset U C R™ as defined in Definition 2.1} Then a
vector field X defined on U is the generator of the local one-parameter group on
U if X, is the tangent vector to the curve defined by ¢ — ®;(z) at ¢ = 0. That is,

d
X, = %cpt(x)ytzo.
The generator of a local one-parameter group acts on (smooth) functions

f: U — R according to the rule

(XP)) = ST @),y

and this defines a derivation on the multiplicative ring of functions: we have
X(f+g9)=Xf+Xgand X(fg) = (Xf)g+ f(Xg), as is easily verified from the
definition of the generator X.

2.2 Jet bundles

Jet bundles, or jet spaces, are the natural setting for discussing differential equa-
tions. A jet bundle over a manifold M is essentially a space whose local co-

ordinates are the local coordinates x = (z!,...,2") of M together with func-

tions u = (ul,...,u™) on M as well as their derivatives. Thus, if the man-
ifold is R? and we have one function u: R?> — R, then the jet bundle of or-
der two, denoted by J2(R% R, is the space with local coordinates (z,u(2)) =
(.’L’1,£L'27U,U17U27U11,U127’UQQ), where u; and uy denote the first-order derivatives
O1u and Oru with 0; and 9, being the partial derivatives with respect to ! and
2?2 respectively, and 11, 12, U2 denote the three second order partial derivatives
of u: up; = 0?u, ujs = O%u, usy = O5u. It is assumed that all mixed derivatives
are equal. A rigorous definition of jet bundles and their properties can be found
in [38], [41]. Our exposition below is informal and follows that of Olver in [33].
For a smooth real-valued function u(z!,...,2™) of n independent variables we

have the pth order derivatives

dlaly
T 9rdree ... Hron

Uq



2.2 Jet bundles 11

where « stands for the unordered n-tuple of integers a = (a1,aa,...,an)
and where the integers «;, 7 = 1,...,n are such that 1 < «o; < n. « is re-
ferred to as a multi-index and its length, denoted by |al, is defined as |a| =
a1 + ag + -+ + a,. The corresponding jet space is denoted by JP(R™ R) and
has local coordinates (z,u) = (x!,... 2", u) together with all the partial deriva-
tives ua, 1 < Ja| < p. Thus, for instance, J3(R?/R) has local coordinates
(T, Yy Uz, Uy, Uggs, Uy, Uy > Ugzwa > Ugzys Uzyy, Uyyy ). We define the “zeroth” jet bun-
dle J°(R™,R) as being the space with local coordinates (z,u), the “zeroth” deriva-
tive of u being just the function itself.

If we now take a function u: R™ — R™ then the corresponding jet space of
order p is denoted by JP(R™, R™) and its local coordinates are

(z,u) = (', ..., 2™ ul, . u™)
together with all the partial derivatives u%, 1 < |a| < p, a = 1,...,m. The
“zeroth” jet bundle JY(R™,R™) is then the space with local coordinates (z,u).
We refer to the space R™ x R™ with local coordinates (z,u) as the underlying
space. It is the graph space of the mapping u: R — R™. In the literature on
symmetries of differential equations the z = (z!,...,2") and u = (u!,...,u™) are
called the independent variables and the dependent variables, respectively.

The jet bundles JP(R™ R™) can be given the structure of a differentiable man-
ifold (see [41]) and they are also fibred manifolds: there is a map (the projection
map) mp,: JP(R™,R™) — R"™ x R™ which is surjective (it is a submersion) given
by 7, (z,up)) = (z,u), where u,) stands for the collection of all partial deriva-
tives of u up to and including order p, with the “zeroth” derivatives being just the
functions themselves. The fibre above (z,u) is just the inverse image 7, " (x, u)
(see [38], [41]). Onme also has the projections m,;: JP(R",R™) — J¢(R",R™) for
p = q given by 7y, (2, u(p)) = (2, u(q)) and it is easy to verify that 7; ,0m, , = 7 4
whenever j > p > q. We also have 7, , = id and 7, = m o mp 4 for all p > q.

The structure of a fibred manifold allows us to define diffeomorphisms of
JP(R™,R™). Note that any diffeomorphism ®: R™ x R™ — R"™ x R™ of the
underlying space R™ x R™ induces a transformation of the derivatives of all orders
of u = (ul,...,u™). The induced transformation on the jet space JP(R™ x R™)
obtained in this way (by the usual chain rule) is called the pth prolongation of ®.
It is clear that the pth prolongation of a diffeomorphism & will depend only on
the local coordinates (z,u(,)). We use the notation ®|(; ) to denote the pth
prolongation of ®.

The jet bundles described above are endowed with differential operators D;, i =
1,...,n called the total derivatives with respect to x; and they are defined as
D; = 0; +u? +5i5’ug, where 0; is the multi-index whose ith entry equals 1 and
whose other entries are zeroes. The variable u? of the jet space JP(R™,R™) — R
is given by 9l*lu®/9x{" ... 0x%". Here and below we assume summation over
repeated indices.

Thus for the functions X : JP(R™,R™) — R we have

0X
- a 7 ug“'l‘&i 8 a’
x ud
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where the summation over « is over all n-tuples (aq, ..., ay) of all lengths o] > 1
The sum is well-defined since X is a function of only a finite number of arguments.
Here ug, ; is defined for a = (ay, ..., a,) as

ut = aug‘ _ 8|a‘+1u“

Xt 9xt OxtOxr ... Qxon

—— Example 2.2 s
The space on which second-order ordinary differential equations are defined is
J2(R,R). The underlying space is R x R with local coordinates (x,y). The local
coordinates on J?(R,R) are then (z,y,%’,3") and the total derivative with respect
to z is

0 , 0

0 0
D, = — v n Y n ]
8x+y8y+y 8y’+y oy"

—— Example 2.3 .
For J2(R?,R) we have the underlying space R? x R with local coordinates (z,y, u)
and the local coordinates on J2(R?,R) are then (z,y, u, Uz, Uy, Uz, Uy, Uyy). We
have two total derivatives

_0 0 0 0 0 0

+ Uzyy G
vy

0 0 0 0 0 7]

x Y vy Ty

Tty ou
T

The total derivatives D, D, mentioned in this example are examples of generalized
vector fields rather than vector fields since the coefficient y"” and uzga, Ugay, Uyyy
appear, and these are coordinates on the jet bundles J3(R, R) and J3(R?,R). This
problem can be circumvented by working on the infinite jet bundle J*°(R"™, R™)
where the local coordinates include derivatives u& of arbitrary order (that is with
|| takes on all possible positive integer values), and in this case the operators D;
mentioned above are vector fields. Functions on this infinite jet bundle are defined
as being functions of only a finite number of non-zero arguments. A rigorous
definition is given in [41], but we shall not need this construction. We do not
use jet bundles other than in an informal way and the total derivatives are to be
understood as generalized vector fields.
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2.3 Lie symmetries of differential equations

In this Section we are interested in point symmetries of differential equations,
that is, invertible point transformations acting on the space of independent and
dependent variables which map solutions of differential equations to solutions of
the same equations (see for instance [6], [33]).

Definition 2.3. A symmetry of differential equation is a smooth transformation
that maps any solution of differential equation to another solution of the same
equation. Then a point symmetry group of differential equation is a smooth, in-
vertible point transformation which maps every solution of the differential equation
to a solution of the same differential equation.

Note that according to this definition, a symmetry may be a transformation
which depends on derivatives, whereas a point symmetry is a transformation on
the underlying space of a differential equation (that is, the space of independent
and dependent variables). In the following, we refer to point symmetries as just
symmetries.

We begin with a definition of what we mean by a system of differential equations

(133)):

Definition 2.4. A system of [ differential equations of order p for m unknown
functions (ul,...,u™) in n independent variables (x1,...,x,) is a smooth function

L:JP(R",R™) = R, such that L(z,u(,)) =0,

where p, m, n and [ are positive integers. This system is of maximal rank if the
smooth function £: JP(R™,R™) — R! has rank [, that is, the differential DL
mapping the tangent space at each point of the domain of definition of £ to R!
has rank /.

—— Example 2.4

A system of two equations of order two of one function of independent variables
(w1, 2) is a smooth map £: J2(R? R) — R? such that

. _ ) Li(zue) =0,
L(z,u@z): = { Lo(x,u(2)) =0

For illustration one can take L(x,wu(s)) to be the system
Li:u —Ugy — Uy —u =0, and Lo: Uy — Uy — 2Uzy = 0.

The differential DL is then easily computed to be

pr— (9L 9L\ _ (000 -1 1 =3 0 0 -1
"\ 9z;,70uy) \O 0O 0 0 -1 1 0 -2)°

which is of rank two whenever L(z,u()) = 0.
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Definition 2.5. A symmetry transformation of a system of differential equations
L:JP(R"R™) - R', such that L(z,u(,)) =0,
is a smooth, invertible map
®: R" xR™ —» R" x R™, O(x,u) = (z,0) (2.1)
so that £(Z,1,)) = 0 whenever L(z,u(p)) = 0.

Any symmetry @ will induce an action on the derivatives of a function. This
action is defined as follows:

Definition 2.6. The map (z,u(,)) — (¥, 1)) induced by the map ®: (z,u) —
(&, 1) is called the pth prolongation of ®, denoted by pr(P) .

It is an essentially hopeless task to find symmetries of differential equations
with this definition. However, using this definition we can restrict our attention
to (locally defined) one-parameter groups generated by vector fields of the form

X = gi(aj,u)@ci + n%(x, u)Oya.

The action of this vector field can be extended to an action on functions on the jet
bundle P: JP(R™,R™) — R. This extended action is called the pth prolongation
of the vector field X, and is denoted by X(,) and is defined by the formula

X(P) = EZ (l’, u)a”ﬂz + 77a (SC, u)@ua + Z ngauﬁ .
a=1

The sum over « is over all n-tuples a with || > 1. The functions n% are defined
as follows for each a = (a1, 9,...,ay):

e = Da (n® = 'uf) + €l ;
with Dy = Do, Da, - .. Dy, . Alternatively, they may be given recursively as
n¢ = Din® —ug D&, nd ;= Din’ —ul ,D;g"

for |a| > 1.

—— Example 2.5
For the vector field

X =20, + 2u0y
defined on the underlying space R x R the first prolongation X(l) is
Xy = 20, + 2u0y 4 1204, = 20y + 2u0y + 10,

since 1, = Dy (2u — zuy) 4+ Ty,
L
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—— Example 2.6 .

The vector fields X = 0,, Y = 20,, Z = 220, form the Lie algebra sl(2,R) and
the commutation relations are [Y, X] = =X, [V, Z] = Z and [X, Z] = 2Y. Their
second prolongations for the underlying space R x R are

X(2) =02y Y(2) = 200 — a0, — 2Ua00u,,
Z(2) = 372835 — 2uz0u, — (2ug + U4, )0

For more details on these definitions and examples, we refer to [33].
Lemma 2.1. Let ®x(t) denote the local flow of a vector field X on R x R™ and
P, (t) the local flow of X,y on JP(R x R™), then

prP o () = Dx,, (t).

For a proof, see [33].
We can now define what we mean by an infinitesimal symmetry operator for a
differential equation:

Definition 2.7. The vector field X defined by
X = & (x,u)0,, +n°(x,u)0ya

is an infinitesimal point symmetry of the system of differential equations
L(x,u,up)) =0, where L:J?(R",R™)— R!,

if the local diffeomorphism generated by the local flow ®x (t) of X is a symmetry
of this system of differential equations.

The basic result on symmetries of differential equations is the following:

Theorem 2.1. If the (smooth) vector field X defined on the underlying space
R™ x R™ is a symmetry of the system of differential equations L(x,u,)) = 0,
where L: JP(R™,R™) — R is of mazimal rank, then

Xy - L=0 whenever L(x,ug))=0.

If X)Y are two infinitesimal point symmetries of the system of differential equa-
tions of mazximal rank L(x,u,)) = 0 then so is their commutator [X,Y]. Here
Xpy - L=0 means X)Ly =0 forallq=1,...,1.

Note that this result only says that if ®x (t) is a symmetry, then X,y-£ = 0. It
requires that, at least for ¢ € I for some interval I of zero, ® x (t)u to be a solution
of L(x,u,u)) = 0 whenever u is a solution. The converse statement requires the
extra condition of nondegeneracy.
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2.3.1 Nondegenerate systems of differential equations

Our work deals with non-degenerate systems of differential equations. We have
the following definitions (see [33]):

Definition 2.8. A system of pth order differential equations L(z,u(,)) = 0 is
said to be locally solvable at the point (z,u,) for which L£(z,u(,)) = 0 if there
exists a smooth solution u = f(x) of the system L(x,u,)) = 0 which is defined in
some neighborhood of = and satisfying u,) = pr®) f(z) where pr® f(z) denotes
the collection of all derivatives of f(z) of order up to and including p.

It is locally solvable if it is locally solvable at every point of the set

{(z,u@py): L(z,u)) = 0}

Definition 2.9. A system of differential equations is said to be non-degenerate
if it is locally solvable and of maximal rank at each point of the set

{(z,u@py): L(z,up)) = 0}.
The importance of non-degeneracy is illustrated in the following theorem:

Theorem 2.2. Suppose L(x,ue,)) = 0 is a non-degenerate system of differential
equations. A wvector field X on the underlying space R™ x R™ is an infinitesimal
symmetry of the system if and only if

X(p) .L =0 whenever E(x,u(p)) =0.

For a proof, see [33].



Classes of differential equations and
equivalence transformations

We give here a short exposition of the main technical concepts that are used in our
approach to the group classification of differential equations: these are the idea
of a class of differential equations and equivalence transformations and concepts
related to them.

3.1 Classes of differential equations

To introduce the concept of a class of differential equations we look at the example
of an evolution equation of second order:

Ut = F(t7x7u7uxauxa:)a

where F' is a smooth function of its arguments, and it belongs to a class of equations
with the following conditions on F'

Fy, = Fy,, = Fy,, =0, Fy,, #0.
We call F' an arbitrary element of the system

u = F(t,x,u,uy, Uyy), Fu, =Fu, =0, F,, #0.

This can be symbolized by
L@(tv T, U(2), 9(t7 z, u(2))) =0

where § = F' and belongs to the set of (locally) smooth functions satisfying

aut = aum = eutt = 0’ ouJ"r 7& 0.

17
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The functions 6 are called arbitrary elements. Note that in a system of differential
equations, there will in general be more than one arbitrary element.
In our work we follow [33], and we consider systems of differential equations

Lo: Lz, ugp), b(g) (@, u))) =0,

parameterized by the tuple of arbitrary elements 6(z,wy)), where 6 denotes the
tuple 6§ = (0',...,6F) and f(q) is the set of derivatives of ¢ up to and including
order ¢q. This tuple of arbitrary elements 6 satisfies an auxiliary system of equa-
tions S which consists of equations of the form S(z,u,y, 0¢g) (2, u(p))) = 0. This
auxiliary system may also be augmented by some non-vanishing condition written
representatively as X (x, u(p), 0q) (7, up)) # 0, which is taken to mean that no
component of ¥ vanishes.

In this way, we have the class of systems of differential equations Lo where the
arbitrary elements 6 run through S. We denote this class by £|s.

—— Example 3.1

In the above example of the class of second order evolution equation we have:
n=2 m=1p=21=1,60 = F, the auxiliary system of the class is S:

0., = 04,, = 0,,, = 0 and the non-vanishing condition is 6, # 0.
L

—— Example 3.2

Consider the class of second order nonlinear wave equations of the form

e = [T, Us)Use + g(T, Uy ),

where the arbitrary elements f and g depend on z and wu,. We have a single

system with two arbitrary elements 8! = f and 62 = ¢ depending on z and u,.

The auxiliary system associated to this class is formed by the equations:
9151:911;:911“ :911M =0 =0 =o,

Uz Ut

07 =02=02 =02 =02 =0 =0.

The nonvanishing conditions are §! # 0 and (6L ,6% ) # (0,0).

Up? T Ug Uy

—— Example 3.3

For the class of linear Schrodinger equations ity + ¥, + V (£, 2)Y = 0, we have a
single arbitrary element # = V with the auxiliary system of the form

Oy = Oy = Oy, = Oy =0y, =0yx =0,
Oy, = Oyr = Oy, = Opr, =0y, =0bpx =0.
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3.2 Equivalence transformations

Group classification of differential equations uses the notion of equivalence trans-
formations. An equivalence transformation is essentially an invertible transforma-
tion that sends an equation of a particular class to another equation of that class.
In this section we look at equivalence transformations of classes of differential
equations and some of their properties. More details can be found in [40].

If we take two systems of equations Ly and L; from a given class L|s, then the
elements 6, 6 may or may not be equivalent under some invertible transformation.
For instance, the evolution equations

TR TR (1

ui  2uf ui  2uf

cannot be mapped into one another by any equivalence transformation of the
class of third-order evolution equations of the form w; = F(t, z,u,uy,us)us +
G(t,x,u,u1,us). Thus we are led to the concept of admissible transformations:
that is, transformations that map 6 to 0.

Definition 3.1. If £y and L; are two systems belonging to the class L|s we say
an admissible transformation from Lg to L is an invertible point transformation
of the underlying space having local coordinates (x, ) which maps Ly to L;. We
denote by T'(0,6) the set of point transformations from Ly to L;.

Definition 3.2. We define the set of admissible transformations in the class of
differential equations as

G~ (Lls): ={(0,0,0)]0,0 €S, cT(0,0)}.

We note (see [23]) that the admissible transformations for the class £|s have
the structure of a groupoid: the identity transformation is quite obviously an
admissible transformation; if ¢ € T(6,02) and ¢ € T(03,0,) then the composition
¥ o is defined only if 6; = 03 and then ¢ o ¢ € T(01,04). The associativity of
composition is inherited from the associativity of point transformations: ¢ o (¢ o
p) = (¢ o) o p whenever the composition is defined. We are thus led to the
following definition:

Definition 3.3. The set of all admissible transformations with the groupiod
structure described above is called the equivalence groupoid of the class L|s and
is denoted by G~. Thus, G~ =G~ (L|s): ={(0,0,9) | 0,0 € S, € T(0,0)}.

The equivalence groupoid G~ is computed by the use of the direct method.
To do this, we fix two arbitrary systems Lo: = L(x,u(), 0 (2, u@)) = 0, and
Ls: = L(z, 1), é(q) (%,1(p))) = 0, and search for invertible point transformations,

0 3= Xz,u), 0*=u(z,u), i=1,...,n; a=1,...,m,

that connect the two systems. Using the chain rule we extend these transforma-
tions to transformations of derivatives, expressing the derivatives of tilded vari-
ables in terms of untilded ones. In this way we obtain a transformed system which
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should be satisfied identically when substituted into the system Lg. This substitu-
tion leads to the system of determining equations for transformational components
of ¢. Solving these determining equations gives the required G~. A particular case
of such transformations is that of symmetries: they map a given system Ly to
itself. The set of all such symmetries is denoted by Gy.

Definition 3.4. The mazimal symmetry group of the system of differential equa-
tions Ly for a fixed 8 € S is the group Gy of transformations in the space of
variables (x,u) such that any solution of the system Ly is mapped to a solution of
the same system. That is Gg: = T(6,0).

The intersection of the maximal point symmetry groups of all systems from this
class is called the kernel group, G = G" (L]s) : = yes Go-

The generators of one-parameter subgroups of the groups Gy and G" form the
Lie algebras go and g", respectively, and are called the mazimal Lie invariance
algebra of the system Ly and the kernel invariance algebra of the class L|s.

3.3 Equivalence groups

The notion of equivalence group, developed in more detail in [33], plays an im-
portant role in the group classification of differential equations. In this section we
look at the equivalence group of the class of differential equations £|s, some of its
properties and generalization.

3.3.1 Usual equivalence group and equivalence algebra

Definition 3.5. The usual equivalence group G~ of the class L|s is the set of
transformations 7 satisfying the following properties:

1. T is a point transformation in the jet space JP(R™ R™) x S endowed with
local coordinates (z,up), ), which is projectable onto the space JI(R",R™)
with local coordinates (z,u(,)) for each 0 < ¢ < p, so that T\(myu(q)) is

the gth order prolongation of 7T, ) for all & € S for which 0 ¢ S and
Tz € T(0,0).

2. T maps every system from the class £|s to a system from the same class.

Remark 3.1. From Definition the notation T\(I,u(q)) means the restriction of
T to the space J9(R™,R™). The symbol = will stand for the projection operator

m: JP(R™,R™) x 8 = JP(R",R™),

(2, Uy, 0) = (2, ue)).

The admissible transformations (9,@, Tl(z,u)); Where 0, 0 cSand T e G~ ob-
tained in this way are said to be induced by the transformations of G™.
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—— Example 3.4
For the class of equations iy + ¥, + V (¢, z)1 = 0, where 1 is unknown complex
function of (¢,x) and V is an arbitrary complex-valued smooth function depending
on its arguments, the point transformations { = ¢, # = —z, » = ¢ and V = V is
an equivalence transformation.

Remark 3.2. It is important to note that the entire equivalence group G~ of
the class L|s is generated by two kinds of transformations: continuous trans-
formations and discrete transformations. When studying the group classification
of classes of differential equations, one usually looks at the continuous transfor-
mations and in particular the identity component, which contains one-parameter
subgroups.

Both the equivalence groupoid G~ and the equivalence group G~ of the class
of differential equations £|s play a crucial role in the group classification of dif-
ferential equations. The knowledge of the groupoid G~ of the class L|s simplifies
the process of classifying Lie symmetry extensions of this class. Using G™, we can
easily obtain the equivalence group G™ of the class £|s. The group classification
of the class under study is easily investigated once these objects are related by
the point transformations from this class. The properties of point transformations
with respect to these objects are given in the section below.

We close this section with a description of the set of generators of the group G™.

Definition 3.6. We call an equivalence algebra of the class £|s denoted by g™,
a Lie algebra formed by the set of generators of one-parameter subgroups of the
equivalence group G™.

It is convenient, for a given class of differential equations, to use the direct
method to find the equivalence groupoid G~, which is used to construct the equiv-
alence group G™~. Once the latter is known, we can find the infinitesimal generators
of G™, which constitute the algebra g™ .

3.3.2 Generalized and generalized extended equivalence groups

The notion of equivalence group can be generalized in several ways. For the "usual
equivalence group", the transformations of independent and dependent variables
(z,u) do not dependent on the arbitrary element 6. In this case the equivalence
transformations are of the form (&, @) = (X (z,u),U(z,u)), 0 = O(x,u,0). The
class L|s, with usual equivalence group G, may have other equivalence transfor-
mations which do not belong to G™ and, together with this group, form different
variations of equivalence groups [33], [44].

If the transformations of the variables (z,u) depend on the arbitrary element 6
then the equivalence group is called the generalized equivalence group and is de-
noted by Gg,. More specifically, this means that for any 7 € Gg,, is a point
transformation in the space (x,u, ) such that

V0 eS:0eS and T (2, u, 0(x,u))|(2u) € T(6,6).

~

gen
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This is equivalent to saying that the generalized equivalence transformations are of
the form (&, 4,6) = (X,U, ©)(x,u, ). When the transformations of the arbitrary
elements are expressed in terms of the old arbitrary elements of the class in a non-
local way (involving the integrals of the arbitrary elements) then the corresponding
equivalence group is called the extended equivalence group and is denoted by G~.
Furthermore, if, in addition, the transformational components of the equivalence
transformations (both components for variables (z, ) and arbitrary elements) are
expressed in terms of the arbitrary elements of the class in a non-local way then
the equivalence group is said to be the generalized extended equivalence group and

~

it is denoted by Gg,,. Different types of these equivalence groups are discussed
in [22], [44].

—— Example 3.5

Consider the class of variable coefficient diffusion-convection equations of the form
f@)ue = (g(x)A(w)uz)e + h(z) B(u)us, (3.1)

where f = f(x), g = g(x), h = h(z), A = A(u) and B = B(u) are arbitrary smooth
functions of their variables, fghA # 0 and (A, B,) # (0,0) studied in [22]. The
usual equivalence group G™ of this class consists of the point transformations of
the form:

7f7 §:51€2_1X$ga B:EIE3_17 A262A7 B:E3B7

whereo;(j =1,...,4)and (i = 1,...,3) are arbitrary constants, oy03e1€263 # 0,
X an arbitrary smooth function of x with X, # 0 while the transformations

t=o1t+o02, ¥=X(z), U=o03u+ o0y,
;_ €101p
f= X,
A=A, B=¢e3(B+e44),

fa g= 515271Xx§0.ga FL = 51637130}%

whereo;(j =1,...,4)and e;(i = 1,...,4) are arbitrary constants, o103¢1€2¢3 # 0,
h

X an arbitrary smooth function of x with X, # 0, ¢ = exp (54f E?dx),
g(x

constitute an extended equivalence group G~.

—— Example 3.6

The equivalence transformations corresponding to the class of variable-coefficient

Korteweg de-Vries equations of the form wy + f(¢, x)uuy + g(t, T)tugee = 0 with

fg # 0 studied in [44] whose form is

- . o1z + 02 -
t=T({t) 2= ——+—+4+05, u=p(t)u—o3x—

(v =0 o(t) 2%,
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0.3
1t))3 g9(t, @),

f) = —f(t), §(t.7)= T (o0

where T is an arbitrary function of ¢ with T, # 0, ¢ = o3 [ f(t)dt 4+ o4 and
0;(j = 1,...,5) are arbitrary constants such that o1(c% 4+ 03) # 0 constitute a
generalized extended equivalence group G

~

gen for that class.

3.3.3 Gauge equivalence group

We continue here the discussion of different type of equivalence transformations
for the given class L|s. Here we are concerned with equivalence transformations
which act only on the arbitrary elements and preserve the space of variables.

Definition 3.7. The equivalence transformations from the group G~ which act
only on the arbitrary elements (and do not change the systems of differential
equations), generate gauge admissible transformations. Equivalence transforma-
tions of this form are considered as trivial (they are "gauges") and are called gauge
equivalence transformations. They constitute the gauge (normal) subgroup G977,
G~ ={T € G™|Tx =z, Tu=u,TO ~ 0} of the equivalence group G~. As in the
previous consideration, we may have different equivalence groups and also their
corresponding gauge subgroups. The values of the arbitrary elements 6 and 6 in S
are gauge equivalent if the systems Ly and L; are the same systems of differential
equations. Here their sets of solutions coincide.

—— Example 3.7

Consider the class V of nonlinear Schrédinger equations with potentials and mod-
ular nonlinearity of the form

i + A+ [P+ V(t2)Y =0, fiy #0

and consider an equation Ly from this class for any fixed V. Then the equivalence
transformations

£:t7 ‘fﬁ:x’ 1;:1#7

f=f+8 V=V-8

with the arbitrary complex number §, which map an equation Ly from the class
V to an equation Ly : ithy + Ay + f(l¥)) + V(t,z)y = 0, they do not change the
form of the class under study (they preserve the equations of differential equations).
Thus, they constitute the gauge equivalence group of that class.
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3.3.4 Conditional equivalence groups

We look at the structure of the equivalence transformations arising from the classes
and their subclasses that are singled out from these larger classes by imposing some
conditions on the set of arbitrary elements. For more details the reader is referred
to [33].

Consider the class L|s whose equivalence group G~ is known and let £|s/ be a
subclass singled out from the class £|s by imposing additional constraints on the
sets 8" and ¥’ of the form S'(z, u),0(4y) =0, X'(x,u(),0) # 0 with respect
to the arbitrary elements 6 = (x, u(p)), where 8’ C S is the set of solution of the
united system S =0, X #0, S =0, ¥/ #0.

Definition 3.8. The equivalence group G™ of the class L|s/, G™(L|s/), is called
the conditional equivalence group of the whole class £|s under the conditions 8’ = 0
and ¥’ # 0. The conditional equivalence group is called nontrivial if and only if it
is not a subgroup of G~ (L|s). It is said to be mazimal under the above conditions
on §" and Y if for any subclass £L|s» of the class £|s containing the subclass £|s
we have G~(L|s/) € G~ (L|s~). Throughout of this thesis we are concerned with
the maximal conditional equivalence groups since they are nontrivial.

3.4 Normalization properties

The study of Lie symmetries in the class of differential equations £|s relies on the
properties of point transformations that this class possesses. In this section our aim
is to describe the property of normalization with respect to point transformations
and we will see throughout the thesis how we can relate the equivalence groupoid,
the equivalence group and normalization properties of the concerned class. More
details on normalization property can be obtained in [24], [33].

Definition 3.9. A class of differential equations L|s is said to be normalized
(in the usual sense) if the equivalence groupoid G~ for this class is generated
by its equivalence group G™~. This means that for each triple (0, 0, ©) from the
equivalence groupoid G, one can find an equivalence transformation 7 € G™ such
that 6 = 76 and ¢ = Tl(z,u)- The class is called normalized in the generalized
sense if for any triple (0,0, ¢) € G~, there exists an equivalence transformation
T € Ggep With 0 =T and ¢ = T (z,u, 0(x,u))|(2,u)-

—— Example 3.8
Consider the class of second order ordinary differential equations,

Yer + ar(t)y: + ao(t)y = b(1), (3.2)

where aj, ap and by are real-valued arbitrary functions of ¢ and y = y(t) is
unknown function of ¢. Its equivalence groupoid G~ is constituted by triples
((al, ao, b), (d1, do, ), <p), where @ is a point transformations in the space of vari-
ables whose components are

T=T@), Y=Y t)z+Y°1), (3.3)
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and the transformed arbitrary elements (a7, do, l~)) are given by

Yl Ty 1

dlzal—QW—fv dOZGO‘Fﬁ(TttKgl_Yt%_aly;l) (5.4)
3.4

- 1 - Ty .

= 72 (bYl + Y7+ a v —Yt‘)ﬁ +a0YO> .

Here T, Y and Y are real-valued functions of ¢ with 7;Y' # 0. The class is
normalized and its equivalence group G is constituted by the point transforma-
tions of the form and . More generally, the class of homogeneous (resp.
inhomogeneous) linear systems of differential equations is normalized.

—— Example 3.9

The class of Burgers equations,
ut"‘uum"’_f(tvx)uzzzoa f7é0

whose equivalence group G~ consists of the point transformations of the form

E_alt—i—ao . kr+at+ o
7&3!‘,4‘&2, e a3t+a2
_ k(ast + az)u — Kazx + a1az — agas - K2
v= a1a9 — aQG3 I = aias — apas”

where a1, ag, as, as, a1,q9 and Kk are constants with ayas — agas # 0 and k # 0,
is normalized.

From the knowledge of the equivalence groupoid G™~, one can check by inspection
whether or not the class under study is normalized (in the usual sense). It is
true when the transformational part ¢ of each admissible transformation does
not depend on the fixed initial value 6 of the arbitrary element tuple, and is
hence appropriate for an arbitrary initial value of the arbitrary element tuple.
Furthermore, the prolongation of ¢ to the space (x,u(,)) and the further extension
to the arbitrary elements according to the relation between the arbitrary elements
0 and 0 give a point transformation in the joint space with local coordinates
(%, u(p),0), see [5]. If the class L|s is normalized, then the projection of the
equivalence algebra of this class contains the linear span of the the maximal Lie
invariance algebras of equations from the class £|s.

Definition 3.10. A class of differential equation L|s is called semi-normalized
if its equivalence groupoid G"~ is induced by transformations from its equivalence
group G~ and maximal point symmetry groups Gy of equations from this class,
i.c., for any triple (6,0,) € G~, 3T € G~ and ¢! € Gy such that § = T and
Y= T|(7¢,u) ° 901'
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—— Example 3.10

The class of second order ordinary differential equations of the form (3.2) with
b(t) = 0 is semi-normalized. Its equivalence group G™ consists of point transfor-

mations of the form (3.3)) and ([3.4) with Y = 0.

Besides these two properties of the normalization, we define another useful prop-
erty in the group classification of differential equations: wuniform semi-normali-
zation. The theory of uniform semi-normalization, which is new in group classifi-
cation, is developed in the papers that make up this thesis. Here we give only the
definition; the complete theory, together with the Theorem on splitting of symme-
try groups in uniformly semi-normalized classes, is presented in the paper [24].

Definition 3.11. Let G~ and G~ be the equivalence groupoid and the (usual)
equivalence group for the class L|s. Let for each § € S the point symmetry
group Gy of the equation Ly € L|s contains a subgroup Ny such that the family
Ns ={Ny | 6 € 8} of all these subgroups satisfies the following properties:

L. Tl(zu) & No for any 6§ € S and any nonidentity 7 € G,
2. Npg = T|(I’u)N9(T|(m,u))_1 for any # € S and any T € G,

3. For any (6,62, ¢) € G~ there exist p! € Np1, ¢* € Ng2 and T € G~ such
that 0% = 760" and ¢ = ¢*(T(u)e",

where T'|(,.) denotes the restriction of 7 to the space with local coordinates (z,u).
Then the class L|s is called uniformly semi-normalized with respect to the sym-
metry-subgroup family Ns.

We end this section by giving the relation between these three properties in
terms of point transformations. If we denote by N, USN and SN the set of normal-
ized, uniformly semi-normalized and semi-normalized classes, respectively, then
the following relation holds: N C USN C SN. From this relation we see that each
normalized class of differential equations is uniformily semi-normalized and semi-
normalized, and each uniformly semi-normalized class is semi-normalized. But
there are semi-normalized classes that are not uniformly semi-normalized. For
instance, the class of nonlinear diffusion equation of the form wu; = (f(u)uy), with
f # 0 is semi-normalized but not uniformly semi-normalized.



Group classification problem

4.1 Formulation of the problem

The study of Lie symmetries of differential equations is in general quite complex.
It is relatively simple when one investigates an ordinary differential equation since
the symmetry analysis can be done by the use of Lie’s infinitesimal method. How-
ever, this method is not effective when arbitrary elements are involved, and for
this situation more advanced techniques are required. We will look at the group
classification problem for Schrodinger equations. That is, we will look for the pos-
sible symmetries that these equations may possess and classify them according to
the types of symmetries that are admitted. The solution of this problem is based
on the properties of point transformations that the class under study possesses as
well as their equivalence relations.

The group classification problem can be stated as follows: given a class of
differential equations L|s (in an appropriate jet space), find, for a given 6 € S,
all possible inequivalent extensions of the maximal Lie invariance algebra ggo to-
gether with all G™ -inequivalent families of the arbitrary element 6 that satisfy the
condition gg # g".

4.2 Methods to solve the problem of group
classification

Here, we list different cases that may occur when one attempts to solve the group
classification problem.

First of all, one finds, for the class L|s, the equivalence groupoid G~ and the
equivalence group G~ whose associated equivalence algebra is g™~. It is in this step

27
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that we will know if the class under study possesses the normalization property in
view of Section [3.41

4.2.1 Infinitesimal Lie’s method and direct integration of
determining equations

For each system Ly, 6 fixed from the class L|s, a vector field X,
X = gz(x’ u)aafq + na(xa u)@ua,

belongs to the algebra gy if and only if it satisfies the infinitesimal Lie invariance
criterion, which is the essence of the infinitesimal Lie’s method, see Theorem
This invariance criterion, applied to X, leads to the determining equations for the
coefficients of the symmetry vector fields in the algebra gy associated with that
equation. This yields an overdetermined systems of linear homogeneous partial
differential equations which can then be solved. When the class under study has
a simple structure, possesses constant arbitrary elements or a single arbitrary ele-
ment, the determining equations for Lie symmetries of equations from the class £|s
can be solved by looking at the compatibility analysis and direct integration of these
equations (up to equivalence relations). This framework leads to an exhaustive
group classification for the class under study.

4.2.2 Algebraic method for group classification

For classes with a complex structure, the determining equations lead to overdeter-
mined systems which can be split into two parts: The first which involves arbitrary
elements and the second without arbitrary elements. Those which do not involve
the arbitrary elements are integrated immediately and give the components of
the symmetry vector fields from gg. The remaining equations, those containing
arbitrary elements, which we refer to as the classifying equations, constitute the
essential part of the group classification of the class £|s. They are investigated
in order to obtain Lie symmetry extensions for the kernel invariance algebra g
(which is obtained by varying the arbitrary elements and further splitting the
classifying equations with respect to various powers of the arbitrary element 6).
A deeper analysis of the classifying equations depends upon whether the class
L|s is normalized or not. If the class is normalized then the maximal Lie symmetry
extensions gy of the kernel invariance algebra g™ are obtained via the classification
of subalgebras of the equivalence algebra, whose projections to the space of inde-
pendent and dependent variables (z,u) coincide with the maximal Lie invariance
algebras of systems from the class £|s [24]. This process reduces the group classi-
fication problem to the algebraic problem of classifying inequivalent subalgebras of
the equivalence algebra g™~. In this case, for each system Ly with a fixed arbitrary
element 6, the solution space of the determining equations is associated with a Lie
algebra of vector fields gg, and gy is contained in the linear span g.,: >, g¢ when
0 varies. The subalgebras of this linear span are called appropriate subalgebras
and they contain the kernel invariance algebra g”'. This technique for solving the
problem of group classification is referred to as the algebraic method. If the class
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under consideration is uniformly semi-normalized, it follows from Definition [3.11
that the linear span g, has a representation of the form

ess lin

90 =8, €g<>,

where g5° and gii;‘ are a subalgebra and an ideal of g,,, respectively. It follows

from this representation that the kernel algebra g is an ideal in g¢)> and in the
whole algebra g,,. The form of the algebra g,, given in such a way induces a

similar form of the representation of the maximal Lie invariance algebra gy,
g0 = 05" € gy”

where gg®: = go N g7} and gg“: =goN gl<i>“ are a finite-dimensional subalgebra

and an infinite-dimensional abelian ideal of gy, respectively.

Definition 4.1. The algebra gg* with gg™ := go N g is called the essential
invariance algebra corresponding to the system Ly of the class L|s.

In this case, the algebra gi® (resp. g{') is considered as the trivial part and

the problem of group classification for the class £|s reduces to the classification of
appropriate subalgebras of the algebra gg* up to the equivalence relation generated
by the action of 7G"™.

We close the group classification for normalized classes with the following

assertion:

Corollary 4.1. If the class L|s is normalized in the usual sense then the kernel
algebra g" is an ideal of the mazimal Lie algebra gy for each 6 € S.

For the proof see [4]. It was shown there that, in general, the kernel invariance
algebra g is not necessarily an ideal of the maximal Lie invariance algebra gg. This
was illustrated by considering the class of (141)-dimensional non-linear diffusion
equation, u; = (F(u)ug), with F' # 0, where the algebras g and gy associated
with F = u*/? are g7 = (9}, 0y, 2t0; + x0,) and go = (0y, Oy, 2t0; + x0,,4t0; +
3udy, Oy, v°t0, — 32ud,), respectively. It is clear seen that [g7, go] ¢ g” since
[0z, 220, — 3xud,] = 220, — 3zud, ¢ g".

In contrast to normalized classes, the group classification of non-normalized
classes is done by partitioning the class into disjoint normalized subclasses and
then investigating each subclass separately. The solution set of inequivalent Lie
symmetry extensions together with their corresponding G™~-inequivalent families of
arbitrary elements is the union of all the lists obtained. Both normalized and non-
normalized classes are investigated in our thesis and Lie’s infinitesimal method,
the algebraic method and direct integrability are used.

4.3 Algorithm for solving the problem of group
classification

The solution of the problem of group classification of class of differential equa-
tion L|s requires several steps to reach completion. Here, we indicate the main
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steps for the complete solution of the group classification problem for Schrodinger
equations presented in our thesis.

Using direct method find the equivalence groupoid G~ of the class L|s.

Construct the equivalence group G~ of the class L|s and the equivalence
algebra g~ corresponding to this group. This is the main step in the group
classification.

Check the normalization property.

For an equation £y with a fixed arbitrary element, find Lie symmetries from
the determining equations for this equation. Here we derive the maximal Lie
invariance algebra gg, the kernel invariance Lie algebra g” and the classifying
equations for Lie symmetry extensions.

Find all possible G™~-inequivalent values of families of the arbitrary elements
0 together with all inequivalent Lie symmetry extensions of the kernel in-
variance algebra, (i.e., the algebras gy such that gg # g").

Summarizing, the problem of group classification is completely solved when the
final group classification list contains all the possible inequivalent cases of exten-
sions, all equations from this list are mutually inequivalent with respect to the
transformations from the equivalence group G~ (or the generalized equivalence

group G

~

aen) and the Lie symmetry algebras that are obtained are really the max-

imal invariance algebras of the corresponding equations.
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Paper I: Algebraic method for group classification of (1+1)-dimen-
sional linear Schréodinger equations

We carry out the group classification of the class of (1+1)-dimensional linear
Schrodinger equations with complex potentials of the form

Wy + gy + V(t, ) =0,

where 1) is the complex-valued unknown function of the real variables ¢ and x, and
V is the complex-valued smooth function of (¢,x) interpreted as potential.

We find the equivalence groupoid G~ the equivalence group G~ and the equiv-
alence algebra g™ of this class. We show that the class under study is uniformly
semi-normalized with respect to linear superposition of solutions. This allows us
to apply the algebraic method and reduce the group classification problem of linear
Schrodinger equations to the classification of low-dimensional appropriate subal-
gebras of the equivalence algebra of this class up to the equivalence relations. The
dimensional of any maximum Lie symmetry extension of an equation from the
above class is proved not to be greater than seven.

Splitting the classification cases with respect to two invariant integers results
in eight inequivalent families of potentials together with their corresponding in-
equivalent Lie symmetry extensions.

Paper II: Group classification of multidimensional linear
Schrédinger equations with the algebraic method

We consider the group classification problem for Schrédinger equations with com-
plex potentials in dimension (1 4 n) with n > 2,

Wy + AP+ V(t,z)p =0,
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where 1 is the complex-valued unknown function of the variables ¢t € R and x € R",
and the complex-valued smooth parameter-function V' of (¢,z) is interpreted as
potential.

We find the equivalence groupoid and the equivalence group of the given class
in closed form and then show that the class is uniformly semi-normalized. This
class admits the similar kernel invariance algebra g as the corresponding class
investigated in Paper I. We proceed to the calculation of the maximal Lie invari-
ance algebra gy of the above Schrédinger equation for each fixed V. The algebra
gy may by essentially higher-dimensional than the algebras obtained in Paper I
for the case of (141) variables. Moreover, the structure of gy may be much more
complicated due to appearing rotations in higher-dimensional spaces.

We show that the span g,, = >, gv is a Lie algebra and can be represented as
the semi-direct sum g5 & g, where g% and g/ are a subalgebra and an abelian
ideal of g,,, respectively.

In order to find Lie symmetry extensions of the kernel invariance algebra g,
we apply the algebraic method and reduce the group classification problem to the
classification of certain low-dimensional subalgebras of the associated equivalence
algebra. An important role in the consideration is played by estimates of the
dimension of the essential Lie invariance algebra g{° and its various parts for any
potential V. In particular,

n(n+3)

o.
5 +

dim gy* <
The group classification of linear Schrodinger equations in the (1+2)-dimensional
case is considered in more detail. For the exposition to be systematic, we then
introduce the three 7G™~-invariant integers k; € {0,1,2}, ko € {0,1} and k3 €
{0, 1,2, 3}, respectively. Using these integers, we single out the classification cases
and obtain a complete classification of inequivalent Lie symmetry extensions for
(14-2)-dimensional linear Schrédinger equations with complex-valued potentials.

Paper III: Group classification of multidimensional nonlinear
Schrodinger equations

We study transformational properties for the class 8§ of multidimensional nonlinear
Schrédinger equations,

i+ Ay + S(t,xz,p)p =0, S, #0,

where ¢ and =z = (x1,...,x,) are real independent variables, ¢ is the complex
dependent variable and p = ||, and completely carry out the group classification
problem of the class V of (142)-dimensional Schrédinger equations with potentials
and modular nonlinearities of the form i, + Ay + f(p)p + V (¢, z)1p = 0, where
fo # 0. We start by computing the equivalence groupoid and equivalence group of
the class 8§ and show that this class is normalized. For a fixed equation from this
class we find the Lie symmetry properties of each equation and derive from this
the classifying equation as well as the kernel invariance algebra of the class S.
Specifying the form of S as S = f(p) + V (¢, ) with f, # 0, we obtain the class
V, whose the set of admissible transformations does not belong to its equivalence
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group, i.e., the class V is not normalized, which makes its group classification
more involved. To deal with this challenge, we partition the class V into the three
disjoint normalized subclasses V', Py and Py, conditioned by pf,,/f, # A VA € R,
f=oclnp, and f = agp*, respectively, where o € C\ {0} and A € R\ {0}.

From the knowledge of the equivalence groupoid and the equivalence group of
the class 8 we derive, successively, the equivalence groupoids and the equivalence
groups for the above restricted classes and show that each class is normalized.
This allows us to apply the algebraic method for group classification as developed
in [4] and reduce the group classification of each subclass to the classification of
subalgebras of the associated equivalence algebra. We show that the dimension
of the Lie symmetry group of any equation from each class is not greater than
n(n+3)/24+2,n(n+3)/2+3 and n(n+3)/2+4 for V', Py and Py, respectively.

The complete group classification of the class V is carried out for n = 2.
Splitting into different cases, we introduce three integers ki, ks and ks with
(kl,kg) € {071} and k3 € {0,1,2} for V/, Po and ki € {0,1,2,3}, ko € {0,1}
and k3 € {0,1,2} for Py, that characterize the dimension of specific subspaces of
the corresponding maximal Lie invariance algebras. As a result, we obtain a com-
plete list of inequivalent Lie symmetry extensions together with the corresponding
families of potentials which is made by the union of the three obtained results lists
corresponding to each consideration.

Paper IV: Admissible transformations of Schrodinger equations with
variable mass and potentials

We study the admissible transformations in the class A of (141)-dimensional gen-
eralized nonlinear Schrodinger equations

i + Gt 2,0, 9", Yo, Yp Voo + F(t, 2,0, 97,0, ¥03) =0, G #0

where ¢ and x are independent variables, 1 is the complex dependent variable of
t and x, F and G are smooth complex-valued functions of their arguments. Then
reduce this study to the class of linear Schrédinger equations with variable mass
and complex potentials.

We start by computing the equivalence groupoid of the wide generalized class H
of equations, ity = H(t, 2,0, 9", Ve, V3, Y, Vi) With [Hy,_ | # [Hyx |, where H
is a complex-valued smooth function of its arguments, which covers the class A,
and then find the equivalence groupoid and the equivalence group of the class A.
From this, we show that the class A is not normalized. We partition it with re-
spect to conditions G = —G* and G # —G* into two normalized classes, and
then investigate the equivalence groupoids and the equivalence groups of the nar-
rowed classes obtained by specifying the forms of the arbitrary functions G and
F' using the equivalence groupoid of A. We continue this process until we reach
the class of (141)-dimensional linear Schrodinger equations with variable mass
and complex potentials singled out by G = 1/m(t,z) and F = V(t,z)y. Using
equivalence transformations of this class, we can gauge the arbitrary element G
to the canonical value, i.e., we can set the arbitrary element G to be equal to
one. Thus we obtain the class of (141)-dimensional linear Schrédinger equations
with constant mass equal to one and complex potentials, which is well studied in
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Paper 1. Therefore, the group classification of the class of Schrédinger equations
with variable mass and complex potentials can be reduced to the group classifica-
tion of (141)-dimensional linear Schrédinger equations with constant mass equal
to one and complex potentials.

Paper V: Equivalence groupoid for (1+42)-dimensional linear
Schrodinger equations with complex potentials

We compute the equivalence groupoid and the equivalence group of the class of
linear Schrodinger equations with complex potentials in dimension (142). From
the knowledge of these objects we show that this class is semi-normalized. More
specifically, any admissible transformations in this class is the composition of a
symmetry transformation of the initial equation and an equivalence transformation
of the class under study.
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We carry out the complete group classification of the class of (1+1)-dimensional
linear Schrodinger equations with complex-valued potentials. After introducing
the notion of uniformly semi-normalized classes of differential equations, we com-
pute the equivalence groupoid of the class under study and show that it is uni-
formly semi-normalized. More specifically, each admissible transformation in the
class is the composition of a linear superposition transformation of the corre-
sponding initial equation and an equivalence transformation of this class. This
allows us to apply the new version of the algebraic method based on uniform
semi-normalization and reduce the group classification of the class under study
to the classification of low-dimensional appropriate subalgebras of the associated
equivalence algebra. The partition into classification cases involves two integers
that characterize Lie symmetry extensions and are invariant with respect to equiv-
alence transformations.

1 Introduction

A standard assumption of quantum mechanics requires that the Hamiltonian of a
quantum system be Hermitian since this guarantees that the energy spectrum is
real and that the time evolution of the system is unitary and hence probability-
preserving [I0]. For linear Shrodinger equations, this means that only equations
with real-valued potentials are considered to be physically relevant. Since the
above assumption is, unlike the other axioms of quantum mechanics, more mathe-
matical than physical, attempts at weakening or modifying the Hermitian property
of Hamiltonians have recently been made by looking at so-called PT-symmetric
Hamiltonians [9], [10], [25]. Here P is the space reflection (or parity) operator
and 7T is the time reversal operator. Some complex potentials are associated
with non-Hermitian P7T-symmetric Hamiltonians. Non-Hermitian P7T -symmetric
Hamiltonians have been used to describe (observable) phenomena in quantum me-
chanics, such as systems interacting with electromagnetic fields, dissipative pro-
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cesses such as radioactive decay, the ground state of Bose systems of hard spheres
and both bosonic and fermionic degrees of freedom. Other important applica-
tions of non-Hermitian P7T-symmetric Hamiltonians are to be found in scattering
theory which include numerical investigations of various physical phenomena in op-
tics, condensed matter physics, scalar wave equations (acoustical scattering) and
Maxwell’s equations (electromagnetic scattering), in quasi-exactly solvable Hamil-
tonians, complex crystals and quantum field theory [9], [10], [25]. In general,
however, the physical interpretation of linear Schrédinger equations with complex
potentials is not completely clear.

The study of Lie symmetries of Schrodinger equations was begun in the early
1970’s after the revival of Lie’s classical methods (see for instance [33]). Lie sym-
metries of the free (14-3)-dimensional Schrédinger equations were first considered
in [27]. Therein it was suggested to call the essential part of the maximal Lie sym-
metry group of the free Schrodinger equation the Schrédinger group. In [28] it was
noted that the results of [27] could be extended directly to any number of space
variables, and the isomorphism of the Lie symmetry groups of the Schrodinger
equations of the n-dimensional harmonic oscillator and of the n-dimensional free
fall to the symmetry group for the (14n)-dimensional free Schrodinger equation
was proved in [28], [29], [30]. This gave a hint for the construction of point trans-
formations connecting these equations. The problem of finding Lie symmetries of
(14-n)-dimensional linear Schrodinger equations with real-valued potentials was
considered in [IT], [30]. In particular, in [30] the general “potential-independent”
form of point symmetry transformations of these equations was found under the
a priori assumption of fibre preservation. The classifying equation involving both
transformation components and the potential was derived and used to obtain an
upper bound of dimensions of Lie symmetry groups admitted by linear Schrédinger
equations. Then some static potentials of physical relevance were considered, in-
cluding the harmonic oscillator, the free fall, the inverse square potential, the
anisotropic harmonic oscillator and the time-dependent Kepler problem. The case
of arbitrary time-independent real-valued potential was studied in [I1]. Although
it was claimed there that “the general solution and a complete list of such po-
tentials and their symmetry groups are then given for the cases n = 1,2,3”, it
is now considered that this list is not complete. Note that in the papers cited
above, phase translations and amplitude scalings were ignored, which makes cer-
tain points inconsistent.

Similar studies were carried out for the time-dependent Schrédinger equation
for the two-dimensional harmonic oscillator and for the two- and three-dimensional
hydrogen-like atom in [I], [2]. Closely related research on both first- and higher-
order symmetry operators of linear Schrédinger equations and separation variables
for such equations was initiated in the same time (see [24] and references therein).

After this “initial” stage of research into linear Schrédinger equations, the
study of Lie symmetries was extended to various nonlinear Schrodinger equa-
tions [17], [19], [21], [36], [37], [42]. However, the group classification of linear
Schrodinger equations with arbitrary complex-valued potentials still remains an
open problem.

Our philosophy is that symmetries underlie physical theories and that it is
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therefore reasonable to look for physically relevant models from a set of models
(with undetermined parameters) using symmetry criteria. The selection of possible
models is made first by solving the group classification problem for the (class of)
models at hand and then choosing a suitable model (or set of models) from the
list of models obtained in the classification procedure. This procedure consists
essentially of two parts: given a parameterized class of models, first determine the
symmetry group that is common for all models from the class and then describe
models admitting symmetry groups that are extensions of this common symmetry
group [33].

In this paper we carry out the group classification of (141)-dimensional linear
Schrédinger equations with complex-valued potentials, having the general form

i¢t + Yo + V(ta xW =0, (1)

where 1) is an unknown complex-valued function of two real independent variables ¢
and x and V is an arbitrary smooth complex-valued potential also depending on ¢
and xz. To achieve this, we apply the algebraic method of group classification
(which we describe further on in this paper) and reduce the problem of the group
classification of the class to the classification of appropriate subalgebras of the
associated equivalence algebra [6], [38]. In order to reduce the standard form of
Schrédinger equations to the form , we scale t and = and change the sign of V.
Note that the larger class of (141)-dimensional linear Schrédinger equations with
“real” variable mass m = m(t, z) # 0 can be mapped to the class (1) by a family of
point equivalence transformations in a way similar to that of gauging coefficients
in linear evolution equations, cf. [33], [39]. Hence the group classification of the
class also provides the group classification of this larger class.

A particular feature of the above equations is that the independent variables
t,z, on the one hand, and the dependent variable ¢ and arbitrary element V', on
the other hand, belong to different fields. This feature needs a delicate treatment
of objects involving ¥ or V. It is possible to consider Schrédinger equations from a
“real perspective” by representing them as systems of two equations for the real and
the imaginary parts of v, but such a representation will only complicate the whole
discussion. The use of the absolute value and the argument of ¢ instead of the real
and the imaginary parts is even less convenient since it leads to nonlinear systems
instead of linear ones. This is why we work with complex-valued functions. We
then need to formally extend the space of variables (¢, x,) with ¢* and the space
of the arbitrary element V with V*. Here and in what follows star denotes the
complex conjugate. In particular, we consider ¢* (resp. V*) as an argument for all
functions depending on ¢ (resp. V), including components of point transformations
and of vector fields. When we restrict a differential function of ¢ to the solution set
of an equation from the class , we also take into account the complex conjugate
of the equation, that is —ie); + ¢k, + V*(¢,2)* = 0. However, it is sufficient to
test invariance and equivalence conditions only for the original equations since the
results of this testing will be the same for their complex conjugate counterparts.
Presenting point transformations, we omit the transformation components for ¥*
and V* since they are obtained by conjugating those for ¢ and V.

The structure of this paper is the following: In Section[2]we describe the general
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framework of the group classification of classes of differential equations. We define
various objects related to point transformations and discuss their properties. In
Section [3] we extend the algebraic method of group classification to uniformly semi-
normalized classes of differential equations. We compute the equivalence groupoid,
the equivalence group and the equivalence algebra of the class in Section
It turns out that the class has rather good transformational properties: it is
uniformly semi-normalized with respect to linear superposition of solutions. In
Section [f] we then analyze the determining equations for the Lie symmetries of
equations from the class , find the kernel Lie invariance algebra of this class
and single out the classifying condition for admissible Lie symmetry extensions.
In Section [6] we study properties of appropriate subalgebras of the equivalence
algebra, classify them and complete the group classification of the class . In
Section [7] we illustrate the advantages of the algebraic method of group classifica-
tion by performing the group classification of the class in a different way. The
group classification of (1+1)-dimensional linear Schrodinger equations with real
potentials is presented in Section [8| In the final section we summarize results of
the paper.

2 Group classification in classes of differential
equations

In this section we give the definitions and notation needed for the group classifi-
cation of differential equations. For more details see [6], [33] [38].

We begin with a definition of the notion of class of differential equations. Let
Ly be a system

Lz, u(p), 0(g) (@, u@p))) =0

of 1 differential equations L' = 0,..., L! = 0 parameterized by a tuple of arbitrary
elements 6(z,ug)) = (0 (z,up), ..., 0%(x,uy))), where x = (z1,...,2,) is the
tuple of independent variables and u,) is the set of the dependent variables u =
(ul,...,u™) together with all derivatives of u with respect to x of order less than
or equal to p. The symbol 6, stands for the set of partial derivatives of 6 of
order less than or equal to ¢ with respect to the variables x and u(,). The tuple
of arbitrary elements 6 runs through the set S of solutions of an auxiliary system
of differential equations S(x,wu(p), 04 (7, uep))) = 0 and differential inequalities
S, upy, 0qy (7, upy)) # O (other kinds of inequalities may also appear here), in
which both x and w(, play the role of independent variables and S and X are
tuples of smooth functions depending on z, u,) and 6,). The set {Lq | 0 € S} =:
L|s is called a class (of systems) of differential equations that is defined by the
parameterized form of systems Ly and the set S run by the arbitrary elements 6.

Thus, for the class (1)) we have two partial differential equations (including the
complex conjugate equation) for two (formally unrelated) dependent variables 1
and ¢¥* of two independent variables ¢t and xz, and two (formally unrelated) arbi-
trary elements 6 = (V, V*), which depend only on ¢ and x. Therefore, the auxiliary
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system for the arbitrary elements of the class is

Vi =Vyr =V, = Vyr =V, = Vi =0,
Vipe = Vipr, =V, = Vi, =V, = Vg =0,
Vi =V =V, =V, =V, =V =0,

For a class of differential equations L|s, there are objects of various structures
that consist of point transformations related to this class. Let Lg and Lj be
systems belonging to £|s. We denote by T(6,0) the set of point transformations
in the space of the variables (z,u) that map Lg to L.

An admissible transformation of the class L|s is a triple (6,6, ) consisting of
two arbitrary elements 0,0 € S such that T(0, é) # & and a point transformation
@ € T(0,0). The set of all admissible transformations of the class £|s,

G~ =G~ (Lls):={(6.0.9) 16,0 € S,p € T(6,0)},

has the structure of a groupoid: for any 6§ € S the triple (6,0,id), where id is
the identity point transformation, is an element of G~, every (9,5, p) € G is
invertible and G~ is closed under composition. This is why the set G~ is called
the equivalence groupoid of the class L|s.

The (usual) equivalence (pseudo)group G~ = G™~(L|s) of the class L|s is de-
fined as being the set of point transformations in the joint space of independent
and dependent variables, their derivatives and arbitrary elements with local coor-
dinates (z,u(y), ) that are projectable to the space of (z,u,) for any 0 < p’ < p,
preserve the contact structure on the space with local coordinates (x,u()), and
map every system from the class £|s to a system from the same class. Elements
of the group G™ are called equivalence transformations. This definition includes
two fundamental conditions for general equivalence transformations: the preser-
vation of the class £|s and the preservation of the contact structure on the space
with local coordinates (x,u(y)). The conditions of projectability and locality with
respect to arbitrary elements can be weakened, and this leads to various general-
izations of the notion of equivalence group (see [38]). Note that each equivalence
transformation 7 € G~ generates a family of admissible transformations from G~
G~>T = {0,7T0,T|zw) | 0 € S} C G~, where T|(5,, is the restriction of T
to the space of (x,u). For a generalized equivalence group, the restriction of T is
made after fixing a value of 8, which can be denoted as T‘9|(1,u).

The equivalence group of a subclass L|s/, &’ C S, of the class L|s is called
a conditional equivalence group of the class L|s that is associated with the sub-
class L|s/. A useful way of describing the equivalence groupoid G~ is to classify
maximal conditional equivalence groups of the class L|s up to G™-equivalence
and then to classify (up to an appropriate conditional equivalence) the admissible
transformations that are not generated by conditional equivalence transformations
(see [38] for more details).

The equivalence algebra g~ = g~ (L|s) of the class L|s is defined as the set of
generators of one-parameter groups of equivalence transformations of the class £|s.
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These generators are vector fields in the space of (,u,), ), that are projectable
to the space of (x,uy)) for any 0 < p’ < p and whose projections to the space of
(2, u(y)) are the pth order prolongations of the corresponding projections to the
space of (z,u).

The mazimal point symmetry (pseudo)group Gy of the system Ly (for a fixed
0 € S) is a (pseudo)group of transformations that act in the space of independent
and dependent variables that preserve the solution set of the system Ly. Each
Gy can be interpreted as a vertex group of the equivalence groupoid G~. The
intersection G"' = G"(L|s) := yes Go of all Gy, 6 € S, is called the kernel of the
maximal point symmetry groups of systems from L|s.

The vector fields in the space of (z,u) generating one-parameter subgroups of
the maximal point symmetry group Gy of the system Ly form a Lie algebra gy with
the Lie bracket defined by commutators of vector fields. It is called the mazimal
Lie invariance algebra of Lg. The kernel invariance algebra of the class L|s is the
intersection g = g (L|s) := Nyes g0 of the algebras go, 6 € S.

The classical group classification problem for the class L|s is to list all G™-
inequivalent values of § € S for which the corresponding maximal Lie invariance
algebras, gy, are larger than the kernel invariance algebra g”. There may be
additional point equivalences between the cases obtained in this way and these
additional equivalences have then to be incorporated into the results. This solves
the group classification problem for the class £|s up to G™~-equivalence.

Summing up, objects to be found in the course of group classification of the
class L|s include the equivalence groupoid G~, the equivalence group G~, the
equivalence algebra g™, the kernel invariance algebra g” and a complete list of
G~ -inequivalent (resp. G™-inequivalent) values of 6 with the corresponding Lie
symmetry extensions of g”. Additional point equivalences between classification
cases can be computed directly via looking for pairs of cases with similar Lie
invariance algebras (if two systems are equivalent under an invertible point trans-
formation, then their Lie symmetry algebras are isomorphic). Therefore, the con-
struction of the equivalence groupoid G~ can be excluded from the procedure of
group classification if this groupoid is of complicated structure, e.g., due to the
involved hierarchy of maximal conditional equivalence groups of the class L|s.

The classical way of performing a group classification of a class £|s is to use the
infinitesimal invariance criterion [31I], [33]: under an appropriate nondegeneracy
condition for the system Ly € L|s, a vector field Q = & (x,u)0,, + n®(x, u)dya
belongs to the maximal Lie invariance algebra gy of Ly if and only if the condition

Qupy Lz, u@p), 0(g) (2, ug))) =0,

holds on the manifold £} defined by the system Ly together with its differential
consequences in the jet space J®. Here the indices j and a run from 1 to n
and from 1 to m, respectively, and we use the summation convention for repeated
indices. @)(,) denotes the standard pth prolongation of the vector field @,

Quy=Q+ Y (Dy e Dar (" = €u) + s, ) Oug

0<lal<p
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The tuple a = (e, . . ., @) is a multiindex, a; € NUO, |a| := a1 +- - -+ap, and J; is
the multiindex whose ith entry equals 1 and whose other entries are zero. The vari-
able ug of the jet space J(P) is identified with the derivative 91®lu®/0z% ... Qxn.
D; = 0; +ug, 55 Oya is the total derivative operator with respect to the variable
LUj.

The infinitesimal invariance criterion yields the system of determining equa-
tions for the components of the generators of the one-parameter Lie symmetry
groups of systems from the class L|s, where the arbitrary elements 6 play the
role of parameters. Integrating those determining equations that do not involve
arbitrary elements gives a preliminary form of the generator components, and one
must then solve the remaining equations. The solution of these remaining equa-
tions depends on the values of the arbitrary elements. We call these equations the
classifying equations for the class L|s.

In order to find the kernel invariance algebra g”', one must first split the de-
termining equations with respect to parametric derivatives of arbitrary elements
and of dependent variables and then solve the system obtained.

Finding Lie symmetry extensions of the kernel Lie algebra depends on an anal-
ysis of the classifying equations. This part of solving the group classification
problem is intricate and various techniques are used to obtain the solution. There
are two main approaches. If the class considered has a simple structure (for exam-
ple, when arbitrary elements are constants or are functions of just one argument),
then the techniques used rely on the study of the compatibility of the classifying
equations and their direct solution with respect to both the components of Lie
symmetry generators and the arbitrary elements (up to the equivalence defined
by the equivalence group). See, for instance, [§], [33], [40], [41] and the refer-
ences given there. For more complicated classes, the direct approach seems to be
irrelevant, and more advanced algebraic techniques need to be used.

3 Uniformly semi-normalized classes

In the most general setting, the main point of the algebraic approach to group
classification is to classify (up to certain equivalence relation induced by point
transformations between systems belonging to the class £|s under study) certain
Lie algebras of vector fields related to these systems. The key problem is to select
sets of vector fields to be classified and the equivalence relation to be used in this
classification [6]. For the application of the algebraic method to be effective, the
selected objects have to satisfy certain consistency conditions which then require
particular properties of the equivalence groupoid G™ of £|s. To this end, we begin
with some definitions which enable us to formulate our approach.

We say that the class L|s is normalized if its equivalence groupoid G~ is gen-
erated by its equivalence group G~. We say that it is semi-normalized if the
equivalence groupoid G™ is generated by transformations from G~ and point sym-
metry transformations of the corresponding source or target systems. It is clear
that any normalized class of differential equations is semi-normalized. Normalized
classes are especially convenient when one applies the algebraic method of group
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classification. If the class L|s is normalized, then the Lie symmetry extensions
of its kernel invariance algebra are obtained via the classification of appropriate
subalgebras of the equivalence algebra whose projections onto the space with local
coordinates (z,u) coincide with the maximal Lie invariance algebras of systems
from L|s. The property of semi-normalization is useful for determining equiva-
lences between Lie symmetry extensions but not for finding such extensions. For
rigorous definitions and more details, we refer the reader to [6], [38].

Classes of differential equations that are not normalized but have stronger
normalization properties than semi-normalization often appear in physical appli-
cations. This is why it is important to weaken the normalization property in such
a way that still allows us to apply group classification techniques analogous to
those developed for normalized classes.

Definition I.1. Given a class of differential equations £|s with the equivalence
groupoid G~ and the (usual) equivalence group GNH suppose that for each 8 € S
the point symmetry group Gy of the system Ly € L|s contains a subgroup Ny such
that the family Ns = {Np | § € S} of all these subgroups satisfies the following
properties:

L. Tl(zu) & No for any 0 € S and any T € G~ with T # id.
2. Npg = T|(m}u)N9(T|(x’u))_1 for any # € S and any 7 € G™.

3. For any (61,0% ¢) € G~ there exist ! € N1, p? € Ng= and T € G~ such
that §2 = 70! and ¢ = <p2(’7'|($,u))g01.

Here T, denotes the restriction of 7 to the space with local coordinates (x, u).
We then say that the class of differential equations £|s is uniformly semi-normali-
zed with respect to the symmetry-subgroup family As.

The qualification “uniformly” is justified by the fact that in practically rele-
vant examples of such classes all the subgroups Ny’s are isomorphic or at least of
a similar structure (in particular, of the same dimension). The first property in
Definition means that the intersection of each subgroup Ny with the restric-
tion of G™ to the space of (x,u) is just the identity transformation. The second
property can be interpreted as equivariance of equivalence transformations with
respect to Ns. The third property means, essentially, that the entire equivalence
groupoid G~ is generated by equivalence transformations and transformations from
uniform point symmetry groups. One of the symmetry transformations ! or (2
in the last property may be taken to be the identity.

Each normalized class of differential equations is uniformly semi-normalized
with respect to the trivial family As, where for each 6 the group Ny consists
of just the identity transformation. It is also obvious that each uniformly semi-
normalized class is semi-normalized. At the same time, there exist semi-normalized
classes that are not uniformly semi-normalized. A simple example of such a class is
given by the class ND of nonlinear diffusion equations of the form w; = (f(w)uz ),

LA subgroup of the equivalence group can be considered here instead of the entire group.
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with f, # 0, which is a classic example in the group analysis of differential equa-
tions [32], [33]. Such equations with special power nonlinearities of the form
f = c1(u+ co)~*/3 have singular symmetry properties within the class ND. This
fact does not allow the class ND to be normalized, although it is semi-normalized.
The elements from G~ (ND) that are not generated by elements of G™~(ND) are
given by the equivalence transformations of equations with the above power non-
linearities that are composed with conformal symmetry transformations of these
equations. The nonlinear diffusion equation with f = ¢1(u + ¢o)~*% admits the
conformal symmetry group with infinitesimal generator 220, — 3z(u + c¢)d,, but
this is not a normal subgroup of the point symmetry group of the equation.

The following result, which we call the theorem on splitting symmetry groups
in uniformly semi-normalized classes, provides a theoretical basis for the algebraic
method of group classification of such classes.

Theorem 1.1. Let a class of differential equations L|s be uniformly semi-norma-
lized with respect to a symmetry-subgroup family Ns = {Ny | 0 € S}. Then for
each 0 € S the point symmetry group Gy of the system Ly € L|s splits over Ny.
More specifically, Ny is a normal subgroup of Gg, G§* = G™|zu) N Gy is a
subgroup of Gg, and the group Gy is the semidirect product of G§** acting on Ny,
Go = G§® x Ny. Here G™|(y,.) denotes the restriction of G~ to the space with
local coordinates (z,u), G™|(gu) = {T|(@u | T € G™}.

Proof. We fix an arbitrary 6 € S and take an arbitrary ¢ € Gy. Then (0,0, ¢) €
G~ and, by the third property in Definition [[.I] the transformation ¢ admits the
factorization ¢ = ’T|(x,u)cp1 for some 7 € G~ and some ¢! € Ny. The element Ny
of the family Ns is a subgroup of Gy, Ny < Gy and hence the transformation
@0 = T|(zu) = @(¢') " also belongs to Gy, and consequently to G| (,,.) NGy =:
G§*®, which is a subgroup of Gy as it is the intersection of two groups. From this, it
follows that for any ¢ € Gy we have the representation ¢ = ¢!, where ¢" € G§*
and ¢! € Ny.

The first property of Deﬁnition means that the intersection of G™|(, ., and
Ny consists of just the identity transformation so that the intersection G§* N Ny
contains only the identity transformation.

For an arbitrary ¢ € Gy and an arbitrary ¢ € Ny, we consider the composition
pPp~l. As an element of Gy, the transformation ¢ admits the factorization ¢ =
%! with some ¢° € G§* and some @' € Ny. Since G§* < G™|(,,4), there exists
a T € G~ such that 76 = 0 and ¢° = T |(z,u)- By property 2 of Deﬁnition we
obtain Ny = ¢"Ny(¢°)~!. Hence the composition ppp~! = @Ppl@(p!)~1(p%) !
belongs to Ny. Thus we have that Ny is a normal subgroup of Gy, Ny <1 Gy, and
SO Gg = GZSS X Ng. O

The members of the family Ns = {Np | 8 € S} are called uniform point
symmetry groups of the equations from the class L|s, and the subgroup G§* is
called the essential point symmetry group of the system Ly associated with the
uniform point symmetry group Nyg. The knowledge of a family of uniform point
symmetry groups trivializes them in the following sense: since Gy splits over Ny
for each 0, then we only need to find the subgroup G§* in order to construct Gg.
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The infinitesimal version of Theorem [[.T|may be called the theorem on splitting
invariance algebras in uniformly semi-normalized classes. This version follows
immediately from Theorem [[.1] if we replace the groups with the corresponding
algebras of generators of the one-parameter subgroups of these groups.

Theorem 1.2. Suppose that a class of differential equations L|s is uniformly semi-
normalized with respect to a family of symmetry subgroups Ns = {Ny | 6 € S}.
Then for each 6 € S the Lie algebras gg** and ng that are associated with the
groups G§* and Ng are, respectively, a subalgebra and an ideal of the mazimal
Lie invariance algebra go of the system Ly € L|s. Moreover, the algebra gg is the
semi-direct sum go = gg>> €0y, and g5 = 9" |(z,u) N0, where §~|(z..) denotes the
restriction of g~ to the space with local coordinates (z,u).

The group classification problem for a uniformly semi-normalized class L|s is
solved in the following way: when computing the equivalence groupoid G~ and
analyzing its structure, we construct a family of uniform point symmetry groups
Ns = {Ny | 0 € 8§}, which then establishes the uniformly semi-normalization of
the class £|s and yields the corresponding uniform Lie invariance algebras ng’s.
The subgroup G§* = G™~|(;,,) N Gy and the subalgebra gg* = g™, ) N g¢ Which
are the complements of Ny and ny respectively, are in general not known on this
step. By Theorem we have for each § € S that the maximal Lie invariance
algebra gg of the system Ly is given by the semi-direct sum gy = g™ €ny. Essential
Lie invariance algebras are subalgebras of g™|(,.) and are mapped onto each
other by the pushforwards of restrictions of equivalence transformations: g5 =
(Tl(2,u))+85". Consequently, the group classification of the class L|s reduces to
the classification of appropriate subalgebras of g~|(, ) or, equivalently, of the
equivalence algebra g~ itself.

An important case of uniformly semi-normalized classes, which is relevant to
the present paper, is given by classes of homogeneous linear systems of differential
equations.

Consider a normalized class £} |gimn of (generally) inhomogeneous linear sys-
tems of differential equations Egj?’s of the form L(z,u(p), 0 (x)) = ((x), where 0
is a tuple of arbitrary elements parameterizing the homogeneous linear left hand
side and depending only on x and the right hand side { is a tuple of arbitrary
functions of z. Suppose that the class £™!|gin also satisfies the following condi-
tions:

« Each system from £™!|gwmn is locally solvable.

e The zero function is the only common solution of the homogeneous systems
from £nh

o Restrictions of elements of the equivalence group G5, = G~ (L™ gimn) to
the space of (z,u) are fibre-preserving transformations whose components
for w are affine in u, that is they are of the form

Sinh.

T = X7 (), 4% = M®(z)(u’® + hb(2)),

where det(X7 ) # 0 and det(M2?) # 0.

5!
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Here the indices 7 and j' run from 1 to n and the indices @ and b run from 1 to
m. The functions X7 ’s and M ’s may satisfy additional constraints but the h®’s
are arbitrary smooth functions of x.

Any system Ly from the class L£P|gimn is mapped to the associated homoge-
neous system Lgg by the equivalence transformation

T): Z;=ug; u*=u"+h%x), 6=0, ¢ =C— Lz, hpy(x), 00 (x)),

where h = (h',...,h™) is a solution of L. In other words, the class £b
mapped, by the family {7g;} of equivalence transformations that are nonlocally
parameterized by the arbitrary elements 6’s and (’s to the corresponding class
LP7M8] ohme of homogeneous systems. The transformations from the equivalence
group Giy, with (z,u)-components Z; = x;, u* = u® + h*(x), where the h*’s run
through the set of smooth functions of x, constitute a normal subgroup N7, of
this group. Furthermore, G splits over N}, since G, = H[;, X N}, where

o, is the subgroup of Gf; consisting of those elements with h* = 0. The
restriction of H[Y, to the space with local coordinates (z,u,#) coincides with the
equivalence group Gf,, of the class L8] o . The equivalence groupoid Ghmg Of
this class can be considered as the subgroupoid of the equivalence groupoid Gy}, of
the class £™!|gin that is singled out by the constraints ¢ = 0, ¢ = 0 for the source
and target systems of admissible transformations, respectively. For each relevant
transformational part, the tuple of parameter-functions h is an arbitrary solution
of the corresponding source system. The systems Lo and [,6( are G -equivalent
if and only if their homogeneous counterparts Lo9 and Lg, are Gi,,-equivalent.

Sinh is

hmg~
Thus the group classification of systems from the class £"|ginn reduces to the
group classification of systems from the class L8| ghms.

For each 6 € S"™& we denote by Gl‘“ the subgroup of the point symmetry

group Gygg of Lgo that consists of the hnear superposition transformations:

i‘j = 2y, ﬂazua—Fha(l‘),

where the tuple h is a solution of Lgo. The family N, = {Gi8 | 0 € Spmg} of
all these subgroups satisfies the properties of Definition [[LI] Therefore, the class
LM ghmg is uniformly semi-normalized with respect to the family ./\flin. We call
this kind of semi-normalization, which is characteristic for classes of homogeneous
linear systems of differential equations, uniform semi-normalization with respect
to linear superposition of solutions. By Theorem for each # € S"™& the
group Gy splits over Git| and Ggo = G4 x G, where G§ = Ghmgl(z.u) N Goo.
By Theorem [[.2] the splitting of the point symmetry group induces a splitting
of the corresponding maximal Lie invariance algebra: geo = ggj € gfg‘g, where

g5 is the essential Lie invariance algebra of Lgo, ggy = thg|(x,u) N gpo, and

the ideal g}gig, being the trivial part of ggo, consists of vector fields generating
one-parameter symmetry groups of linear superposition of solutions. Thus, the
group classification problem for the class £"™#|gums reduces to the classification
of appropriate subalgebras of the equivalence algebra gg,. of this class. The
qualification “appropriate” means that the restrictions of these subalgebras to the
space of (z,u) are essential Lie invariance algebras of systems from £"™8|gumg.
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For a class £'™8|gnms of linear homogeneous systems of differential equations
that is uniformly semi-normalized with respect to the linear superposition of so-
lutions, it is not necessary to start by considering the associated normalized su-
perclass £ g of generally inhomogeneous linear systems. The class £M™8| ghme
itself can be the starting point of the analysis. In order to get directly its uniform
semi-normalization, we need to suppose the following properties of LM™8|gnme,
which are counterparts of the above properties of £M™8]ghme:

« Each system from £"™&|gume is locally solvable.
 The zero function is the only common solution of systems from L8| gum.

+ For any admissible transformation (8',6% ¢) € Gy, its transformational
part ¢ is of the form #; = X/ (), 4% = M®(z)(u® + h®(z)), where h =

(RY,...,h™) is a solution of L1y, det(X7 ) # 0 and det(M®) # 0. The
functions X7’s and M?’s may satisfy onfy additional constraints that do

not depend on both 6 and 2.

The class of linear Schrédinger equations fits very well into the framework
which we use in the present paper to solve the group classification problem for this
class.

Remark I.1. There exist classes of homogeneous linear systems of differential equa-
tions that are uniformly semi-normalized with respect to symmetry-subgroup fam-
ilies different from the corresponding families of subgroups of linear superposition
transformations. See Corollary [[9] below.

Remark I.2. A technique similar to factoring out uniform Lie invariance algebras
can be applied to kernel invariance algebras in the course of group classification
of some normalized classes using the algebraic method. It is well known that
for any class of differential equations L|s the kernel G™ of the maximal point
symmetry groups Gp’s of systems Lp’s from L|s is a normal subgroup of the
restriction G™|(, ) of the (usual) equivalence group G~ of L|s to the space with
local coordinates (x,u), G" < G™|(z,u)- Analogues of this result can be found
in the references [5, Proposition 3], [23 p. 52, Proposition 3.3.9], [34] and [33]
Section I11.6.5]. Furthermore, if the class £|s is normalized, then the kernel G"
is a normal subgroup of each Gy, G" <1 Gy, 6 € S [5, Corollary 2|. However, the
groups G™|(;.,) and Gy’s do not in general split over G"' even if the class L|s
is normalized. Similar assertions for the associated algebras are also true. See,
in particular, Remark 9 and the subsequent subalgebra classification in [6] for a
physically relevant example. Thus, the splitting of G~ over G" does not follow
from the normalization of L|s and is an additional requirement for the kernel
invariance algebra g” to be factored out when the group classification of L|s is
carried out.

4 Equivalence groupoid

In this section we find the equivalence groupoid G~ and the complete equivalence
group G™ of the class (1) in finite form (that is, not using the infinitesimal method).
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In the following Ly denotes the Schrédinger equation from the class with
potential V' = V (¢, x). We look for all (locally) invertible point transformations of
the form

tNZT(taxawaw*)a f:X(taﬂfﬂ/)ﬂ/)*)a

V=Wt a,yt), P =Ty,
(that is, dT'AdX ANd¥ Ad¥™ # 0) that map a fixed equation Ly from the class
to an equation Ly: ’L’(/Jt + 35 + Vb = 0 of the same class.

In the rest of this paper, we use the following notation: for any given complex
number

(2)

B=pB if T,>0 and B=p" if T,<O.

Theorem 1.3. The equivalence groupoid G~ of the class consists of triples of
the form (V, V| @), where ¢ is a point transformation acting on the space with local
coordinates (t,x,v) and given by

I=T, z=¢|T|"%x+ X, (3a)
- i T, i eg’ X? PN
1 =ex <8|Tt;x2+2|Tt|1/2x+zE+T> (Y + @), (3b)

V is an arbitrary potential and the transformed potential V is related to V by the
equation

V:

V2T, T, —3T72 , e (X}
— X
‘Tt| 16€/Tt3 2|Tt|1/2 t

(3¢)

iTy + (XP)* | By — i,
AT? 7,

T=T(), X°=X4), ¥ =%(t) and T = Y(t) are arbitrary smooth real-valued
functions of t with Ty # 0 and ® = ®(t,z) denotes an arbitrary solution of the
initial equation. € = +1 and &' = sgnT;.

Proof. The class is a subclass of the class of generalized Schrédinger equations
of the form i), + 1, + F = 0, where v is a complex dependent variable of two real
independent variables t and x and F = F(t, x, ¢, ¥*, 1., %) is an arbitrary smooth
complex-valued function of its arguments. This superclass is normalized, see [38],
where it was also shown that any admissible transformation of the superclass
satisfies the conditions

T,=Tpy=Tp- =0, Xy=Xyp=0, X2Z=|T|, ¥;.=0. (4)

P
Hence the same is true for the class . The equations (4] give us

T:T(t)v X:€|’Tt|1/2$+X0(t), ‘I’:‘I’(t,zﬂﬁ)y
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where T and X are arbitrary smooth real-valued functions of ¢ and ¥ is an
arbitrary smooth complex-valued function of its arguments. Then the invertibility
of the transformation gives T3 # 0 and ¥ ; # 0. Using the chain rule, we take total
derivatives of the equation ¢ (f, ) = ¥(t, z, QZJ) with respect to t and z, with £ =T
and £ = X and we find the following expressions for the transformed derivatives:

Ps = X%(% PV, = (W www

]_ ~

X A
1I/a: v )
W+ )

We substitute these expressions into the equation EV, and then take into account
that 1 satisfies the equation so that wm = —¢ zwt V”(/J. We then split with
respect to 7/% and 1/173, which ylelds

zX
Uy 4, — it +|T\f/\p—f/\1m@—o (6)
g1y T EZXI T t P — Y

The general solution of the first equation in is U = Ul(t,2)) 4+ 0O, ),
where W0 and ¥! are smooth complex-valued functions of ¢ and . The second
equation in then reduces to a linear ordinary differential equation with respect
to Ul with the independent variable x, and the variable ¢ plays the role of a
parameter. Integrating this equation gives the following expression for W!:

‘111 (Z Ttt 2 ) €E/X0
= exp

= U N (t) 4+ Y(t
8|Tt|x 2‘Tt|1/2$+Z ()+ () )

where ¥ and T are arbitrary smooth real-valued functions of t. We substitute the
expression for ¥ into the equation @ and then split this equation with respect
to 1 and this then gives us the equation

-V 1 vl i X,
V= 2 (] - U
T || vt [Tt ( X, )

which represents the component of the transformation (3| for V. We introduce
the function ® = W0/¥', ie., ¥ = U'd. The terms in (6) not containing ¢ give
an equation in WO, which is equlvalent to the initial linear Schrodinger equation
in terms of ®. O

Corollary 1.1. A (1+1)-dimensional linear Schrédinger equation of the form
is equivalent to the free linear Schrédinger equation with respect to a point trans-
formation if and only if V = 72(t)a® + 1 (t)x +~°(t) +i7°(t) for some real-valued
functions 4%, v, 4 and 7° of t.

Corollary 1.2. The usual equivalence group G~ of the class consists of point
transformations of the form with ® = 0.
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Proof. Each transformation from G~ generates a family of admissible transfor-
mations for the class and hence is of the form . As a usual equivalence group,
the group G™ merely consists of point transformations in the variables (¢, z,¥) and
the arbitrary element V' that can be applied to each equation from the class
and whose components for the variables are independent of V. The only transfor-
mations of the form that satisfy these requirements are those for which ® runs
through the set of common solutions of all equations from the class . ®=0is
the only common solution. O

Remark I1.3. Consider the natural projection m of the joint space of the variables
and the arbitrary element V' on the space of the variables only. For each trans-
formation T from the equivalence group G™~ its components for the variables do
not depend on V and are uniquely extended to V. These components define a
transformation ¢, which can be taken to be the pushforward of 7 by the projec-
tion m, ¢ = m,T. Therefore, there is a one-to-one correspondence between the
equivalence group G™ and the group 7,.G"~ consisting of the projected equivalence
transformations, G~ > T +— 7, T € m.G™.

Remark I.4. The identity component of the equivalence group G~ consists of
transformations of the form (3) with 7; > 0 and € = 1. This group also con-
tains two discrete transformatlons that are involutions: the space reflection ¢ = t,

F=—x, 9 =1,V =V and the Wigner time reflection f = —t, & = x, b = P,

V = V*, which are independent up to composition with each other and with con-
tinuous transformations. These continuous and discrete transformations generate
the entire equivalence group G™.

Corollary 1.3. The equivalence algebra of the class is the algebra
0~ = (D(7), G(x), M(0),1(p))

where T, x, 0 and p run through the set of smooth real-valued functions of t. The
vector fields that span g~ are given by

A\ 1
D(T) = Tat TtIa + 8Ttt$ (1/)811, 1/) 8¢ )

1 1
— (TtV — STttt$2 —— ) 6\/ — (TtV — thttx + ZTtt) 8\/*

G0 = X0r + puaady — 9" 0) + La(@y +dy-),
M(0) = io(dy — ¥ 0y+) + 1Dy + Ov-),
1(p) = p(vdy + " Dy+) — ips(Dv + Ov-).

Proof. The equivalence algebra g~ can be computed using the infinitesimal Lie
method in a way similar to that for finding the Lie invariance algebra of a single
system of differential equations [33]. However, we can avoid these calculations by
noting that we have already constructed the complete point equivalence group G™.
The algebra g™ is just the set of infinitesimal generators of one-parameter sub-
groups of the group G™. In order to find all such generators, in the transformation
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form (3]) we set ® = 0 (to single out equivalence transformations), e = 1 and T3 > 0,
i.e., ¢’ =1 (to restrict to the continuous component of the identical transformation
in G™), and represent the parameter function ¥ in the form ¥ = %X 0X9+ ¥ with
some function ¥ of ¢ (to make the group parameterization more consistent with
the one-parameter subgroup structure of G™). Then we successively take one of
the parameter-functions 7, X% ¥ and YT to depend on a continuous subgroup
parameter J, set the other parameter-functions to their trivial values, which are
t for T and zeroes for X9, ¥ and Y, differentiate the transformation components
with respect to d and evaluate the result at 6 = 0. The corresponding infinitesimal
generator is the vector field 70; + £0, + N0y + n* Oy~ + 00y + 6*Ov«, where

df ¢ dz dy ) dv
T=— = — = — = — .
déls=0 b0’ 1T A6 lszo’ dé ls=0

The above procedure gives the vector fields D(7), G(x), M(c) and I(p) for the

parameter-functions 7', X9, ¥ and Y, respectively. O

Each element ¢ of Gy generates an admissible point transformation in the class (1

with the same initial and target arbitrary element V. Therefore, the components
of ¢ necessarily have the form given in ., and the parameter-functions
satisfy the equation with V(f,%) = V(t Z). The symmetry transformations
defined by linear superp031t10n of solutions to the equation Ly are of the form
given in with T =t and X° = ¥ = Y = 0. They constitute a normal
subgroup G of the group Gy, which can be assumed to be the trivial part of Gy .

The factor group Gy /GYP is isomorphic to the subgroup G$* of Gy, that is singled
out from Gy by the constraint ® = 0 and will be consldered as the only essential
part of Gy .

Consider the point symmetry group Gy of an equation Ly from the class
1)

Corollary I.4. The essential point symmetry group G?° of any equation Ly from
the class is contained in the projection w,G~ of the equivalence group G~ to
the space with local coordinates (t,x,,v™*).

Corollary 1.5. The class 1s uniformly semi-normalized with respect to linear
superposition of solutions.

Proof. We need to show that any admissible transformation in the class is
the composition of a specific symmetry transformation of the initial equation and
a transformation from G~. We consider two fixed similar equations £y and Ly in
the class and let cp be a point transformation connecting these equations. Then
@ is of the form .7 and the potentials V and V are related by . The
point transformatlon olgivenby { = t, & = x, ¢ = 1)+ with the same function ®
as in @ is a symmetry transformation of the initial equation, which is related to the
linear superposition principle. We choose the transformation ¢? to be of the same
form 7 but with & = 0. By , its extension to the arbitrary element
belongs to the group G~. The transformation ¢ is the composition of ¢! and ¢2.

It is obvious that the transformation ¢ maps the subgroup of linear superpo-
sition transformations of the equation Ly onto that of the equation L. O
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5 Analysis of determining equations for Lie
symmetries

We derive the determining equations for elements from the maximal Lie invariance
algebra gy of an equation Ly from the class with potential V' = V (¢, ). The
general form of a vector field @ in the space with local coordinates (¢, x, 1, ¥*) is
Q = 710 + £05 + 10y + 1" 0y~ , where the components of ) are smooth functions of
(t,z,1,v*). The vector field @ belongs to the algebra gy if and only if it satisfies
the infinitesimal invariance criterion for the equation Ly, which gives

in' + 0"+ Vi) + EVah + Vi =0 (7)
for all solutions of Ly . Here

n' = Dy (N — T — Ea) + Tthy + Etpa,
77” = Di (77 - th - 5'(/190) + thmc + 5%9;0@,

D; and D, denote the total derivative operators with respect to t and x, respec-
tively. After substituting 1., = —ity — Vo and ¢}, = ip; — V*¢* into and
splitting with respect to the other derivatives of ¥ and * that occur, we obtain a
linear overdetermined system of determining equations for the components of @,

Ty = Top*x = 07 Tx = 07 51/1 = glb* = Oa Tt = 25307
Mp* = Mhpep = 0, 277wx = i&,
M + Neo + TVﬂZJ + gvxﬂ} + V?7 - (771# - Tt)VdJ =0.

We solve the determining equations in the two first lines to obtain
1
T=71(), &= STt + x(t),

n= <8mx2 + x4+ p(t) + w(t)> v+’ (t, @),
where 7, x, p and ¢ are smooth real-valued functions of ¢, and n° is a complex-
valued function of ¢ and x. Then splitting the last determining equation with
respect to ¢, we derive two equations:

ing +nog +n°V =0, (8)

1 1 1 . )
T‘/t + <2Ttﬂf + X) VL + Ttv = thtt-r2 + §Xtt$ + o — 10t — ZTtt. (9)

Although both these equations contain the potential V', the first equation just
means that the parameter-function 7" satisfies the equation Ly, which does not
affect the structure of the algebra g, when the potential V' varies. This is why we
only consider the second equation as the real classifying condition for Lie symmetry
operators of equations from the class .

We have thus proved the following result:
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Theorem 1.4. The maximal Lie invariance algebra gy of the equation Ly from
the class (1)) consists of the vector fields of the form Q = D(1) + G(x) + oM +
pl + Z(n°), where

1 1 1
D(7) =70 + §Ttxaz + thtx2M7 G(x) = x0s + §Xt55M7
M = ipdy — ith*Ope, I =10y + 9 0y, Z(0°) =10y +1n°*0y-,

the parameters T, x, p, o run through the set of real-valued smooth functions of t
satisfying the classifying condition @D, and n° runs through the solution set of the
equation Ly .

Note that Theorem [[4] can be derived from Theorem [.3] using the same tech-
nique as in Corollary The algebra gy consists of infinitesimal generators of
one-parameter subgroups of the point symmetry group Gy of the equation Ly .
In considering one-parameter subgroups of Gy, we set ¢ = 1 and T3 > 0, i.e.,
¢’ = 1 since one-parameter subgroups are contained in the identity component
of Gy. We also represent X in the form ¥ = %X()XtO + X. We let the parameter
functions T, X°, &, YT and ® properly depend on a continuous subgroup param-
eter 6. Then we differentiate the equations with respect to 0 and evaluate
the result at 6 = 0. The corresponding infinitesimal generator is the vector field
Q = 70 + £0, + 10y + 1" Oy+, where

_df _ di Y
T ddls=’ ST ddls=o” T 6 lo=o’
and hence @) has the form given in Theorem The classifying condition @[) is
derived from the equation with V(£,%) = V (¢, 7).

In order to find the kernel invariance algebra g of the class (T)), g” := ", gv,
we vary the potential V' and then split the equations and @ with respect to V'
and its derivatives. This gives us the equations 7 = y = 0, 7° = 0 and p; = oy = 0.

T

Proposition 1.1. The kernel invariance algebra of the class is the algebra
N
g = (M, I).

Consider the linear span of all vector fields from Theorem [[.4 when V' varies
given by

g0 = <D(T)’G(X)aO'M7 pI,Z(C)) = ZV gv.

Here and in the following the parameters 7, x, ¢ and p run through the set of real-
valued smooth functions of ¢, ( runs through the set of complex-valued smooth
functions of (¢,z) and 7° runs through the solution set of the equation £y when
the potential V' is fixed. We have g, = >, gv since each vector field Q) from
g, with nonvanishing 7 or x or with jointly vanishing 7, x, ¢ and p necessarily
belongs to gy for some V.

The nonzero commutation relations between vector fields spanning g, are

D). D] = DUr'e? = 7). ID().G(0] =6 (7 = g7 )
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[D(7),oM] = 70:M, [D(7), pI] = 7pi1,

D), 201 = 2 76+ e = graa’c).

GO, GO = (X'xF —X*xit) M, [G(x), 2] =Z (xCx -~ ist() ,

2
(oM, Z(Q)] = Z(—ioC),  [pI, Z(Q)] = Z(=pC).

The commutation relations between elements of g, show that g,, itself is a Lie
algebra. It is convenient to represent g,, as a semi-direct sum,

g =g g, where g% :=(D(r),G(x),cM,pI) and g} :=(Z(())

are a subalgebra and an abelian ideal of g,,, respectively. Note that the kernel
invariance algebra g is an ideal of g¢)° and of g(,. The above representation of
g, induces a similar representation for each gy,

gv = o7 € gy,
where g77° = gy N g{5° and gin = gy N ghn = {(Z(n°), n° € Ly) are a finite-
dimensional subalgebra (see Lemmanbelow) and an infinite-dimensional abelian
ideal of gy, respectively. We call g{?° the essential Lie invariance algebra of the
equation Ly for each V. The ideal gi consists of vector fields associated with
transformations of linear superposition and therefore it is a trivial part of gy .

Definition I.2. A subalgebra s of gf3® is called appropriate if there exists a
potential V' such that s = g7°.

ess €ess

The algebras g{$* and g™ are related to each other by g{%* = m.g™, where 7 is
the projection of the joint space of the variables and the arbltrary element on the
space of the variables only. The mapping m, induced by 7 is well defined on g~
due to the structure of elements of g~. Note that the vector fields D(7), G(x),
M (o), I(p) spanning g~ are mapped by =, to the vector fields D(7), G(x), oM,
pI spanning g¢3°, respectively. The above relation is stronger than that implied by
the specific semi-normalization of the class . ), 9737 C m.g” . Since the algebra g}
coincides with the set 7, g™ of infinitesimal generators of one-parameter subgroups
of the group m.G™, the structure of g{}* is compatible with the action of 7.G™ on
this algebra. Moreover both g¢}* and gh“ are invariant with respect to the action
of the group 7.G~. This is why the action of G™ on equations from the class
induces the well-defined action of m,G™ on the essential Lie invariance algebras of
these equations, which are subalgebras of g¢$°. The kernel g" is obviously an ideal
in gi?® for any V.

Collecting all the above arguments, we obtain the following assertion.

Proposition 1.2. The problem of group classification of (1+1)-dimensional linear
Schrodinger equations reduces to the classification of appropriate subalgebras of the
algebra g73* with respect to the equivalence relation generated by the action of m.G

Equivalently, we can classify the counterparts of appropriate subalgebras in g~
up to G™-equivalence and then project them to the space of variables [4].
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6 Group classification

To classify appropriate subalgebras of the algebra g¢}®, we need to compute the
action of transformations from the group .G~ on vector fields from g¢$*. For any
transformation ¢ € 7.G™~ and any vector field @ € g{7°, the pushforward action
of ¢ on @ is given by

Q= ¢«Q = Q(T)0; + Q(X)0z + Q(¥)0; + Q(Y7) Iy,

where in each component of Q we substitute the expressions of the variables with-
out tildes in terms of the “tilded” variables, (t,z,v,¢*) = ¢~ '(, &, 1, 9*), and
™1 denotes the inverse of .

For convenience, we introduce the following notation for elementary transfor-
mations from 7,G~, which generate the entire group 7.G~: D(T), G(X?), M(X)
and Z(Y) respectively denote the transformations of the form (3a)—(3b) with ® = 0
and € = 1, where the parameter-functions 7', X%, ¥ and Y, successively excluding
one of them, are set to the values corresponding to the identity transformation,
which are t for T and zeroes for X°, ¥ and Y. The nontrivial pushforward actions

of elementary transformations from 7.G™ to the vector fields spanning g¢}* are

D.(T)D(r) = D(Ty7), D.(T)G(x) = G(T}*x),
D.(T)(oM) =oM, D.(T)(pI)=pl,

G.(XD(r) = D(t) + G (TX? - ;TtXO)

1 1 1 .
+ (Sm(XO)2 - XOX) - QTXOX?t> M,

G.(X°)G(x) = G + 5 (XY — e XV,
M. (2)D(1) = D(1) + %M, ZT.(Y)D(r) = D(7) + 7Y,

where in each pushforward by D.(T) we should substitute the expression for ¢
given by inverting the relation ¢ = T'(t); t = f for the other pushforwards. Tildes
over vector fields mean that these vector fields are represented in the new variables.

Lemma I.1. dim g{° < 7 for any potential V.

Proof. Since we work within the local framework, we can assume that the equa-
tion Ly is considered on a domain of the form g x €, where €y and Q; are
intervals on the ¢- and x-axes, respectively. Then we successively evaluate the
classifying condition @[) at three different points x = xg—6, z = g and x = xo+0
from §2; for varying ¢. This gives

1 1 . )
thtt(-T() - 5)2 + §Xtt($0 - 5) —py +0¢ — ZTtt = Ry,

L a? 4 i+ ! R
— Tt X —XttTo — 1 O — —Tep =
3 ttt L 2Xtt 0 Pt t 4 tt 2,
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1 1 . 7
thtt(l‘o + 5)2 + §Xtt($0 +0) —ips + o — ZTtt = R3,

where the right hand sides R;, Ry and R3 are the results of substituting the above
values of z into 7V, + (%Ttiﬂ + X) Ve + V. Combining the above equations and
splitting them into real and imaginary parts, we obtain a canonical system of linear
ordinary differential equations of the form

Tt = -+ oy Xtt =+« oy Pt = -y O = ...

to 7, x, p and 0. The qualification “canonical” means that the system is solved
with respect to the highest-order derivatives. The right hand sides of all its equa-
tions are denoted by dots since their precise form is not important for our argu-
ment. It is obvious that the solution set of the above system is a linear space and
parameterized by seven arbitrary constants. O

In order to classify appropriate subalgebras of g{}*, for each subalgebra s of g{3®

we introduce two integers
ky = ki(s) := dim7¥s, kg = ka(s) := dims N (G(x), oM, pI) — 2

where 0 denotes the projection onto the space of the variable ¢ and 7% C 7 ge55 =
(10¢). The values of ky and ks are invariant under the action of 7T*G .

Lemma 1.2. W*g%‘;ﬁ is a Lie algebra for any potential V and ki = dim 7° L0 < 3.
Fum‘her e gehb € {0 <8t> <8t,t8t> <8t,t8t7t23t>} mod WOGN

Proof. To prove that m gess is a Lie algebra we show that it is a linear subspace
and closed under Lie bracket of vector fields. Given 779, € w%g%*, j = 1,2, there
exist QJ € g7’° such that 79Q7 = 779;. Then for any real constants ¢; and 02 we
have ¢1 Q' + c2Q? € g¢5. Therefore 1m0 + om0y = 1(c1Q" + c2Q?) € g%,
Next, [710;,720,] = (177 — 727] )5‘f =7, Q% € 71'29%,55. Further, dim n0g$¥ <
dim g7 < 7.

Thus 7 gebb is a finite-dimensional subalgebra of the Lie algebra 7 g of vector
fields on the real line. The group 7’G™ coincides with the entire group of local
diffeomorphisms of the real line and the rest of the lemma follows from Lie’s
theorem on finite-dimensional Lie algebras of vector fields on the real line. O

ess

Lemma 1.3. If a vector field Q is of the form Q = G(x) + oM + pI with x # 0,
then Q@ = G(1) + pI mod 7.G™ for another function p.

Proof. We successively push forward the vector field @ by the transformations
G(X%) and D(T), where X° and T are arbitrary fixed solutions of the ordinary
differential equations Y X — x;X° = 20 and T; = 1/x?, respectively. This leads
to a vector field of the same form, with x =1 and o = 0. O

Lemma I1.4. If G(1) 4 p'I € g%, then also G(t) + p*I € g5 with p? = [ tp; dt.

Proof. The fact that G(1) + p'I € g means that the values 7 =0 =0, xy =1
and p = p! satisfy the classifying condition @ with the given potential V', which
gives V,, = —ip;. Then tV, = —itp; implies that the classifying condition @D is
also satisfied by 7 =0 =0, x =t and p* = [ tp} dt. O
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Lemma I1.5. ¢ N (oM, pI) = g"' for any potential V.

Proof. We need to show that g@ N (oM, pI) C g" and g" C g&° N (oM, pI).
The first inclusion follows from the classifying condition @ for 7 = x = 0, which
implies 0; = p; = 0. The second inclusion is obvious since the kernel invariance

algebra g is contained in g$* for any V. O

Lemma I.6. ko = dim g$° N (G(x), oM, pI) — 2 € {0,2} for any potential V.

Proof. Denote ay := g{° N (G(x), oM, pI).

If ay C (oM, pI), then ay = g5 N (oM, pI) = g¢", i.e., ko = dimay —2 =0.

If ay ¢ (oM, pI), then there exists Q* € ay such that Q' ¢ (oM, pI). From
Lemma up to m,G~-equivalence we may assume that Q! is locally of the form
Q' = G(1)+p'I. Then Lemma[L4limplies that Q* = G(t)+ p*I with p> = [tp} dt
belongs to ay. We also have ay O g”. It then follows that (M,I,Q',Q?) C ay
and hence dim ay > 4. On the other hand, as follows from the proof of Lemma
under the constraint 7 = 0, the classifying condition @ implies in particular a
canonical system of linear ordinary differential equations of the form

Xtt = ooy Pt = ..., Ot=...

in the parameter-functions x, p and o, whose solution space is four-dimensional.
This means that dim ay < 4. Therefore, ks = dimay — 2 = 2. O

Summarizing the above results, any appropriate subalgebra of g‘fsf is spanned

by
« the basis vector fields M and I of the kernel g,

o ky vector fields D(77) + G(x?) + 0/ M + pI, where j = 1,...,ky, k1 < 3,
and 71, ..., 7" are linearly independent,

e ko vector fields G(x!) + o!M + p'I where | = 1,...,ko, ko € {0,2} and
x1, ..., x"* are linearly independent.

Theorem 1.5. A complete list of G™-inequivalent (and, therefore, G~ -inequiva-
lent) Lie symmetry extensions in the class is exhausted by the cases collected
in Table 1.

Proof. We consider possible cases for the various values of k; and k.

k1 = ko = 0. This is the general case with no extension, i.e., gi* = g"' (Case 1

of Table 1).

k1 = 0, k; = 2. Lemmas|[[.3|and [[.4) imply that up to G~-equivalence the algebra
g% contains the vector fields G(1)+p'I and G(t) + p*I, where p! is a smooth real-
valued function of ¢ and p? = [tp; dt. Integrating the classifying condition @
for these vector fields with respect to V' gives V. = —ipix + a(t) + if(t), and
a = =0mod G~. Denoting —p; by v, we obtain V = iy(t)z, p' = — [ydt and
p? = — [ty dt, which leads to Case 2 of Table 1.
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Table 1. Results of classification.

no. | k1 | ke \%4 Basis of g{*°

110]0 Vt,z) |M,I

2102 diyt)x |M, I, GQA)— ([r@t)dt)I, Gt)— ([ty(t)dt) ]
31110 V(zx) M, I, D(1)

da | 1| 2| 22?2 +ibae | M, I, D(1), G(e') — be'l, G(e™") + be '1

4b | 1| 2 | =% +ibx | M, I, D(1), G(cost) + b(sint)I, G(sint) — b(cost)]
4e [ 1|2 ibx M, I, D(1), G(1) —btl, G(t) — 3bt*1

51310 cx 2 M, I, D(1), D(t), D(t*) — 1t1

6 |32 0 M, I, D(1), D(t), D(t*) — 1tI, G(1), G(t)

Lie symmetry extensions given in Table 1 are maximal if the parameters involved satisfy the
following conditions: In Case 1, the potential V' does not satisfy an equation of the form

In Case 2, the real-valued function y of ¢ is constrained by the condition v # c3|cat?+cit+co|™
for any real constants cg, ¢, c2 and ¢3 with ¢g, ¢1 and ¢z not vanishing simultaneously. In Case 3,
V # box? 4+ by + bo + c(x + a) 2 for any real constants a, by and for any complex constants b1,
bo and ¢ with ¢Imb; = 0. The real constant b in Cases 4a—4c and the complex constant ¢ in
Case 5 are nonzero. Further, b > 0 mod G™ in Cases 4a and 4b and b = 1 mod G™ in Case 4c.

Let us describe the values of v for which the Lie symmetry extension con-
structed is maximal. We substitute the potential V' = iy (t)x into the classifying
condition @ and, after splitting with respect to x, derive the system

i 3

Tt =0, xue=0, o0=0, pr=x7— %7 ™+ 5Ty =0

An additional Lie symmetry extension for such a potential may be realized only
by vector fields with nonzero values of 7. Then the integration of the first and last

equations of the above system yields
T=ct’ +cit+co, = 03|7'|_3/2 = c3|cot® + 1t + c0|_3/2,

where cg, ¢1, co and c3 are real constants. Therefore, Case 2 presents a maximal
Lie symmetry extension if v # c3|cat? 4+ c1t + co\_3/2 for any real constants cg, c1,
co and c3, where the constants ¢y, ¢; and ¢o do not vanish simultaneously.

ki=1, k:z = 0. The algebra g$3* necessarily contains a vector field PY of the form
P° = D(7°%) + G(x°) + 0°M + p°I, where all the parameter functions are real-
valued functions of ¢t with 79 # 0. Push-forwarding P° by a transformation from
mG~, we can set 70 = 1 and x° = 0° = p® = 0. That is, up to 7,.G™~-equivalence
we can assume that P° = D(1), cf. Lemma The classifying condition (9] for
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the vector field P° gives V; = 0, which implies Case 3 of Table 1 with an arbitrary
time-independent potential V.

We now find the condition when the Lie symmetry extension obtained is really
maximal. The presence of any additional extension means that the algebra g7**
necessarily contains a vector field Q = D(7)+G(x)+oM +pl with 7 # 0 or x # 0.
Substituting @ into the classifying condition @ and fixing a value of ¢ gives a linear
ordinary differential equation with respect to V' = V(z). The general solution of
any such equation is of the form V' = byz?+b;x+bg+c(z+a) ™2, where a and by are
real constants and by, by and c are complex constants. Moreover, the constant by is
zero if 7, # 0 and, if » = 0 and x # 0, we have ¢ = 0. Therefore, the Lie symmetry
extension of Case 3 is maximal if and only if V # bya? + b1z + by + c(z + a) 2 for
any real constants a, bs and for any complex constant by, by and ¢ with ¢cIm b, = 0.

ki1 =1, k2 = 2. In this case a basis of gi?° consists of the vector fields M, I,
PY = D(7%) + G(X°) + 0"M + p°T and QP = G(xP) + oPM + pPI, where all
the parameters are real-valued functions of ¢+ with 79 # 0 and x! and x? being
linearly independent. Here and in the following the indices p and ¢ run from 1 to
2 and we sum over repeated indices. The vector field P is reduced to D(1) up to

m,.G™~-equivalence, as in the previous case. The commutation relations of gi**

[P°,QP] = G(XE) + 0P M + pbT = apgQ + ap, M + ay, I,
(@, Q% = (XX — X*x{)M = agM,

where ay,q, ap,, ap, and ag are real constants, yield

X = apgX?, 0f = apg0? + apg, Py = apgp? +ap XX — XPx; = a0 (10)

The matrix (ap,) is not zero in view of the linear independence of x! and x2.
Moreover, the consistency of the system implies that the trace of (apq) is
zero. Using equivalence transformations of time scaling, we can further scale the
eigenvalues of the matrix (a,q) with the same nonzero real values. Replacing the
vector fields Q' and Q? by their independent linear combinations leads to a matrix
similarity transformation of (apq). Hence, the matrix (apq) can be assumed to be
of one of the following real Jordan forms:

o 5) (W) (o) o

The further consideration of each of these forms consists of a few steps: We inte-
grate the system of differential equations for the chosen form of (a,,), which
gives the components of the vector fields Q! and Q2. From the classifying condi-
tion @ for the basis vector fields of the algebra gi?® we obtain three independent
equations for the potential V', including the equation V; = 0. These equations
must be solved jointly, and their consistency leads to additional constraints for
constant parameters involved in Q' and Q2. The expressions for both the vector
fields Q! and @? and the potential V can be simplified by equivalence transfor-
mations and by changing the basis in the algebra g7’® we can obtain expressions

for Q' and Q? as in Cases 4a—4c of Table 1.
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Integrating the system for the first Jordan form, we obtain x! = by el,
ol =bet—ass, /)1 = biae' —ayy, X2 = boae~t, 0% = bare "t +aqs, ;02 = boge ' +asa,
where a,,, ap,, bop and by, are real constants. Scaling the vector fields Q' and
Q? and taking linear combinations of them with M and I, we can set bog = 1
and apz = aps = 0. The classifying condition @D for the vector fields P°, Q!
and Q? leads to three independent equations in V, V; =0, V,, = %x — ib12 + b1
and V, = %x + ibag — ba1. These equations are consistent only if the constant
parameters involved in Q' and @Q? satisfy the constraints —bis = byy =: b and
b1 = —by =: —b. Then the potential V' is of the form V = i(m+2l§)2+ibx+c1 +ico
for some real constants ¢; and co. We apply the equivalence transformation
with T = t, X" = 25, Y= —cit, T = cot, e = 1 and & = 0 and take a linear
combination of the transformed vector field P° with A and I. This allows us to
set b= c1 = co = 0 and finally gives Case 4a of Table 1.

In the same way, we consider the second Jordan form from . After in-
tegrating the corresponding system , we obtain x' = bg1 cost — bgasint,
ol = Dby cost—biasint—ags, p! = bay coSt—bag sint —asy, X2 = bo1 sint+bgs cost,
02 = by sint 4 by cost + ayz and p? = boy sint + byy cost + a4, where bog and by,
are real constants. Combining the vector fields Q! and Q? with each other and
with M and I, we can put bp; = 1, bg2 = 0 and ap3 = aps = 0. Substituting the
components of P%, @' and @Q? that we obtain into the classifying condition @
gives three independent equations in V/,

Vi=0,
1

V,cost = _596 cost + i(bay sint 4 bag cost) — by sint — by cost,
1

V,sint = —ix sint — i(bgy cost — bagsint) + by1 cost — biasint,

with the consistency condition b1; = by; = 0. We denote byo =: b and bys =: b.
Any solution of the above equations for V can be written as V = —1(z + 2b)% +
ibx + c¢1 + icy for some real constants c; and c;. By applying the equivalence
transformation with T'=¢, X0 =2b, ¥ = —c1t, T =cot, e =1 and & =0 and
taking a linear combination of the transformed vector field P° with M and I, we
can put b= c1 = cg = 0. This yields Case 4b of Table 1.

Finally, the general solution of the system for the last Jordan form of
the matrix (apq) is Xl = b()l, 0'1 = Cngt + b117 pl = a14t + 1)217 X2 = b()lt + bog,
0'2 = %algtz + (G,Qg + bll)t + b12, p2 = %a14t2 + ((L24 + b21)t+ b22, where qu and bpq
are real constants. The constants by, and bgs can be put equal to zero and by; = 1
by taking a linear combination of the vector fields Q' and Q2 with each other and
with M and I. Then we successively evaluate the classifying condition @ for the
components of the vector fields P°, Q! and Q2. This gives the following equations
for V:

Vi=0, tVy=—iaut+aigt, tVy= —iaist+ aist —iagy + ass,

which are consistent if anfl only if asg = as4 = 0. Any solution of these equations
is of the form V' = ibx + bx + ¢1 + ico, where ¢; and ¢y are real constants and we
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denote a3 =: b and a14 =: —b. Next we apply the equivalence transformation
with T = t, X0 = —bt?, & = 1023 — 1, T = Lbbt> + cot, e = 1 and @ = 0 and
take a linear combination of the vector fields P? with Q2?, M and I. In this way
the constants l;, c1 and ¢y are set equal to zero, which gives Case 4c of Table 1.

The Lie symmetry extensions presented in Cases 4a—4c of Table 1 are really
maximal if b # 0. Moreover, up to G™~-equivalence we can set b = 1 in Case 2a
and b > 0 in Cases 2b and 2c; cf. the proof of Theorem

k1 >2,k;=0. Lemmaimplies that up to m.G™~-equivalence the algebra g§>*°
contains at least two operators P° = D(1) and P = D(t) + G(x') + o' M + p'I.
Here we also annihilate the tail of P° by pushforwarding P° by a transformation
from 7,G~. As [P%, P'] € g%, we have

[P, PY]= D)+ G(x}) + ot M +piI =P’ +a M +b 1

for some constants a; and b;. Collecting components in the above equality gives the
system x; = 0, 0} = ay, p} = by with the general solution x! = as, o' = a1t + ag
and p1 = byt + by, where as, ag and by are real constants of integration. Push-
forwarding P° and P! with G.(2a2), M, (—a;t) and Z,.(—b;t) and taking a linear
combination of P® and P! with M and I, we find that we can set the constants
ag, a1, as, by and by to zero. Therefore, the basis vector field P! reduces to the
form P! = D(t), whereas the forms of P°, M and I are preserved.

The classifying condition () for P® = D(1) and P! = D(t) gives two indepen-
dent equations in V', V; = 0 and xV, + 2V = 0. Integrating these equations gives
V = cx™2, where ¢ is a complex constant. If ¢ = 0, then ks > 0, which contradicts
the case assumption ko = 0. Thus, the constant ¢ is nonzero. We find the maximal
Lie invariance algebra in this case. We substitute V = cz=2 with ¢ # 0 into the
classifying condition @ and derive the system of differential equations for func-

tions parameterizing vector fields from ¢{°, 7t =0, x =0, 0 =0, pr = —%Ttt.
€ss

The solution of the above system implies that the algebra g{7® is spanned by M, I,
P°, P! and one more vector field P? = D(t?) — %tl, which gives Case 5 of Table 1.

k1 > 2, k2 = 2. In this case, the algebra g}’ necessarily contains the vector fields
M, I, PP=DF)+GON) +a'M+ 75,1 =0,1and QP = G(xP) + oPM + pPI,
where all the parameters are real-valued smooth functions of ¢ with 7° and 7!
(resp. x! and x?) being linearly independent. Recall that the indices p and ¢ run
from 1 to 2, and we sum over repeated indices. As in the previous case, up to
7.G™-equivalence the vector fields PY and P! reduce to the form P° = D(1) and
P'=D@)+G(x') +a'M+p'I.

Since the algebra g{’® is closed with respect to the Lie bracket of vector fields,
we have [P!, QF] € g%, i.e.,

[P, Q%) = GO) + 0P M + T = apgQ" + ap, M + ap, 1,
[Pla Qp] = quQq + dIJsM + dP4Iv
where apq, aps, Gp,, dpg, dp, and d,, are real constants. Using the above com-

mutation relations with P° in the same way as in the case k; = 1, ky = 2, we
derive three inequivalent cases for the vector fields QP depending on the Jordan
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forms of the matrix (a,q) presented in (II]). For the first and second Jordan forms,
the commutators [P, Q7] do not belong to the linear span of P°, P!, Q' Q?, M
and I. Hence these cases are irrelevant.

For the last Jordan form from , up to G~-equivalence and up to linear
combining of the above vector fields, we can further assume that

Q'=GQ1) —btI, Q*=G(t)— %thI, V = ibx

for some real constant b. We expand the commutation relation for the vector fields
P! and Q':

1
PR = —QG(U —bte'T — X\t M = d11 Q" + d12Q* + dizsM + dy4l,

and equating components gives b = 0, i.e., V = 0. Substituting the value V=0
into the classifying condition @ and splitting with respect to x yields the system

of differential equations 74 = 0, x4t = 0, 0 = 0, py = —iTtt. The solution of
this system for V' = 0 shows that the algebra gi>° is spanned by the vector fields
presented in Case 6 of Table 1. O

Remark I.5. It might be convenient to completely describe properties of appro-
priate subalgebras before their classification but often such an approach is not
justified. Thus, Lemma shows that the invariant ki is not greater than three,
ie, k1 € {0,1,2,3}. As we proved in Theorem this invariant cannot be
equal to two. The reason is that any (finite-dimensional) subalgebra s of oy
with dim7%s = 2 is not appropriate since the condition of extension maximality
is not satisfied. Therefore, Lemma [[.2] could be strengthened by the constraint
k1 € {0,1,3}. At the same time, the proof of the condition k; # 2 needs realizing
the major part of the group classification of the class .

7 Alternative proof

Here we present an alternative way of classifying Lie symmetry extensions in the
class , in which the invariant ko is considered as leading. The case ks = 0,
after partitioning into the subcases k1 = 0, k; = 1 or k1 > 2, results in the same
extensions as presented in Table 1 for these values of k1 and k.

Let us consider the case ko = 2 more closely. Lemmas and imply that,
up to G~-equivalence, the algebra g contains the vector fields G(1) + p'I and
G(t) + p*I, where p! is a smooth real-valued function of ¢ and p*> = [tp} dt.
Integrating the classifying condition @ for these vector fields with respect to V
gives V = —ipx + a(t) + i6(t), and o = § = 0 mod G™. Denoting —p; by v, we
obtain V' = é~(t)z. Thus, we carry out the group classification of the subclass of
equations from the class with potentials of this form, i.e.,

iy + g + iy () = 0, (12)

where 7(t) is an arbitrary real-valued function of ¢, which will be taken as the
arbitrary element of the subclass instead of V. For potentials of the above form,
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the equation splits with respect to = and gives the system of differential
equations

XO (XO)Z Ttt ,YXo
2T, Ty — 3T2 =0 2t) —p, 3, =1t L
tttdt tt ) (Tt )t ) t a1, t AT, E|,Tt|1/2,
whose general solution is
t
T — m7 X0 =b,T + by,
a3t + as
b? 1 ~ X0
Z—ZT+C1, T——41H|Tt|—€/m|l/2dt+C0,
where a;, 7 =0,...,3, b; and ¢;, j = 0, 1, are real constants with ajas — agas # 0
and the integral denotes a fixed primitive function for the integrand. Since the
constants a;, i = 0,...,3, are defined up to a nonzero constant multiplier (and thus

only three of the constants are essential), we set ajas — agag = sgnTy := ¢’ = £1.
To single out the equivalence groupoid g of the subclass from the

equivalence groupoid G~ of the whole class (1)), we substitute the above values
of T, X° ¥ and T into and obtain the following statement:

Theorem 1.6. The equivalence groupoid g of the subclass consists of

triples of the form (v,7, ), where ¢ is a point transformation in the space of
variables, whose components are

~ a1t + a ~
f=T:= a;tfaz T = e|Ty|*x + b, T + by, (13a)
. 1 Ty 7 b1 T + by b2
flp =exp <8|T,t|1'2 + §5b1|Tt|1/2x — 5/'Y|T,t1/2 dt — Zle
(13b)
cC ~ A
W(df + @),
the transformed parameter 7 is given in terms of v as
. ee’
Y= W% (13c)

ag, a1, as, as, by and by are arbitrary real constants with ajas — agaz =: €’ = £1,
¢ is a nonzero complex constant, ® = ®(t,z) is an arbitrary solution of the initial
equation, € = 1.

Corollary 1.6. The (usual) equivalence group G of the subclass (12)) consists
of point transformations of the form with bg = by =0 and ® = 0.

Proof. We argue in a similar way to Corollary since each transformation
from G generates a family of admissible transformations in the subclass ,
it is necessarily of the form ([13). There is only one common solution for the
equations from the subclass (|12)): the zero function. Hence the independence of
the transformation components for the variables on the arbitrary element ~ is
equivalent to the conditions by = b; = 0 and ¢ = 0. O
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Corollary 1.7. The equivalence algebra of the subclass is the algebra
oig = (P (1), Dz (1), Dz (¢), M (1), 1(1)),

where, as in Corollary M(1) = 1(Y0y — ¥*O0yp-), I(1) = dy + Y Oy, and

. 1 1 ~ i N 3
D(T) = Tat —+ 57}:1631 -+ éTttx2M(1) — ZTtI(l) — 57}"}’87.

The proof is analogous to that of Corollary [.3]

Corollary I.8. For each v = ~(t), the equation Ly with V = iyx admits the

group GV of point symmetry transformations of the form (13a])—(13b) with T =t
and e = 1.

Proof. The relation obviously implies that for each fixed value of the arbi-
trary element +, transformations of the form 7 with T =tand e =1
leave this value invariant. Other transformations are point symmetries of £y, with
V = i~yx only for some values of . O

Corollary 1.9. The subclass is uniformly semi-normalized with respect to the
family of uniform point symmetry groups {G“l,“f} of equations from this subclass
and the subgroup H of G singled out by the constraint ¢ = 1.

Proof. It is obvious that for any V the intersection of m, H and G consists of
the identity transformation only. Consider an arbitrary admissible transformation
(7,4, ) in the subclass , which maps the equation Ly with V' = iy (t)x to the
equation Ly with V = #%(f)#. Then ¢ is of the form (13a)—(L3b) and thus G“l/“f =
goG‘{,“fgo_l. We denote the dependence of ¢ on the transformation parameters
appearing in f by writing ¢ = ¢(T,¢€,b1,bp,c,®). It is obvious that
¢ = P> ", where o' = ¢(,1,0,0,1,8) € GP, ©* = ¢(t,1,b1,bo, ¢,0) € G,
and the transformation ¢° = ¢(T,¢,0,0,1,0), prolonged to v according to ,
belongs to H. O

Applying Theorem [[.4] to equations from the subclass , we consider the
classifying condition (9)) for the associated form of potentials, V' = iy(t)x, and
split this condition with respect to . As a result, we obtain the following system
of differential equations for the parameters of Lie symmetry vector fields:

1

Tir =0, xue =0, 0¢=0, pr=—-yx— ZTtta (14)
as well as the classifying condition
(v17F2) =o. (15)
t

It is then clear that the kernel invariance algebra g of the subclass is
spanned by the vector fields M and I.
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Theorem 1.7. The mazimal Lie invariance algebra gy of an equation Ly for
V = iv(t)z is spanned by the vector fields D) (7), G(1) +p, G(t)+p%I, M, I,
Z(n°), where

1 1 1 1
D) (1) :=D(1) — ZTtI =70 + 57}1‘81; + ththM — Z’Tt_L
the parameter T runs through the set B of quadmtz’c polynomials in t that satisfy
the classifying condition = — [~(t)dt, p? = — [ty(t)dt and n° runs
through the solution set of the equatwn Ly.

Each equation Ly with V = iy(t)z, belonging to the subclass (12)), is invariant
with respect to the Lie algebra gt = (G(1) + p'1,G(t) + p*I, M, I,Z(n°)) of
the group Gunf where 7% again runs through the solution set of the equation Ly .
Such algebras have a similar structure for all equations from the subclass. The
commutation relations between vector fields from g, imply that the essential part
g3 of gy admits the representation g@* = g3 & (g“vnf 9%3’), where gt =
{Dazg)(7) | 7 € Py} is a subalgebra of gi7*, and giPf is an ideal of g N g%
Interpreting the above representation, we can say that the algebra g¢° is obtalned
by extending the algebra gitf N g¢}" with elements of g,

Consider the linear span

oy = X o =(Drg), Dy (t), Dy () C mo);

V=iy(t)z

where 7 is the projection of the joint space of the variables and the arbitrary
element on the space of the variables only. The algebra ge"t is isomorphic to the
algebra sl(2,R). The pushforwards of vector fields from gf by transformations
from the group 7T*G constitute the inner automorphism group Inn(ge’;t) of the
algebra gf¥*. The action of G on equations from the subclass induces
the action of Inn(g’?’ft) on the s’algebras of the algebra ge"t. Consequently, the
classification of possible Lie symmetry extensions in the subclass reduces to
the classification of subalgebras of the algebra sl(2,R), which is well known.

Theorem 1.8. A complete list of G -inequivalent (and, therefore, Q -inequi-
valent) Lie symmetry extensions in the subclass is given by Table 2.

ext

Proof. An optimal set of subalgebras of the algebra g}* is given by

{0}, (D)), (D)), (D(*+1)=35tI), (D(1), D(¥)), (D(1), D(t), D(t*+1)—5t).

The zero subalgebra gives the general case with no extension of gunf which is
Case 1 of Table 2

For the one—dimensional subalgebras, we substitute the corresponding values
of 7, 7=1,7=tand 7 = t?> + 1 into the classifying condition , integrate
the resulting equations with respect to 7 and obtain Cases 2a—2c of Table 2,
respectively. Using equivalence transformations that do not change the form of ~,

we can set b = 1 in Case 2a and b > 0 in Cases 2b and 2c.
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Table 2. Results of the group classification of the subclass .

no. | k 1% Basis of gg3*

110 iy(t)w M, I, G(1) = ([~(t)dt) I, G(t) — ([ty(t)dt) I

2a | 1 ibx M, I, G(1) —btI, G(t) — $bt*I, D(1)

2b | 1 iblt| =32 | M, I, G(1) + 2bt|t|=3/21, G(t) — 2b|t|*/?1, D(t)

2¢ | 1 |ib(t> +1)73 2z | M, I, G(1) — bt(t> + 1)"Y/21, G(t) + b(t> + 1)71/?1I,
D(t? +1) — 3tI

313 0 M, I, G(1), G(t), D(1), D(t), D(t?) — tI

Lie symmetry extension given in Case 1 of Table 2 is maximal if and only if the arbitrary element ~y
is of the form ~ # 03|02t2 + cit + co|*3/2 for any real constants cg, c1, c2 and c3 with cg, c1
and cp not vanishing simultaneously. The real constant b in Cases 2a—2c is nonzero. Moreover,
b=1mod G~ in Case 2a and b > 0 mod G~ in Cases 2b and 2c.

Similarly, the classifying condition for the two-dimensional subalgebra
gives an overdetermined system of two equations with 7 =1 and 7 = ¢, for which
the only solution is v = 0. The maximal extension of g“’,nf for v = 0 is three-
dimensional and is given by the last subalgebra of the list. This gives Case 3 of

Table 1. O

All cases presented in Table 2 are related to those of Table 1. In the symbol
T.N, used in the following, T denotes the table number and N is the case number
(in Table T). Thus, Cases 2.1, 2.2a and 2.3 coincide with Cases 1.2, 1.4c and 1.6,
respectively. Some cases are connected via equivalence transformations, which are

of the form 7

29b 5 1da: T="T1p, X'=x—T=0, &=0;
22¢c —-14b: T =arctant, X'=X=7T=0, ®=0.

Thus, the result of group classification of the class can be reformulated with
involving Table 2.

Corollary I1.10. A complete list of inequivalent Lie symmetry extensions in the
class is exhausted by Cases 1, 8 and 5 of Table 1 and the cases collected in
Table 2.

8 Subclass with real-valued potentials

We derive results on group analysis of the subclass Schg of equations of the form
with real-valued potentials using those for the whole class . The condition that
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potentials are real valued leads to additional constraints for transformations and
infinitesimal generators.

Theorem 1.9. The equivalence groupoid Gg' of the subclass Schg consists of triples
of the form (V,V ), where ¢ is a point transformation in the space of variables,
whose components are

I=T, i=c¢|lT}|"%x+X°, (16a)
~ a ) Ttt ) 7 E€/XO ~ N
w:W <8|Tt|x 2|T|1/2x+z§3 (P + @), (16b)

the transformed potential V is expressed in terms of V as

2T, T, T2 ! X7 X7 X
Vo o 8Ty e (XD G B g
|Tt| 165”1; 2‘Tt|1/2 Tt 4Tt Tt
T =T(t), X°= X%¢t) and ¥ = X(t) are arbitrary smooth real-valued functions of

t with Ty # 0 and ® = ®(t,x) is an arbitrary solution of the initial equation. a is
a nonzero real constant, e = +1 and & = sgnT;.

V=

Corollary I1.11. The subclass Schy is uniformly semi-normalized with respect
to linear superposition of solutions. Its equivalence group GY consists of point
transformations of the form with ® = 0.

Corollary 1.12. The equivalence algebra of the subclass Schy is the algebra
o8 = (Dr(7), Gr(x), Mz(), Ir)

where T, X and o run through the set of smooth real-valued functions of t. The
vector fields Dg(T), Gr(X), Mr(0) and Ig are given by

) )
Dg(7) =710 + 57}:136@ + %Ttt$2(¢&b — " 0y-)

1 . 1
- ZTJR - (TtV - 8Tttt$2> aVv

Gr(x) = X0, + %th(w&/, ) + &xav,

Mg(o) = io(dy — P 9y+) + 010y, Ip = Y0y + ¥ Dy~

Corollary 1.13. A (1+1)-dimensional linear Schrédinger equation of the form
with a real-valued potential V is equivalent to the free linear Schridinger equation
with respect to a point transformation if and only if the potential is a quadratic
polynomial in x, i.e., V. = v2(t)x? + vy (t)x + ~°(t) for some smooth real-valued
functions v°, ¥1 and 4% of t.

A study of the determining equations for Lie symmetries of equations from the
subclass Schg shows that the classifying condition in this case is of the form @D
with py = — 17,

1 1 1
TVi + <2Ttx + X) Ve +1V = thtt$2 + §Xtt33 + oy (17)
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The kernel invariance algebra gf of the subclass Schr coincides with the kernel
invariance algebra g™ of the whole class , cf. Proposition 1.

Theorem 1.10. The mazimal Lie invariance algebra gy of an equation Ly from
the subclass Schy is spanned by the vector fields Dr(T), G(x), I, oM and Z(n°),
where

1

1 1 1
Dg(7) :=D(7) — 17}] =70 + 57}9081 + thtsz - 17',5[,

1
G(x) = x0z + §XtacM7 M =)0y — 0 Oy, I =1p0y + Y* Oy,
Z(n°) = n°0y +n°*0y-,

the parameters T, x and o run through the set of real-valued smooth functions of
t satisfying the classifying condition , and n° runs through the solution set of
the equation Ly .

It is obvious that properties of appropriate subalgebras for the subclass Schr
can be obtained by specifying the same properties of appropriate subalgebras for
the whole class (|1). Thus, inequivalent cases of real-valued potentials admitting
Lie symmetry extensions can be singled out from the classification list presented in
Table 1. We note, however, that the group classification of real-valued potentials
can be easily carried out from the outset.

Theorem I.11. A complete list of inequivalent Lie symmetry extensions in the
subclass Schy is given in Table 3.

Table 3. The classification list for real-valued potentials.

no. | ky | ke |4 Basis of g{**

1 (0|0 |Vt

M,
2 | 10| V() | M, I, D(1)
M,

4 3|2 0 M, I, D(1), D(t), D(t*) — LtI, G(1), G(t)

Lie symmetry extensions given in Table 3 are maximal if and only if the potential V' does not
satisfy an equation of the form (17) in Case 1 and V # box? + bix + by + c(z+ a)_2 for any real
constants a, bg, b1, b2 and ¢ in Case 2. The real constant ¢ in Case 3 is nonzero.

Proof. The proof follows the same pattern as Theorem and we sketch the
proof by considering the invariants ki and k. The case ko = 0 is split into the
three subcases k1 = 0, k1 = 1 and ky > 2. The proof for each subcase is the same
as for Theorem [[[5] except that the parameter p in each Lie symmetry vector field
satisfies the equation p; = f%nt. If ky = 2, then the algebra g{>° contains a vector
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field Q' = G(x!) + o' M + p'I, where the parameters x* and o' are real-valued
smooth functions of ¢t with ' # 0 and p' is a real constant. Combining Q' with I
and using G™-equivalence, we may assume that Q! = G(1). The equation Ly is
invariant with respect to G(1) if and only if the potential V' does not depend on z.
Then the equation Ly is equivalent to the free linear Schrédinger equation. O

9 Conclusion

In this paper we have completely solved the group classification problem for (141)-
dimensional linear Schrodinger equations with complex-valued potentials. The
classification list is presented in Theorem or, equivalently, in Corollary
This also gives the group classifications for the larger class of similar equations
with variable mass and for the smaller class of such equations with real-valued
potentials. We have introduced the notion of uniformly semi-normalized classes of
differential equations and developed a special version of the algebraic method of
group classification for such classes. This is, in fact, the main result of the paper.
The class has the specific property of uniform semi-normalization with respect
to linear superposition transformations, which is quite common for classes of ho-
mogeneous linear differential equations. Within the framework of the algebraic
method, the group classification problem of the class reduces to the classifi-
cation of appropriate low-dimensional subalgebras of the associated equivalence
algebra g~.

We show that the linear span g, of the vector fields from the maximal Lie
invariance algebras of equations from the class is itself a Lie algebra. For
each potential V| the maximal Lie invariance algebra gy of the equation Ly from

ess

the class is the semi-direct sum of a subalgebra g{**, of dimension not greater
than seven, and an infinite dimensional abelian ideal gl‘i/n, which is the trivial part
of gy and is associated with the linear superposition principle, gy = g¢° & gl‘i/n.
The above representation of gy’s yields a similar representation for g, = >, gv,
g, = o5 € g, where g%* = Y, g9 is a (finite-dimensional) subalgebra of g,
and glj;’ =>v g%i/“ is its abelian ideal. The projection of the equivalence algebra g™
of the class on the space of variables coincides with g¢$*. Thus, two objects,
g¢})" and g7, are directly related to the class and consistent with each other.
This is why we classify appropriate subalgebras of g¢}* up to G™-equivalence, each
of which coincides with g** for some V.

The partition into classification cases is provided by two nonnegative integers
k1 and ks, which are characteristic invariants of subalgebras of g{5°. This leads to
two equivalent classification lists for the potential V' depending on which of these
invariants is assumed as the leading invariant. The list presented in Table 1 (resp.
described in Corollary is constructed under the assumption that the invari-
ant ki (resp. ko) is leading. FEach of the lists consists of eight G™-inequivalent
families of potentials. We have proved that for appropriate subalgebras the invari-
ant ko can take only two values: 0 and 2, and the invariant k; is not greater than
three. Further, the invariant k; cannot equal two for appropriate subalgebras due

to the fact that the corresponding subalgebras cannot be maximal Lie symmetry
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algebras for equations from the class . At the same time, the proof of the con-
dition k; # 2 needs realizing the major part of the group classification of the class
under study.

The cases in the second list for which ks = 0 coincide with those from the
first list. For ko = 2, the group classification of the class reduces to the group
classification of its subclass . This subclass is uniformly semi-normalized with
respect to a larger family of point symmetry groups than the corresponding groups
of linear superposition transformations, which makes the subclass a useful
example for group analysis of differential equations. For each equation Ly from
the subclass, the essential part g{’® of its maximal Lie invariance algebra gy can
be written as g5 = g & (gif N g%°), where gi* is an ideal of gy and has a

ext

similar structure for all equations from the subclass, and gi** is a subalgebra of
g5, The vector fields from all g§¥*’s of equations from the subclass (12)) constitute
the algebra gf’;t, which is contained in the projection of the equivalence algebra
of the subclass and is isomorphic to the algebra sl(2,R). Therefore, the
classification of subalgebras of s1(2,R) (which is well known) yields the solution of
the group classification problem of the subclass , whose result is presented in
Table 2.

Since the subclass Schy of (141)-dimensional linear Schrédinger equations with
real-valued potentials is important for applications, we have given its group clas-
sification separately by singling out related results from the group classification of
the class . Since the subclass Schg is also uniformly semi-normalized with re-
spect to linear superposition of solutions, this procedure can be realized within the
framework of the algebraic approach by specifying the properties of appropriate
subalgebras for the case of real-valued potentials.

Furthermore, the semi-normalization of the above classes of linear Schrodinger
equations guarantees that there are no additional point equivalence transforma-
tions between classification cases listed for each of these classes.

The new version of the algebraic method that is given in Section [3] and then
applied to the symmetry analysis of the class can be regarded as a model
for optimizing the group classification of other classes of differential equations
(including higher-dimensional cases). We intend to extend our approach to multi-
dimensional linear Schréodinger equations with complex-valued potentials. In this
context, it seems that the technique used in the proof of Theorem [[.5]is more useful
for generalizing to the multidimensional case than the alternative proof presented
in Section [7
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We investigate the group classification problem for (14n)-dimensional linear
Schrédinger equations with complex-valued potentials using the algebraic ap-
proach for arbitrary n > 1. We compute the equivalence groupoid of the class by
the direct method in finite form and we show that this class of equations has the
property of being uniformly semi-normalized with respect to linear superposition
of solutions. We also find it convenient to consider a slight weakening of this prop-
erty and we introduce the notion of weakly uniformly semi-normalized classes of
differential equations. These properties allow us to reduce the group classification
for this type of equation to the classification of certain low-dimensional subalge-
bras of the associated equivalence algebra. For n = 2 we give a complete group
classification of these equations.

1 Introduction

The theory of group classification plays a central role in the symmetry analysis of
differential equations and its application to physics. This theory originated from
the work of Sophus Lie on the study of infinitesimal point symmetries of ordinary
and partial differential equations [20], [2I]. The study of Schrédinger equations
within this framework dates back to the beginning of the 1970s. Lie symmetries
of linear Schrodinger equations with real-valued potentials were studied in [4],
[23], [25], [26], [27], [28]. Nonlinear Schrodinger equations have also been studied
from the point of view of symmetry classification in [5], [9], [10], [I1], [12], [13],
[14], [33], [35], [41]. However, the Lie symmetries of linear Schrodinger equations
with complex potentials have not been studied although such equations have been
of interest in quantum mechanics, condensed matter physics and quantum field
theory [2], [8], [22], [24].
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In this paper we consider the class F of (14+n)-dimensional (n > 1) linear
Schrodinger equations with real- and complex-valued potentials consisting of equa-
tions of the form

1y + Yaa + V(t»ff)?/J =0, (1)

where t and = (21,...,z,) are real independent variables, v is a complex-valued
function and V' (¢,z) is an arbitrary smooth complex-valued potential. Here and
in the following, expressions such as V; and V, denote differentiation with respect
to t and z,, respectively and the indices a, b, ¢, and d run from 1 to n. We use
the summation convention for repeated indices.

The group classification of the class F with n = 1 was carried out in [I8] and a
complete list of inequivalent Lie symmetry algebras together with their correspond-
ing families of potentials was obtained. The group classification of the subclass of
(141)-dimensional linear Schréodinger equations with real-valued potentials V' was
also obtained using the solution of the group classification problem for the class F.
The case of the class F in dimension 142 was dealt with in [I9]. The treatment in
this case becomes somewhat more involved since rotations in the space-variables
enter the picture.

The present paper generalizes results obtained in [I8], [I9] to 1+ n-dimensions
for n > 1. We find the equivalence groupoid G~, the equivalence group G~ and
the equivalence algebra g™ for the class F. We analyze the system of determining
equations for Lie symmetries of equations from the class F and study properties
of subalgebras of g™~ whose projections to the space of independent and dependent
variables are essential Lie invariance algebras of equations from the class F. In
particular, we prove that the dimensions of these invariance algebras is less than
or equal to n(n + 3)/2 + 5. For n = 2 we solve completely the group classifica-
tion problem for the class F. This involves developing the theory of uniformly
semi-normalized classes of differential equations that was presented in [18§].

The structure of this paper is the following: Basic notions and some results
related to group classification of differential equations are briefly reviewed in Sec-
tion[2] In Section [3] we define what is meant by a uniformly semi-normalized class
and uniform semi-normalization with respect to a proper subgroup of an equiv-
alence group. In Section [] we introduce the new notion of a weakly uniformly
semi-normalized class. We then study the properties of such classes and compare
them with those of uniformly semi-normalized classes. In Section [5] we compute
the equivalence groupoid G~ of the class F for an arbitrary value n > 1. The
equivalence group G~ and equivalence algebra g™~ of the class F are obtained in
Section [6] It is shown that the class F is uniformly semi-normalized with respect
to linear superposition of solutions. In Section[7] we derive and partially solve the
determining equations for the Lie symmetries of equations from the class F, thus
obtaining the general form of Lie symmetry generators, the kernel invariance alge-
bra g™ as well as the classifying condition for Lie symmetries. Section [8]is devoted
to properties of subalgebras of g~ that are appropriate as maximal Lie invari-
ance algebras of equations from class F. The solution of the group classification
problem of the class F in the case n = 2 is completed in Section [9}
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2 Basics notions of group classification

In order to make the presentation self-contained, we briefly define the notions
of a class (of systems) of differential equations, point transformations for such
classes as well as equivalence groups and symmetry groups for these classes. More
details can be found in [3], [34], [35]. In this and the following two sections we
use a notation for independent and dependent variables that differs from that of
the other sections: x = (x1,...,x,) denotes the complete n-tuple of independent
variables and v = (u!,...,u™) is the m-tuple of dependent variables (that is,
functions of the independent variables).

Consider a system of differential equations Lo: L(x,u(py, 0(g) (2, u(p))) = 0,
which is parameterized by a tuple of arbitrary elements

9(3771/6(17)) = (91(1‘,’(1,(1))), RRE) Qk(x,U(p))),

where u(,) stands for the set of the dependent variables u together with all deriva-
tives of u with respect to x up to and including order p. Here 6,y denotes the tuple
of derivatives of § with respect to x and u(,) up to order ¢q. The arbitrary elements
0(x, u(p)) run through the set S of solutions of an auxiliary system of differen-
tial equations S(z,wu(py,0(q) (7, uep)) = 0 and differential inequalities of the form
B(x, uepy, 0qy (2, u@))) # 0, where both = and w, play the role of independent
variables, and S and ¥ are tuples of smooth functions depending on z,u,) and
fq)- Other kinds of inequalities are also possible. We denote the class of systems
Ly with arbitrary elements 6 running through S by L|s, i.e., L|s :={Ly | 0 € S}.

Let Ly and L; be systems from the class £|s. The set of point transformations
of the space with local coordinates (x,u) that map the system Ly to the system
L is denoted by T(0,0). The set of admissible transformations of the class £|s is
defined by

G~ :={(0,0,9) 0,0 €S,pcT(0,0)}

and it has the structure of the groupoid with respect to composition of maps: the
composition ¢ o) of two maps ¢ € T(8,6), ¢ € T(¢',6") is possible only if § = ¢’
We call G~ the equivalence groupoid of the class L|s (see [3]).

A (usual) equivalence transformation T for the class L|s is a point transfor-
mation of the space with local coordinates (x, ), 9) whose action is projectable
to the space with local coordinates (z,u,)) for any p’ with 0 < p’ < p, so that its
restriction 7|(z,q, ., acting on the jet space J¥ (R", R™) with local coordinates
(w,u(py) is the p'th order prolongation of T, .) (to the jet space JP (R™ R™)
with local coordinates (z,u(,)) and such that it maps every system from the
class L|s to another system belonging to the same class. The collection of all such
transformations is called the (usual) equivalence group G~ of the class L|s. The
equivalence algebra g™ of the class L|s is defined to be the Lie algebra consisting
of the generators of one-parameter subgroups of the group G™.

The maximal point symmetry group Gy of the system Ly, 8 € S, is defined to
be the (pseudo)group of transformations Gy acting on the space of independent and
dependent variables and mapping the solution set of Ly onto itself, that is Gy =
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T(0,6). The kernel group G" of the class L|s is then defined as the intersection
G" := yes Go (that is, G" is the set of all symmetries admitted by all the
individual systems Ly of the class L|s). The algebra gy consisting of all the
generators of one-parameter subgroups of the maximal point symmetry group Gy
is called the mazimal Lie invariance algebra of the system Ly and the algebra g
consisting of all the generators of one-parameter subgroups of the kernel group G"
is called the kernel invariance algebra of the class L|s.

With these definitions we can formulate the group classification problem of the
class L|s as follows: Given the class of differential equations Ll|s, find all G™-
inequivalent values of 0 € S for which the corresponding maximal Lie invariance
algebras, gg, are larger than the kernel invariance algebra g".

The study of group classification problems is based on the infinitesimal invari-
ance criterion [30], [32]. For a system Ly € L|s, a vector field Q = £ (x, u)0,, +
n%(x,u)0y« belongs to the maximal Lie invariance algebra gy of Ly if and only if
the condition

Q) L(@, ugp), 0(g) (%, u(p))) =0

holds on the manifold defined by the system L, which is defined as being Ly
together with all its differential consequences of order up to and including p, subject
to the condition that £} be locally solvable and of maximal rank (for these two
notions, see [30]). L} is a submanifold of the jet space J?(R"™,R™). The pth
prolongation of the vector field @ is the vector field

Qo=@+ D (Di“ DY (" = ) + Eiug+5i)aug

0<|e|<p

in the jet space J®) where the tuple a = (ai,...,a,) is a multi-index, |a| :=
a4+ -+ ay, a; € NUO, and d; is the multi-index whose i-th entry equals 1 and
whose other entries are zero. The indices ¢ and a run from 1 to n and from 1 to m,
respectively, and we assume summation with respect to repeated indices. The vari-
able u2 of the jet space J®) is identified with the derivative d1*lu® /xS ... Qxon.
D; = 0; +u +5; 8% is the total derivative operator with respect to the variable x;.

After splitting with respect to different powers of the derivatives of u, the in-
finitesimal invariance criterion gives a linear (usually overdetermined) system of
determining equations for the components of Lie symmetry vector fields of a sys-
tem Ly from the class £|s. The solution of this system depends of course on the
structure of the class £L|s. Those determining equations that do not involve the
arbitrary elements can (usually) be integrated immediately, and their general so-
lution gives a preliminary form of the components of the Lie symmetry generators.
The remained equations, containing arbitrary elements, constitute the classifying
condition for the Lie symmetries of the systems from the class £|s. Splitting these
equations with respect to the derivatives of the arbitrary elements and solving
the system that arises in this way, we obtain the kernel invariance algebra g™. In
order to classify the Lie symmetry extensions in the class L|s, one analyzes the
classifying condition up to G~-equivalence.

One approach to analyzing the classifying condition is to use the algebraic
method of group classification, but this depends on whether or not the class is
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normalized. We say that a class of differential equations L|s is normalized if its
equivalence groupoid G~ is induced by elements of its equivalence group G™,

G~ ={0,7T0,T|ww) |0€S,TeG}.

The class L|s is said to be semi-normalized if each element of its equivalence
groupoid is generated by an equivalence transformation and point symmetry trans-
formations of the corresponding initial or transformed system. It is obvious that
any normalized class of differential equations is semi-normalized. If the class L|s is
normalized, its group classification reduces to classifying subalgebras of the equiv-
alence algebra g~ (and of the projection of this algebra to the space with local
coordinates (x,u)) of the class, up to G~-equivalence. If the class is not normal-
ized, one may try to partition it into normalized subclasses. More details on the
algebraic method of group classification can be found in [3], [35].

3 Uniformly semi-normalized classes

In [I8] Section 3], we gave a definition of a uniformly semi-normalized class of
differential equations £|s which was sufficient for most purposes in our previous
investigation. Here we redefine the notion of a uniformly semi-normalized class in
order to extend it to more general situations than:

Definition II.1. Given a class of differential equations L|s with equivalence
groupoid G~ and (usual) equivalence group G, suppose that there exists a sub-
group H of G™, and for each § € S the point symmetry group Gy of the sys-
tem Lg € L|s contains a subgroup Ny such that the family Ns = {Ny | 0 € S} of
all these subgroups satisfies the following properties:

1. For any (6',0",¢) € G~ there exist ¢’ € Ny, ¢” € Np» and T € H such
that 0" = T6 and ¢ = " (T (z,u))¢’-

2. N7o = T (wu)No(T | (z,u)) " for any 6 € S and any T € H.
3. H|(gu) N Ng = {id} for any 6 € S.

Here T|(z’u) and H|(z’u) denote the restrictions of 7 and H to the space with
local coordinates (2,u): H|zu)y = {Tl@w | T € H}, and id is the identity
transformation in this space. We then say that the class of differential equa-
tions L|s is uniformly semi-normalized with respect to the subgroup H of G™ and
the symmetry-subgroup family Ns.

The case H|(,,.) = {id} is degenerate and is not of interest for group analy-
sis. However, if H coincides with the entire equivalence group G™, we have the
simplest (and commonest) type of uniformly semi-normalized classes.

The third property in Definition just says that no transformation, other
than the identity transformation, in H is induced by a symmetry transformation
from the family Ns.

The term “uniformly” is justified by the second property and by the fact that, in
practically relevant examples of such classes, all the subgroups Ny’s are isomorphic
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to each other or at least have a similar structure (in particular, they are of the
same dimension).

The factorization of ¢ in the first property implies that the triple (6, 0", T |(z..))
is the composition of the admissible transformations (¢’,6’, (¢")~1), (¢',0”, ¢) and
(0",0",(¢")1). Therefore, this triple itself is an admissible transformation in
the class L|s. Since the systems Ly and L¢ are obtained from the system Ly
by the same point transformation 77, ), they coincide as systems of differential
equations and define equivalent systems of algebraic equations in the underlying jet
space. In other words, the arbitrary-element tuples 6" and 76 are gauge equivalent,
denoted symbolically as 8” £ T6. If the gauge equivalence within the class Lls
is trivial, that is, each the arbitrary-element tuple is gauge equivalent to itself
only, we obtain the relation 6’ = T6'. Consequently, for classes with trivial
gauge equivalence this relation can be omitted in the definition of uniform semi-
normalization as a consequence of the factorization of .

The relation 8” = T6' with T € H implies that the systems Ly and Ly~ are
H-equivalent, which gives the following obvious result:

Proposition I1.1. If the class L|s is uniformly semi-normalized with respect to a
subgroup H of G™ and a symmetry-subgroup family Ns = {Ny | 8 € S}, then sys-
tems from this class are similar (that is, they are related by point transformations)
if and only if they are H-equivalent.

The first property of Definition means that the entire equivalence groupoid
G~ is generated by distinguished equivalence transformations and transformations
from uniform point symmetry groups. By the second property, one of the symme-
try transformations, ¢’ or ", in the corresponding representation of admissible
transformations can be taken to be the identity, and then, by the third property,
the other components are defined uniquely.

Proposition I1.2. If the class L|s is uniformly semi-normalized with respect to a
subgroup H of G~ and a symmetry-subgroup family Ns = {Ny | 0 € S}, then for
any (6',0”,p) € G~ there exist a unique ¢’ € Ny, (resp. a unique ©"” € Ngr ) and
a unique T € H such that 0" = T0" and ¢ = T|z,u) " (resp. © = " (T (zu)))-

Proof. We fix an arbitrary admissible transformation (6,6, ) of the class £|s.
The first of the properties in the definition of uniform semi-normalization of £L|s
guarantees the existence @' € Ny, ¢/' € Ng» and T € H such that 8" = T¢’
and ¢ = ¢"(T|(z,u))¢’. By the second property, for a given choice of T, there
exist ¢’ € Ng» and @"” € Ny such that T, @' = &' (T (zw) and @" (T (zu) =
Tl(z,w@”. Then
Y= T‘(m,u)gb”(ﬁ/ =T] (m,u)‘P/ and ¢ = ¢1/¢/(T|(z,u)) = ‘P/I(Tl(z,u))a

where ¢’ = @"@’ and ¢” = ¢”¢’. This proves the existence of ¢’ and ¢".

To prove uniqueness, we suppose that there exist 7 € H and @' € Ny such
that ¢ = T|(zu¥ = 7~—|(x,u)<,5’. This implies

(7:|(a:,u))717-|(1,u) = 95/(@/)71 S H|(a:,u) N N9 = {ld}a
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and hence 71\(1’@ = T|(z,u) and @' = ¢'. The uniqueness of the second represen-
tation for ¢ is proved in the same way. O

The second property can be interpreted as the equivariance of the map & >
0 — (0, Ng) under the actions of H on S and on {(0,Ky) | 0 € S, Ky < Gy}. If
the first property of Definition holds, the equivariance under the action of the
subgroup H implies the equivariance under the action of the entire group G™.
Indeed, for an arbitrary § € S and 7 € G~ we have (0,76,T|5w) € G~,
and then by Proposition [[1.2} _the transformation 7 (,,,) admits the representatlon
Tl = T\(T w ¢ for some T, ) € H and some ¢ € Ny. Then 70 = 76 and

Ty No(Tlzw) ™ = TlwweNow ™ (Tleew) ™ = Tliww No(T @) ™"
= N’f‘@ = Npy.

Thus, we obtain the following;:

Proposition I1.3. If the class L|s is uniformly semi-normalized with respect to
a subgroup H of G™ and a symmetry-subgroup family Ns = {Ny | 0 € S}, then
Nyg = T|(J;,u)N9(T|(z,u))71 forany 0 € S and any T € G™.

Each normalized class of differential equations is uniformly semi-normalized
with respect to the improper subgroup H = G~ and the trivial family Ns, that is
N5 consists of just the identity transformation. It is also clear that each uniformly
semi-normalized class is semi-normalized. However, there are semi-normalized
classes that are not uniformly semi-normalized, which was illustrated in [I8, Sec-
tion 3] by the class ND of nonlinear diffusion equations of the form u; = (f(u)ug)s
with f, # 0.

The group classification of uniformly semi-normalized classes depends crucially
on the theorem on splitting of symmetry groups in uniformly semi-normalized
classes:

Theorem II.1. Suppose that the class of differential equations L|s is uniformly
semi-normalized with respect to a subgroup H of G™ and a symmetry-subgroup
family Ns = {Ny | 0 € S}. Then for each 6 € S the point symmetry group Gy
of the system Ly € L|s splits over Ny. That is, Ny is a normal subgroup of Gy,
G§* = H|(3,u)NGy is a subgroup of Gg, and the group Gy is the semidirect product
of G§* acting on Ny, Gg = G§** x Ny.

Proof. We fix an arbitrary § € S and take an arbitrary ¢ € Gy. Then (0,0, ¢) €
G~ and, by the first property of Definition the transformation ¢ admits the
factorization ¢ = T\(z,u)@l for some 7 € H and some ' € Ny. The element Ny
of the family Ns is a subgroup of Gy, Ny < Gy and hence the transformation
0= T|(wu) = ¢(¢") " also belongs to Gy, and consequently to H|(, ) NGy =:
G5, which is a subgroup of Gy since it is intersection of two groups. This implies
that for any ¢ € G we have the representation ¢ = ¢!, where ¢° € G and
@' € Ny.
Since H|(z,,) N Ny = {id} by the third property of Definition [II.1} the intersec-
tion G§* N Ny also contains only the identity transformation.
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For an arbitrary ¢ € Gy and an arbitrary ¢ € Ny, consider the composi-
tion P L. As an element of Gy, the transformation ¢ admits the factorization
o = P! for some ¥ € G$* and some p! € Ny. Since G§* < H|(34), there
exists a 7 € H such that 76 = 6 and ¢° = T|(z,u)- By the second prop-
erty of Definition we obtain Ny = ¢"Ny(¢")~!. Hence we have p@p—! =
Wol@(ph)71(p%) =1 € Ny. Thus we have that Ny is a normal subgroup of Gy,
Ny < Gg, and so Gy = GSSS X Ny. ]

The members of the family Ns = {Ny | 0 € S} are called uniform point
symmetry groups of the systems from the class £|s with respect to the subgroup H
of G~. The subgroup G§* is called the essential point symmetry group of the
system Ly associated with the uniform point symmetry group Ny. The existence of
a family of uniform point symmetry groups trivializes them in the following sense:
since Gy splits over Ny for each 6, then we only need to find the subgroup G§* in
order to construct Gy.

The infinitesimal version of Theorem [[I.T|may be called the theorem on splitting
of invariance algebras in uniformly semi-normalized classes. This result follows
immediately from Theorem if we replace the groups with the corresponding
algebras of generators of the one-parameter subgroups of these groups:

Theorem I1.2. Suppose that a class of differential equations L|s is uniformly
semi-normalized with respect to a subgroup H of G~ and a family of symmetry
subgroups Ns = {Ny | 0 € S}, and b is a subalgebra of the equivalence algebra g™
of this class that corresponds to the subgroup H. Then for each 6 € S the Lie
algebras g5 and ng that are associated with the groups G§* and Ng are, respec-
tively, a subalgebra and an ideal of the maximal Lie invariance algebra gg of the
system Lo € L|s. Moreover, the algebra go is the semi-direct sum go = g5 & ng,
€ess

and g¢> = b|(zu) N go, where b, .,y denotes the restriction of by to the space with
local coordinates (x,u).

In view of Proposition and Theorem [[T.2] the group classification prob-
lem for a uniformly semi-normalized class L|s is solved in the following way:
when computing the equivalence groupoid G~ and analyzing its structure, we
construct a subgroup H of G~ and a family of uniform point symmetry groups
Ns = {Ny | 0 € 8§}, which then establishes the uniformly semi-normalization of
the class £|s and yields the corresponding uniform Lie invariance algebras ng’s.
The subgroup Gg* = H|(, ) N Gy and the subalgebra gg** = |, ) N ge which are
the complements of Ny and ny in Gy and gy, respectively, are in general not known
on this step. By Theorem[[T.2] we have for each 6 € S that the maximal Lie invari-
ance algebra gg of the system Ly is given by the semi-direct sum gy = g5 €ng. The
essential Lie invariance algebras are subalgebras of b|(, . and are pushforwards
of each other under equivalence transformations from H: §5% = (T |(z,u))«05" for
T € H. We call a subalgebra of b|(, ., appropriate if it coincides with the essential
Lie invariance algebra of some system from the class £|s. By Proposition m H-
equivalence can replace G™-equivalence and even G™~-equivalence. Thus, we have
the following:
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Proposition I1.4. Let the class L|s be uniformly semi-normalized with respect
to a subgroup H of G~ and a symmetry-subgroup family Ns, and let g~ be the
equivalence algebra of this class. Let § be the subalgebra of g~ corresponding to
the subgroup H. Then the solution of the group classification problem for the
class L|s reduces to the classification, up to H-equivalence, of appropriate subal-
gebras of bz or, equivalently, of the algebra b itself.

—— Example II.1
An important case of uniformly semi-normalized classes is given by classes of ho-
mogeneous linear systems of differential equations. Consider a class £L|s of homo-
geneous linear systems of differential equations that is uniformly semi-normalized
with respect to its entire equivalence group and the family My, = {Gi* | 6 € S},
where for each 6 the group GU" consists of the linear superposition transforma-
tions #; = x;, 4* = u® + h®(z), with the tuple i running through the solution
set of Ly. We say that the class L|s is uniformly semi-normalized with respect to
linear superposition of solutions. See [I8] for details.

There are classes of differential equations that are uniformly semi-normalized
only with respect to proper subgroups of the corresponding equivalence groups.

—— Example 11.2
The first example of such a class was constructed in [I8] in the course of the group
classification of (1+41)-dimensional linear Schrodinger equations with complex-
valued potentials depending on (¢,2). More specifically, let n = 1. Consider
the subclass of the class F, where the potentials are pure imaginary and linear
with respect to x. This subclass can be reparameterized to the class of equations
of the form

E,y: Z"lﬁt + wza: + i’y(f).’L”(ﬂ = 0, (2)

where -y is an arbitrary smooth real-valued function of ¢, which is the only arbitrary
element. We shall use the notation 5 for complex numbers 3 where B is defined as
follows: B = gifT; > 0and B = f*if Ty < 0. The equivalence groupoid g of the
class consists of triples of the form (7,4, ¢), where ¢ is a point transformation
in the space of variables with components

- t
t=1= %a & = e|Ty|" % + by T + by, (3a)
o (LT 0 1/2 T +bo 4, .0
z/)—exp(gimac +25b1|Tt\ N T2 dt =i T
) (3)
W(d}—i_@)’
the relation between v and 4 is given by
. ee’
= =53 (3¢)

T
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ag, ai, az, az, by and by are arbitrary real constants with ayas — agaz =: ¢’ = +1,
¢ is a nonzero complex constant, ® = ®(¢,x) is an arbitrary solution of the initial
equation &,, and ¢ = +1. The (usual) equivalence group G of the class
consists of point transformations in the extended space with local coordinates
(t,2z,1,1*,~v) with components of the form (3]), where by = b; = 0 and & = 0. For
each v, the equation £, admits the group GI™ of point symmetry transformations
of the form f with T =t and € = 1. Elements of the kernel symmetry
group G of the class satisfy additionally the constraints by = b; = 0 and
® = 0, that is, they consist of the ‘scalings’ of 1 by nonzero complex numbers,
Qi t=1t, 7=z, ¥ = . The class is uniformly semi-normalized with respect
to the family N = {G%nf} and the subgroup H of G singled out from G
by the constraint ¢ = 1. Admissible transformations rgated to the parameters
bo and b; have no counterparts among the equivalence transformations and thus,
for a proper interpretation within the framework of uniform semi-normalization,
their transformational parts must be included in uniform symmetry groups for the
corresponding values of 7. The transformations . with |¢| = 1, are compositions
of transformational parts of this type for any value of v and thus necessarily
belongs to any possible uniform symmetry groups of the class . Since the
transformations ¢, belongs to the kernel symmetry group of the class , which
can be embedded to the equivalence group G via trivial prolongation of its
transformations to the arbitrary element ~, the class is not uniformly semi-
normalized with respect to the entire equivalence group G.

4 Weakly uniformly semi-normalized classes

From the results of Section [3] we see that the group classification problem can be
solved by the algebraic method for classes that possess at least the first and second
properties of Definition

Definition II.2. If a class of differential equations L|s satisfies the first two
conditions of Definition we say that L|s is weakly uniformly semi-normalized
with respect to the subgroup H of G~ and the symmetry-subgroup family Ns.

It is obvious that uniformly semi-normalized classes form a special case of
weakly uniformly semi-normalized classes. Proposition [[I.1]is still true for weakly
uniformly semi-normalized classes. In Proposition [[T.2] we just lose the uniqueness
of the representation components. Proposition [[I.3|also holds for weakly uniformly
semi-normalized classes. However, Theorem has to be reformulated for this
case since the splitting of Gy over Ny is then not guaranteed:

Theorem I1.3. Suppose that the class of differential equations L|s is weakly uni-
formly semi-normalized with respect to a subgroup H of G~ and a symmetry-
subgroup family Ns = {Ny | 0 € S}. Then for each 8 € S, Ny is a normal
subgroup of Go, G§* = H|(y,u) N G is a subgroup of Gy, and the group Gy is the
Frobenius product of Gg* and Ny, Gg = G§**Ny.
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Proof. As in the proof of Theorem we find that: H|,.) NG =: G is a
subgroup of Gy as it is the intersection of two groups; any ¢ € Gy admits the
representation ¢ = %!, where ©° € G§* and ¢! € Ny, i.e., Gy C G$* Ny, and
since Go 2 G§* Ny, then Gy = G5 Ny; Ny is a normal subgroup of G. O

We should emphasize that the product of G§* and Ny in Theorem @ is
in general a product of subgroups (with nontrivial intersection) as a product of
subsets of groups but not a semidirect product of subgroups since the the third
property of Definition does not necessarily hold, and so the condition G§* N
Ny = {id} may not hold.

Theorem [[[.2] needs minimal modifications:

Theorem I1.4. Suppose that a class of differential equations L|s is weakly uni-
formly semi-normalized with respect to a subgroup H of G~ and a family of sym-
metry subgroups Ns = {Ny | 6 € S}, and b is a subalgebra of g~ that corresponds
to the subgroup H. Then for each 0 € S the Lie algebras g3 and ng that are
associated with the groups Gg* and Ny are, respectively, a subalgebra and an ideal
of the mazimal Lie invariance algebra gy of the system Ly € L|s. The algebra gy is
the sum g9 = gg** +ng, where g5> = bl(z,u) N go, and b, ) denotes the restriction
of b to the space with local coordinates (z,u).

Proposition [[T.4] holds for weakly uniformly semi-normalized classes. The only
difference in implementing the algebraic method for group classification of weakly
uniformly semi-normalized classes is that in general the essential invariance alge-
bra gg* has a nontrivial intersection with the uniform invariance algebra ny, and
hence a natural basis of the maximal invariance algebra gy is given by a basis of

€ss €ss

the intersection gg** Nny and basis vectors in the complements of gg®™ Nng in gj
and of ny.

Remark I1.1. The framework of uniformly semi-normalized classes can be adapted
by changing the terminology and exchanging the roles of Definitions and
Although the third property of Definition allowed us to obtain stronger (and
nicer) results, this property is not essential for carrying out the group classifica-
tion of a class of differential equations by the algebraic method. Thus we may
assume Definition as being basic and omit the attribute “weakly” in the term
introduced there. Then classes satisfying Definition can be considered as spe-
cial uniformly semi-normalized classes with the additional property of satisfying
Property 3 of Definition [[T.1]

A typical case of nontrivial intersection of H|, ) with elements of the sym-
metry-subgroup family Ns is given by H|(;,.,) N Ng 2 G"'. This is to be expected
since the kernel symmetry group G"' is a normal subgroup of G™|,,,) and is a sub-
group of Gy for any 6, and hence it can always be added as a subgroup to uniform
symmetry groups Ny, which are normal subgroups of the corresponding Gy. Thus,
if the class of differential equations L|s is (weakly) uniformly semi-normalized with
respect to a subgroup H of G~ and a symmetry-subgroup family Ns = {Ny | 6 €
S}, then it is weakly uniformly semi-normalized with respect to the same sub-
group H of G~ and the symmetry-subgroup family Ns = {Ng = G"Ny | 0 € S}
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with H\(I’u)ﬁ]\?g = G" (resp. H|(I’u)ﬂN9 = G"(H|(3,u)NNg) 2 G") forany 0 € S.
Indeed, by Theorem the definition of G™, the uniform symmetry group Ny is
a normal subgroup of Gy and the kernel symmetry group G" is a subgroup of Gy
for each 6 € S. Hence, the subgroups Ny and G of Gy permute, that is, their
Frobenius products coincide: NyG” = G"Ny. Denoting this product by Ny we
find that Ny is a subgroup of Gy generated by G™ and Ny. The statement on the
intersection H|(; ) N Ny in the case of uniform semi-normalization follows from
the third property of Definition [[T.I] and it is obvious for the case of weak uniform
semi-normalization.

—— Example 11.3

The class of equations is weakly uniformly semi-normalized with respect to the
entire equivalence group G and the family N = {Gg“f}, and for any v we have

~ unf .
G|(t,w,w,w*) NnGy" = G # {id},

where id denotes the identity transformation of (¢, z,v,1*). However, the inter-
pretation of the class as uniformly semi-normalized with respect to the family
N = {ngf} and the proper subgroup H of G is more convenient and effective
for the group classification of this class since %en one can apply Theorems
and [[T.2] which are stronger than Theorems [[I.3|and [[T.4] and, by Proposition [[T.4]
one needs only to deal with the smaller group H.

There exist weakly uniformly semi-normalized classes of differential equations
that are not uniformly semi-normalized.

—— Example 11.4

An example of this is given by the class Fi;, of (142)-dimensional linear Sch-
rodinger equations with potentials of the form . The only possible intersection
of the equivalence group of the class Fj,, with its uniform symmetry groups is
its kernel symmetry group. Weak uniform semi-normalization of the class Fi, is
exploited in the proof of Theorem [[I.8 below.

5 Equivalence groupoid

We find the equivalence groupoid G~ of the class F by using the direct method.
Let Ly denote an equation from F with a potential V. We seek for all invertible
point transformations of the form

@ fZT(tawiaw*)a ja:Xa(taxﬂ/}a?/}*)v
b=Vt x, %), PF = V(.90

where det (T, X, ¥, U*)/9(t,z,9,¢*) # 0 with X = (X',..., X"), that map a
fixed equation Ly from the class F to an equation Ly s +z,z, +V (£, 3)1) =0

(4)
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of the same class. In the following, we use the notation |y|? for y,y, for an n-tuple
y=(y1,---,yn). We also use the notation

B=p4 if T,>0 and B=p* if T,<0
for complex numbers 3. The following result can be proved as [35, Lemma 1].

Lemma II.1. Any point transformation ¢ connecting two equations from the
class F satisfies the conditions

T,=Ty =Ty =0, X&=X% =0,

5

Vy=0 if T, <0 and Wy-=0 dif T3 >0. (5)
Theorem I1.5. The equivalence groupoid G~ of the class F consists of triples of
the form (V,V, ), where ¢ is a point transformation in the space of variables,
whose components are

T=T, &,=|T|"?0%2, + X°, (6a)
~ 1 Ty 2, ) 52( b N A

= g +12+ T D), b
1 = exp <8|T| |+ 2|T|1/20 Tq + 18 + >(1/)+ ) (6b)

and the transformed potential V is expressed via V as

‘7 ‘7 2TtttTt - 3Ttt2 ‘ |2 g Xb Oba
7] 166'T,2 2\T, |1/ .
(6¢)
+ Et — ’LTt _ X X + mTtt
T, 4T,2

Here T, X%, % and Y are arbitrary smooth real-valued functions of t with Ty # 0,
e =sgnTy, O = (0%) is an arbitrary constant n x n orthogonal matriz, and
O = O(t,x) is an arbitrary solution of the initial equation.

Proof. Let ¢ be a point transformation mapping the equation Ly to the Ly in
the class F. Lemmaimplies that 7 = T(t), X* = X°(t,z) and U = U(¢t, z,))
with T} det(0X/0x)W¥ b # 0. Applying total derivatives D; and D,’s to the equality

O(t,%) = U(t,z,1), we derive
Dytp(t, &) = i1y + 13, X¢ = Dy¥,  Doth(f,7) = ¥z, Xg = D, ¥,
DD (E, ) = s 5, XEXE 4 10z, X% = DD, T,

where D; and D, are the total derivative operators with respect to ¢t and =z,
respectively. The above equations are equivalent to

- DU - VXD, T
Yy = T :
t

Vi50 = Y Y (DyDa ¥ — YIX5,Da¥),

Yz, =YD, U,

(7)
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where XJY¢ = Ycan = dap, and d,p is the Kronecker delta. Here, the vector
Y = (Y1,...,Y") denotes the inverse of the transformation X = (X! ..., X").
We substltute the express10ns and . for 1, 1/1t and ¢z 4, and then put the
expression for wt, wt = ¢ (waa + V¢) into the equation Ly;. We obtain the
equation

(00 i+ 820) V(W + 0 g5)XY)

+chaycb ( wwbwa + qj¢¢ab (“Ild + \P¢¢d) )

YV (\Ifab + 00+ w¢bwa) +VU =0

Then splitting this equation with respect to various derivatives of 1/3 and addition-
ally arranging lead to the system

6ab
Yeyh = V., =0 8
2
— »ffya\pAXb =YX =
|Tt| ar) b Pt ‘T| Oa (9)
Ly, - Lye. - Y v, Xt + ! — W,
Tt |Tt| v ’ T3]
(10)

- mydwdxc + VU =0.
t

The first equation in together with the condition Y X{ = {4 imply that
Xt = |T,|v;®. Therefore, X¢X§ = |Ti|0ap, i€, Xo - Xp = |Ty|6ap in terms of
the tuple X. Differentiating this equation with respect to x. and permuting the
indices a, b, ¢, gives the equations

Xac'Xb+Xa'Xbc:0; Xab'Xc+Xb'Xac:O7 Xbc'Xa+Xc'Xab:0

and this in turn yields X, - X3, = 0 for all values of (a,b,c). Since for each (¢,x)
the vectors Xy, ..., X, form a basis of R™, we must have X;. = 0 and hence X is
affine in & with coefficients depending on ¢. The equations X, - X = |T;|dap then
give us

X =|T,[Y20% (t)xy, + X°(),

where O = (0O%) is a time-dependent orthogonal matrix and X® is a time-
dependent vector.
The general solution of the second equation in is U = Wi(t, m)@ﬁ + 00t x),
where U0 and W' are smooth complex-valued functions of ¢ and x with W' # 0.
We substitute the above expressions for X and ¥ into @D to get

3t = ﬁX bx?. (11)
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Since 9, (VL /U1) = 9,(¥}/¥') equation gives 0.(X2X}) = 0,(X2X}). Hence
Otk = 00, or OTO; — O] O = 0 when written as a matrix equation, where
OT is the transpose of O. Differentiating the orthogonality condition OTO = E,
where E is the n x n identity matrix, with respect to t gives OTO; + O] O = 0.
However, OTO; = O] O, so we have OTO; = 0, and thus O; = 0. Hence O is a
constant orthogonal matrix.

Integrating the system we obtain:

1 Ty ZEX
gl = 24 Oz, +iX+ 7T 12
exp (8T|| |* + 2|T\1/2 To + 12+ (12)

where ¥ and Y are arbitrary smooth real-valued functions of ¢. Finally, putting
these results into equation , we find the equation

Z\I/t

— Voo + VI = 0.
T; |Tt\

j 1
— VY Y“Xb\Ifa + —
¢1/) t b t |Tt|

Splitting this equation with respect to @2 we obtain the two equations

A~

-V i Xbx? 1 vl

V= P \Ifl> , 13
- me (M) e (3

ie' Y — —X X000 + 00 4+ TV = 0. (14)

Ty

We introduce the function ® = ¥0/¥!, (or ¥° = ¥'d). The equation is
then equivalent to the initial linear Schrodinger equation in terms of ®. After
substituting the expression for ¥' into then collecting coefficients of =,
we obtain the expression for V' as given in the theorem. O

Corollary I1.1. A (1+n)-dimensional linear Schrodinger equation of the form
is reduced to the free linear Schrodinger equation by a point transformation if and

only if
V = 0(t)|x|? + 0%(t)z, + 0°(t) + i6°(¢)

for some real-valued smooth functions 0, 6%, 0° and 6° of t.

6 Equivalence group and equivalence algebra

The notion of equivalence group as developed by Ovsiannikov [32] plays a central
role in the group classification of classes of differential equations. Although the
equivalence group of a class of differential equations can be also be computed
using either the infinitesimal or the direct method, it is much easier to find it from
the equivalence groupoid of the class once this groupoid is known. The following
results follow from Theorem [[L.5| using arguments similar to those in [18] in proving
that [I8 Corollary 8] and [I8, Corollary 11] were consequences of [I8, Theorem 6].
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Corollary I1.2. The (usual) equivalence group G~ of the class F consists of point
transformations in the space of independent and dependent variables and arbitrary
element that are of the form @ with ® = 0.

Remark I1.2. The identity component of G™ consists of transformations of the
form @7 where ® = 0, det O = 1 and T; > 0, i.e., ¢ = 1. The entire equivalence
group G~ is generated by the transformations of its identity component together
with two discrete transformations: the space reflection for a fixed a (f = t, #, =
—Zay, Ty = Tp, b # a , ¥ =1, V = V) and the Wigner time reflection (f = —t,
F=z, p=0y* V= V*)

Theorem I1.6. The equivalence algebra of the class F is the algebra

~

g~ = (D(7), Jap, a < b, G(x), M(0), 1(p)),

where T, x = (x',...,X"), o and p run through the set of smooth real-valued
functions of t. The vector fields spanning g~ are defined by

R 1 1
D(r) = 70, + 5mxada + gmlw\g (ipDy — i) Dy )

1 T, 1 T
— <Ttv 8Tttt|l’| -+ Ztt> aV — <Ttv* — ng|x|2 — ZZ) av*,

Jap = 200 — 2400, a #b,

. i 1

G(X) = Xaaa + 5)(?% (d)aw - 1,[1*31/,*) + 5)(?,5% (8\/ + 8V") 5
M(0) = io(dy — *By+) + 0¢(By + 0%),

I(p) = p(1pdy + " 0y+) — ips(Dy + ).

Proof. The equivalence algebra g™ of the class F is obtained using the knowledge
of the identity component of the equivalence group G™~. Searching for infinites-
imal generators of one-parameter subgroups of G~, we represent the parameter
function ¥ in the form ¥ = 1X°X® + 5, where ¥ is a function of ¢, for bet-
ter consistency of the group parameterization with the one-parameter subgroup
structure of G~. Then we successively assume one of the transformation param-
eters T, O, X% ¥ and T to depend on a continuous parameter ¢ and set the
other transformation parameters to the trivial values corresponding to the iden-
tity transformation, which are t for T, E for O and zeroes for X, ¥ and Y, where
E is the n x n identity matrix. The components of the associated infinitesimal
generator Q@ = 70; + %0y + N0y + N* 0y + 00y + 60y« are given by

a

T TR 1
Bloo’ S T Wls=o’ T W ls=o” U7 A5 ls=o’

T =

The above procedure results in the set of vector fields spanning the algebra g™~. O

Corollary I11.3. The class F is uniformly semi-normalized with respect to linear
superposition of solutions.
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The uniform semi-normalization of the class F guarantees a specific factoriza-
tion of point symmetry groups of all equations from this class. For any potential V',
each element ¢ of the point symmetry group Gy of an equation Ly generates an
admissible point transformatlon (V,V,¢) of F. Therefore, the transformation ¢
necessarily has the form 1@ , Where the transformation parameters addi-
tionally satisfy the equatlon 1th V(t,%) = V(,%). The symmetry transfor-
mations associated with the hnear superposition of solutions to the equation Ly
which are of the above form with T'=¢, O = F and A* = ¥ =T = 0, form
a normal subgroup of the group Gy, which we denote by GiP and we call the
trivial part of Gy. In view of the discussion on the uniform Semi—normalization
with respect to linear superposition of solutions in [I8), Section 3], Corollary m
implies that the group Gy splits over Gh“ Gy = Gy° x Ghn the subgroup G
of Gy is singled out from Gy by the constraint ® = 0 and w111 be considered as
the only essential part of Gy .

7 Analysis of determining equations for Lie
symmetries

Using the infinitesimal criterion for Lie symmetries, for each potential V we can
derive the determining equations which are satisfied by the components of vector
fields from the maximal Lie invariance algebra gy of the equation Ly from the
class F. In this section we integrate the determining equations (as far as this is
possible) and then analyze the properties of the algebras gy for Ly € F.

The infinitesimal criterion states that a vector field @ = 70; + %0, + 10y +
1*0y+, where the components 7, £* and 7 are smooth functions of (¢, x,,¥*), and
n* is the complex conjugate of 7, belongs to the algebra gy if an only if

Q) (it + thaa + V(L 2))| . =0

with Q(2) being the second prolongation of the vector field @, (see Section .
Expanding this expression, we obtain

int + 0%+ (7Vi + V)b + Vi = 0, (15)

where ' = Dy (1 — 701 — £%%a) + 71t +EPrq and 9 = DDy (1 — Tehy — £%c) +
TUtap + EWape. We recall that D; and D, are the operators of total deriva-
tives with respect to t and x4, respectively. Substituting ¢, = it,, + iV and
i = =i, — iV Y™ into and splitting with respect to the various derivatives
of ¢ and ¥* leads to the following overdetermined linear system of determining
equations for the coefficients of Q):

Ty =Ty =Ta =0, &, =&« =0,

1 b (16a)
=28 = =25, §+E =0 a#b,
Ny =Ny =0, 2nya =17, (16b)

int + Naa + T‘/ﬂ[} + gava,l/) + VU - (’r]w - Tt)qu/} =0. (16C)



7 Analysis of determining equations for Lie symmetries 99

Equations (16a)) and (16b)), do not contain the potential V' and can be integrated
immediately to give:

1
T=7(t), & =+ AT X

n= <87-tt|m|2 + §X?39a +p+ w> P+ no(t, x),

where 7, X%, p and ¢ are smooth real-valued functions of ¢, n° is a complex-valued
function of ¢ and z, and (k) is a constant skew-symmetric matrix. Then split-
ting (16c) with respect to v, we obtain the equations

ing + g, + Vi =0, (17)

TV + (;Ttl‘a + k%2 + X“) Vo + 71V
(18)

— 1 2 1 a . T

= thtt|$‘ + 5 XttTa +t o —1pp — v Tt

Both these equations involve the potential V. The first of these equations shows

that the parameter-function 7° is an arbitrary solution of the equation Ly, and

so the second equation is the only useful classifying condition for Lie symmetry

generators of equations from the class F depending on the potential V.

Theorem I1.7. The mazximal Lie invariance algebra gy of an equation Ly from F
consists of vector fields of the form D(T)+ >, o, 6 Jap+G(x) +0 M +pI + Z(n°),
where

1 1
D(r) =710+ §Ttma(“)a + tht|x\2M7 Jap = £a0p — 204, a # b,

1 . ;
G(X) = X"0a+ 5X(waM, M =ip0y — )" 0ye, 1 =190y + "0y,
Zn°) = 1°0y +n°* Oy
The parameters 7, x = (x,...,X"), p and o are real-valued smooth functions
of t and the matriz (k%) is an arbitrary constant skew-symmetric matriz. They

satisfy the classifying condition . The parameter n° = n°(t,z) runs through
the solutions of the equation Ly .

The kernel invariance algebra g”' of the class F, g" := ), gv, is obtained
by splitting the conditions and with respect to the potential V' and its
derivatives. This gives 7 = ¥ = 0, k*° = 0, n° = 0 and oy = p; = 0 for vector
fields in the kernel algebra.

Proposition I1.5. The kernel invariance algebra of the class F is " = (M, I).

Asin [I8], denote by g, the linear span of all vector fields given in Theorem[1.7]
when the potential V' varies, i.e.,

9 = {D(T) + 3 &y + G(x) +0M+pI+Z(O} = v
14

a<b
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Here and the following, the parameters 7, x*, o and p run through the set of real-
valued smooth functions of ¢, ¢ runs through the set of complex-valued smooth
functions of (¢,7) and 7° runs through the solution set of the equation £y when
the potential V' is fixed. We have g, = >, gv since each vector field Q from g,
either with nonvanishing 7 or (k%) or x or with jointly vanishing 7, x%, x, o
and p necessarily belongs to gy for some V. The nonzero commutation relations
between vector fields spanning g,, are

D). D)) = D' = 7). 1D().G (0] = 6 (7 = 57 )

[D(1), 0 M) =10:M, [D(1),pl] =71pel,

D). 20011 = 7 (76 + g1zt — §rulel’c)

[Jabs Joe] = Jac, a#b#c#a,

[Jar, GOX)] =G(R) with % =x" " =—x" x“=0, a#b#c+#a,
s Z(0)] = Z(aGy — 70a), 0 #b,

GO0, G00] = 5 (X — X0 M,
600.2(011= 7 (X6~ x¢ac )

(oM, Z(0)) = ~Z(i00), o1, Z()] = ~Z(C).

As can be seen from these commutation relations, the span g, is closed under the
Lie bracket of vector fields and so it is a Lie algebra. The algebra g , can be rep-
resented as a semi-direct sum of the subalgebra g¢5* := (D(7), Jap, G(X), oM, pI)
and the ideal g := (Z(()) g, = g%° € gi". The kernel invariance algebra g”
is an ideal in g3° and in g.,. The above representation for g, is inherited by
each gy:

ess lin

gv =9y €0y,

where g := gy N g% and gi = gV Ngl = (Z(n°), n° € Ly). g is a finite-
dimensional subalgebra (see Lemma [[1.2] below) whereas g is an mﬁnite-dimen—
sional abelian ideal of gy. We call g"ss the essential Lie invariance algebra of the
corresponding equation L. The ideal ghn consists of vector fields associated with
transformations of linear superposition on the solution set of the equation Ly : it

is the trivial part of gy .

Definition IL.3. A subalgebra s of g{?® is called appropriate if there exists a
potential V' such that s = g7°.

The relation between the equivalence algebra g™ and g75° is given by g{° =

m.g~, where 7, is the mapping from g~ onto g{5° that is mduced by the projection 7
of the joint space of the variables and the arbltrary element onto the space of the
variables only. The differential mapping 7, maps the vector fields D(7), Jab,
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é(x), M(o), f(p) that span g™~ to the vector fields D(7), Jup, G(x), oM, pI that
span g¢5°. The above relation is stronger than the inclusion g{5° C m.g™ obtained
from the uniform semi-normalization of the class F.

We denote by 7, G™ the restrictions of the transformations of G™ to the space
with local coordinates (¢,z,1,1*). Then the generators of the one-parameter
subgroups of m,G™ are just m,g~ and 7,G"~ has a natural induced action on m,g"~
(given by its adjoint action). Since g{5* = 7.g~, then m.G"™ leaves g{}° in variant
and acts as a group of Lie algebra automorphisms. The kernel g is obviously an

€ss

ideal in gy’® for any V.
Proposition I1.6. The problem of group classification of (1+n)-dimensional lin-
ear Schrédinger equations reduces to the classification of appropriate subalgebras

0; theGalgebm 97} with respect to the equivalence relation generated by the action
of m,G™.

8 Further properties of Lie symmetry algebras

In order to classify all appropriate subalgebras of g{5°, we start by describing the
action of the transformations of 7.G™ on the vector fields of g{5°. For this purpose,
we compute pushforwards of the vector fields of g¢$* by elementary transformations
from 7,G™, that is the images of the vector fields of gf}* under the tangent maps
of the elements of m,.G™.

Given ¢ € m.G™ and @ € g¢{}°, the pushforward @ by ¢ is

Q= ¢«Q = Q(T)0; + Q(X")0a + Q(V)9; + Q(V™)Dy-,

where we express the coefficients of @ in terms of the tilded variables by putting

(b, 2ar 0, 0%) = ¢ (E, 70, §,0%). D(T), T(0), G(X), M(S) and Z(T) denote
the transformations of the form f with ® = 0 and € = 1, for each of
the individual parameter functions 7', X, X, T and O. We take these individ-
ual transformations as the elementary transformations that generate the whole
of m.G~. We record here the results of those push-forward actions by the elemen-
tary transformations on the vector fields spanning g5 that do not coincide with
the identity transformation:

D.(T)D(r) = D(7), D.(T)G(x) = G(X),
D.(T)(oM) = 5], D.(T)(pI) = pl,

T (0)G(x) = G(Ox),
G.(X)D(T) :D(T) +G <TXt - ;TtX>

1 1 1 -
+ <8m2(|2 - ZTtXaXta - QTXaXt‘;) M,

Gu(X)Jap = Jap + G(X) — (XX — X X0 M,

N |
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G.(X)G(0) = ) + 5 (X~ X)L,

M,(2)D(7) = D(7) + 75 M, Z.(Y)D(7) = D(1) + 7Y,
where #(1) = (Tr)(T~4 (), 10) = YT lgs, 27 = A, 20 = 0, ¥ =
0, c#a,b, &=0c(T1%), p=p(T~1(f)) and in each push-forward by D.(T) we
should replace t with its expression in terms of # given by inverting the relation
t = T(t). Note that ¢t = £ for each of the other push-forward actions. Tildes over
vector fields mean that these vector fields are represented in the new variables.

Lemma II.2. dim g7 < w + 5 for any potential V', and this upper bound

is the least upper bound.

Proof. Fix a potential V. Then, as in the proof of Lemma 13 in [I8], the clas-
sifying condition gives a system of linear ordinary differential equations in
normal form:

T = ’yOOT +’YOlT+’yO ,a+1 a +90ab ab

Xtt_’y Tt+’7 T_’_,y(’a+1 a+0cab ab

n+1,0 n+1,1

o =7 S Tt+7 n+1,a+1 a+6n+lab ab

T+

n+2,0 n+2,1 n+2,a+1. a + 011-‘-2,0,17}€ab7

n
PtZ—ZTtt'i"Y T+ T+ X

where the coefficients ¥7¢ and 67, p =0,...,n+2,¢=0,...,n+1, a < b, are
functions of t. Thus, dim g{® is no greater than the sum of the number of pairs
(a,b) with @ < b (which come from the rotations) and the number of arbitrary
constants in the general solution of the above system. The generators of rotations

form a Lie algebra of dimension n(n —1)/2 and the number of arbitrary constants

3
that come from the above system is 2n +5. Thus we have dim g{7° < % +5
3
for any potential V. This upper bound is minimal since dim g3** = M +5
for the potential V' = 0, that is, for the free Schrédinger equation. O

Corollary I1.4. dim g¢° N (G(x),oM, pI) < 2n+ 2.
Proof. We omit the first equation in the system given in Lemma and then

put 7 = 0 and k* = 0 since this corresponds to the absence of the rotations and
the transformation T'(t). This then gives 2n + 2 constants. O
Corollary IL.5. g N (oM, pI) = g" for any potential V.

Proof. Similarly, we keep only the last two equations of the system from the proof
of Lemma and set 7 = x* = 0 and kK = 0. O

Lemma I1.3. For all V, n0g$ is a Lie algebra and dim m0g$s <

Sg%/ss € {O? <8t>7 <8t7 tat>? <at7 tat7 t2at>} HlOd WQGN,

3. Moreover,

where ™ denotes the projection on the space of the variable t and nls C ngfis =

<75't> .
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Proof. The proof is similar to the one given in [I8]: this is just the classification
of Lie algebras of vector fields on the real line, as given by Lie. O

9 Group classification of (142)-dimensional linear
Schrodinger equations

We give a complete group classification of linear Schrédinger equations for the case
n = 2. The analysis becomes more complicated for larger values of n: for n = 3
the computations are much more cumbersome and for greater values the number
of subalgebras grows dramatically. We specialize the results of Section [7] to the
case n = 2 and we obtain that for any V'

dlmge* 10, g N (oM, pI) = (M,I) =g",
< dimg$® N (G(x), oM, pl) <6, dimnlg$s < 3.

Just as in [I8] we introduce for each appropriate subalgebra s of g‘zsf, five m,G™-
invariant integers in order to carry out the group classification (these integers help
us in the ‘book-keeping’ for the calculations):

ko :=dims N (oM, pI) = dimg" = 2,

ky = dims 0 (G(x),0 M, pI) — ko € {0,1,2,3, 4},

ko :=dims N (J, G(x), oM, pI) — ki — ko € {0,1},

ks :=dims — ko — k1 — ko = dim7’s € {0,1,2,3},

ro :=rank{x | Jo,p: G(x) + oM + pl € s} € {0,1,2},

where 7Y denotes the projection onto the space with local coordinate t. The
parameters ko, k3 and ro are used for labeling the different cases. Note that

dims = kg + k1 + ko + k3 <10

Lemma I1.4. A vector field G(x)+oM +pl, where the tuple x is not proportional
to a constant tuple, reduces, up to m.G" -equivalence, to G(hcost, hsint)+ pl with
nonzero h = h(t).

Proof. We can write the tuple x as x = (hcosT,hsinT), where h and T are
smooth functions of ¢ with T; > 0. Thus we can apply the equivalence transfor-

mation f = T, & = Ttl/ x, Y = exp (’ Iy |x|2> . All the vector fields of g{3° are

mapped under D, (T) to new vector ﬁelds having exactly the same structure as
before (this can be seen from the list given in Section ' In particular, the vector
field G(x)+0M +pI is mapped to G(¥)+6M+pI, where ¥ = (h(f) cost, h(t) sint),
and h(f) = (Ttl/zh)(T_l(f)). Thus we obtain the reduced form G(x) + oM + pI
for this vector field with x = (h(t) cost, h(t) sint). Then we apply the equivalence
transformation f = ¢, # = v + X, ¢ = exp ($Xz) ¢. This gives the push-forward
map G. (&), where X = (X1, X2) is a function of ¢, which gives

1
S(XX = XXM + oM + pl.

G (X)(G(x) + oM +pI) = G(x) + 2



104 Paper 11

We choose X so that o + 3 (x* X — x¢X*) = 0 and we obtain the required form
G(hcost,hsint) + pl. O

Lemma IL5. If G(1,0) + p'I € g%, then the vector field G(t,0) + p*I with
p* = [tp} dt also belongs to g=.

Proof. Suppose that G(1,0) + p'I € g$°. We substitute the components of this
vector field into the classifying condition , which gives V; = —ip}. This equa-
tion coincides with the one obtained by evaluating the classifying condition
at T=0=0, x =t and p* = [tp} dt. O

Summarizing the above yields: any appropriate subalgebra of gf3®

by

is spanned

« the basis vector fields M and I of the kernel g",

e ky vector fields G(xPt, xP?) + oPM + pPI, p = 1,..., k1, with linearly inde-
pendent tuples x', ..., x**,

o ko vector fields J 4+ G(x"!, x°%) + 0" M + p°I,

o ks vector fields D(79)+r4J+G(x?, x9?)+0IM+pil, q = k1 +1,... ki +k3,
with linearly independent 7F1+1, ... rkithks

In the following we use the notation

|z| = \/2? + 23, ¢ = arctanmzy/xq,

wi =x1c08t + x98int, wo = —x1sint + xscost.

Theorem I1.8. A complete list of inequivalent Lie symmetry extensions in the
class of (1 + 2)-dimensional linear Schrédinger equations with complex-valued po-
tentials is given below, where U is an arbitrary complez-valued smooth function of
its arguments or an arbitrary complex constant that satisfies constraints indicated
in the corresponding cases, and the other functions and constants take real values.

0. V=V(tz): ¢g*=g"=(M,]I).

LV =U(xi,22): g9° = (M, I, D(1)).

2. V=U(wy,ws): gﬂf/ss*(M, I, D(1) + J).
¢)

3. V=|z|72U), {=¢—2Bn|z|, 3 >0, Us #0:
gV = (M, I, D(1), ()+5J>-

4. V = z|2U(p), Uy #0: g5 = (M, I, D(1), D(t), D(t?) — tI).

5.V =U(t,|z|) + (or —ipt)p, o € {0,t} mod G™ and,
ifteo=0,p€{0,t} mod G~: ¢¢* = (M, I, J+ oM + pI).

6. V= U(‘.’ED + (al — Zﬁl)(b g%ss = <M, I, J+O[1tM+51tI, D(1)>
7.V = 2|20, U#0: g3 = (M, I, J, D(1), D(t), D(?) — tI).
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8.

10.

11.

12.
13.

14.

15. V

16.

17.

18.

19.

V=U(t,x2) + i'y(t)xl
0P = (M, I, G(1,0) = (f (1) dt) I, G(¢,0) — ([ t~(t) dt) I)
V = U(C) + iﬂxl, C = X2:
g = (M, I, G(1,0) — BtI, G(t,0) — 5¢21, D(1)).
V =t U(Q) +iBIt 73 2wy, ¢ = |t 22y
gy = (M, I, G(1,0) — 2Bt|t| =321, G(t,0) — 26tt|~/21, D(t)).
V (2 +1)7MUC) +ip(t2 + 1) 2z, ¢ = (2 + 1)~V 2z,
o5 = (M, I, G(1,0)—Bt(t*+1)"V/21, G(t,0)+B8(t>+1)"Y/21, D(t>+1)—tI).
V =Uxy% U#0: ¢85 = (M, I, G(1,0), G(t,0), D(1), D(t), D(t?) — tI).
V U(t,ws) + ( “hyy — Dw? + heh™twyws —ipsh ™ wy, h = h(t) # 0:
9" = (M, I, (hcost hsint) + pI).
V =U(w2) + §(8 — Dwi — fwiwy — iaBuwy, B # 0:
v = (M, I, G(eﬁt cost,eftsint) + eI, D(1) + J).
U(wz) — 1w? + (& — ia)wi: g8 = (M, I, G(cost,sint) + atM +
atI D(l) )
V = lhab( )$a$b+ih0a( )xa h12 h21

o7 = (M, I, G(x"', x™) + pP1, p=1,...,4), where {(x”'(t), x"*(t))}
lS a fundamental set of solutions of the System X% = haby®,

and pP = — [ h0oyPadt.

V 31045”1 + 1823 + ivaxq, o # B or (v1,v2) # (0,0):
V= (M, I G, 0 +p11 G(x*',0) + p*1, G(0,Xx*?) + p*I, G(0,x*) +
4] D(1)), where {x'(t),x?'(t)} is a fundamental set of solutions of the
equation x}, = ax', pP = —v; [xP'dt, p = 1,2, and {x*?(¢),x**(¢)} is a
fundamental set of solutions of the equation x7, = 8x?, pP = —vs [ xP2dt,
p=3,4.

V = fow? + $8w3 + ivaw,, o # B or (vy,v2) # (0,0):

9y = (M, I, G(G”l cost — OP2sint, 0P sint + 6P2 cost) + pPI, D(1) + J, p =
1,...,4), where (0P1(t),07%(t)) are linearly independent solutions of the sys-
tem Qtlt —207 = (14 )8, 0 + 207 = (1 + B)6?, and p? = — [ xP*h0edt,
p=1,...,4.

V=0
o = (M, I, G(1,0), G(t,0), G(0,1), G(0,t), J, D(1), D(t), D(t?) — tI).

Remark II.3. The Lie invariance algebras listed in Theorem [[I.8] are really maxi-
mal for the corresponding potentials if they are G™~-inequivalent to other potentials
with larger Lie invariance algebras. We have presented simple necessary and suf-
ficient conditions that provide such inequivalence for some cases. In other cases
these conditions are not so obvious. For example, in Cases 9-11 the condition
of maximal Lie symmetry extension is (8 # 0 or (¢?U)¢ # 0) and (Ueee # 0 or
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Im Ug¢ # 0), which excludes those V' that are G™-equivalent to those in Cases 12
and 16-19. Case 8 is more complicated since in this case to the conditions v # 0
or (z3U)s # 0) and Usage # 0 or Im Uss # 0 we need to add conditions that exclude
potentials that are G~-equivalent to those in Cases 9-11. Similarly, potentials in
Cases 13-15 are G™-inequivalent to those in Cases 16-19 if and only if U,y wqw, # 0
or ImU,,,, # 0. This condition is necessary and sufficient for the maximality of
the Lie symmetry extensions given in Cases 14 and 15, and for Case 13 it should
be extended to guarantee the exclusion of potentials related to Cases 14 and 15.
Schrodinger equations related to Case 16 are inequivalent to the free Schrodinger
equation presented in Case 19 if and only if the parameter-functions h’s satisfy
at least one of the conditions h'? # h%', h'2 = h2! £ 0, h'! # h?2, KO £ 0 and
h92 #£ 0. We need additional constraints on h’s to exclude, up to G™~-equivalence,
potentials of Cases 17 and 18.

Proof. We single out different cases using the values that can be taken by the
integers k3, ko, 9. Basis vector fields of a Lie symmetry extension are denoted by

Q° = D(r°) + &°J + G(x*', x*?) + 0" M + p°I,
where 0 < s < dim g® — 2, the «’s are real constants, and all the other parameters
are real-valued functions of t.

ka2 = r9 = 0. The corresponding Lie symmetry extensions are spanned by {Q°}
with linearly independent 7°. By Lemma m (rQ%) is an algebra isomorphic
to a subalgebra of the algebra sl(2,R). Hence the group classification in this case
reduces to the classification of subalgebras of the algebra sl(2,R). Varying k3 we
single out the following four subcases.

ks = 0. This is the general case with no extension, i.e., gi* = g"' (Case 0).

ks = 1. The algebra g{?® contains a single linearly independent vector field Q'
with 71 # 0. Acting on Q! by a (push-forward of a) transformation from 7,G",
we can set 71 =1, k' € {0,1} and x'* = ¢! = p! =0, so that the vector field Q'
reduces to the form Q! = D(1) + x*J. Using the classifying condition on Q!
with k! = 0 and k' = 1 gives differential equations for V whose general solutions
are given in Cases 1 and 2, respectively.

k3 = 2. The Lie symmetry extension is given by vector fields Q' and Q? with
linearly independent 7' and 72. Modulo m,G™~-equivalence, we can set 7! = 1
and 72 = t (cf. Lemma and, as in the previous case, y!* = o! = p! = 0.
Then the condition [Q', Q?] € g$° implies that D(1) +G(x3*, x72) + 02 M +p?1 =
Q' + oy M + 11, where a; and /3 are real constants. This equation splits into
the equations k! = 0, x?* = 0, 07 = a1, p? = f1. Taking these into account,
we apply transformations of m,G™ to Q' and Q2 and take linear combinations
of them with M and I so as to be able to assume that y?¢ = 02 = p? = 0 and
B := k? > 0 while Q! is unchanged. Putting the coefficients of Q', Q2 into the
classifying condition gives equations for V' which then yield Case 3. For the
extension to be maximal, we need 5 # 0 (otherwise we get Case 4 with k3 = 3)
and Uy # 0 (otherwise we get Case 7).
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ks = 3. The algebra g{’° is spanned by the basis elements of the kernel algebra
and vector fields Q7 with linearly independent 7%, ¢ = 1,2,3. By Lemma [[[.3] we
can assume that 7' = 1, 72 = ¢ and 73 = ¢2. The commutation relations of g
imply k9 = 0. As in the previous case, we can also set x4 =% =p9=0,q=1,2.
Since [Q3,Q'] € ¢¢° and [Q3, Q%] € g¥* we find that X3¢ = 0, 0} = oy and
p? = a9, where a7 and as are real constants. Up to linear combinations with M
and I, the vector field @3 reduces to Q3 = D(t?) + a1tM + aqtl. The classifying
condition applied to the coefficients of Q', Q2 and Q3 yields the system

1
V, =0, tVt+§xaVa+V:0, 2V, 4+ tagVy + 2tV = g — ias — 1,

and the compatibility of these two equations then leads to vy = 0 and oy = —1.
This gives Case 4 and the extension is maximal if and only if Uy # 0 since otherwise
we would obtain Case 7.

ks = 1,79 = 0. The algebra g&* contains a vector field Q" with 7° = 0 and
k% = 1, and additional extensions are given by vector fields Q¢ with linearly
independent 7. Since [QY, Q7] € g¢° we find that x% = 0. Applying G.(X)
with X1 = %2 and X2 = —\%! to g%, we find that we may put X% = 0 so that
Q° = J+ 0°M + p°I. As in the case ks = ry = 0, we partition Lie symmetry
extensions into three subcases depending on the values of k3.

ks = 0. If the function ¢° is constant, then we may assume it to be zero by
taking suitable linearly combinations of Q° with M if p° is constant, then we may
assume it to be zero by taking suitable linear combinations with I. If one of these
functions is not constant, up to m,G"~-equivalence it can be taken to be equal to
t. Then the classifying condition gives us an equation in V' whose general
solution is presented in Case 5.

ks = 1. The vector field Q" is reduced to Q' = D(1) by 7.G™~-equivalence. As the
Lie algebra g{?° is closed with respect to Lie bracket of vector fields, we obtain

(@, Q% = oM + p}I = a1 M + B11,

where o and (1 are real constants. Equating the components of the vector fields
on both the sides of the last equality and then solving the equations that arise,
we obtain ¢° = ot + ag and p° = Bit + By, where oy and By are real constants,
which can be set to zero by taking suitable linear combinations with M and I. The
vector field QO is then reduced to Q° = J + altM + Bit. Putting the components
of QY and Q' into the classifying condition (18] yields two independent equations
for V: V; =0, 21Vo — 2oV = a1 — i1, and these give Case 6.

ks > 2. The algebra g{® necessarily contains the vector fields M and I from g"
and vector fields Q° and Q9, ¢ = 1,2, with linearly independent 7! and 72. Up to
.G~ -equivalence the vector fields Q! and Q2 are reduced to the form Q! = D(1)
and Q% = D(t). As the commutators [Q?, Q"] belong to g§*, we have

Q. Q% = oM + p}I = ay M + p11,
[Q%, Q% =to{ M + tp{1 = asM + B,
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where o; and 3, j = 1,2, are real constants. The above commutation relations
give the system oY = a1, to? = aq, p) = b1, tp? = P, which implies that o
and p° are constants. Therefore, by taking linear combinations with M and I,
they can be set to be equal to zero. Put the coefficients of Q°, @' and Q2 into
the classifying condition and we obtain the system V; =0, z1Vo — 22V; =0,
24V, +2V = 0, whose general solution is V = |x|~2U. However, any such potential
admits the Lie symmetry vector field Q3 = D(t?) — tI. This means that in fact
ks = 3. For the Lie symmetry extension to be maximal, we require U # 0 and we
obtain Case 7.

rg = 1. Suppose that k1 = 0. In this case we have at least one vector field
Q' = G(x", x'?) + o' M + p'I in g with a nonzero tuple (x'', x'?). A further
Lie symmetry can be another vector field of the same form or a vector field Q9,
q=k+1,...,k + k3, with linearly independent 79. We have two cases: either
(x*t, x'2) is proportional to a constant tuple or it is not proportional to a constant
tuple.

1. Let (x'!,x'?) be proportional to a constant tuple. Up to m.G™~-equivalence
we can set (x'1, x1%) = (1,0), o' = 0 and thus Q! reduces to the form G(1,0) +
p'I. Lemma implies that the algebra g{’® then also contains the vector field
G(t,0) 4+ p*I with p? = [ ¢ p;dt. Then, substituting the components of the vector
fields into the classifying condition yields two equations for V: V; = —ip}

and tV; = —itp;, whose general solution is
V =U(t,x2) + iy(t)z, (19)
where U is a complex-valued smooth function of (¢,z) and v = —pj is a real-valued

smooth function of ¢t. Thus, any equation from the class F with potential of the
form is invariant with respect to the vector fields Q! = G(1,0) — ([ ~(t) dt) I
and Q2 = G(t,0) — ( ty(t) dt) I. The function U satisfies the conditions Uz # 0
or Im Uy # 0 since otherwise 79 = 2 (see the case rg = 2 below).

Consider the subclass Fig, of (1+2)-dimensional linear Schrodinger equations
with potentials of the form constrained by the above conditions for U. We
can reparameterize the class Fi;,, assuming the parameter functions U and v as
arbitrary elements instead of V. The equivalence groupoid Gy —of Fi;, can be
singled out from the equivalence groupoid G~ for the entire class F, as given in
Theorem@ A point transformation connects two equations £y and Ly, from the
class Fiz, if and only if it is of the form 7, where T is a fractionally linear
function of ¢, the matrix O is diagonal with O'',0%? = +1, and X' = 1y T + 1,
with arbitrary real constants v; and vy. The corresponding tuples of arbitrary
elements are related in the following way:

g U €0 (XN %l
|Tt| 2 Tt 1/2 Tt Tt
t
(th)z + 2iTy 1/12 el

5/011
T mpEET
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The equivalence group Gf;  of the class F;, consists of the point transforma-
tions of the form (6a])—(6b)) prolonged to the arbitrary elements according to (20)),
where the parameters satisfy, additionally to all the above conditions for elements
of Gi; , the constraint ® = 0. For each equation Ly from the class Fi,,, we con-
sider the group GV of its point symmetry transformations of the form (6al .,
where T = ¢, O is the identity matrix, X' = 11t + vy, X% = 0, & = L4t + po,
T; = vX*!, po, v1 and vy are arbitrary constants, and ® = ®(t, a:) is an ar-
bitrary solution of the initial equation. The correspondmg L1e algebra g“nf i
spanned by the vector fields M, I, Q,ly, Q% and Z(n°) with n° running through
the solution set of Ly,. Since all the conditions of Definition are satisfied, the
class Fiz, is weakly uniformly semi-normalized with respect to the entire equiv-
alence group G7; and the family N = {GY}. Further, this is the only way of
treating the class Fi,, within the framework of uniform semi-normalization, and for
any equation Ly from this class we have Gfy, |(1,0,0,4)NGY = G, = G™ # {id}.
In view of the Proposition the group classification of the class Fy,, reduces
to the classification of .G, -inequivalent appropriate subalgebras of the algebra
T80, = (D(1),D(t), D(t*), G(0,x?),0 M, pI). Put g@** := g0 N .97, .

Since rop = 1, any Lie symmetry extension in the subclass Fy,, is spanned by
vector fields of the form D(7)+ G(0, x?) +0M + pI, where 7 runs through a set of
linearly independent quadratic polynomial in ¢. This shows that the computation
of inequivalent Lie symmetry extensions reduces to the classification of subalgebras
of the algebra sl(2,R). We have the following subcases in terms of kj:

k3 = 0. There is no additional extension, so we have Case 8.

ks = 1. The algebra g{*' necessarily contains a vector field @* with nonzero 3.

Up to m.GT;, -equivalence, @Q? can be taken to be one of the following vector fields:
D(1), D(t) and D(#*+1) —tI. Wlth V given as in (19)), we put the coefficients of
Q? into the classifying condition ) for each of the possible choices of @3, and
this yields equations for U and . The solutions of these equations give us Cases 9,
10 and 11, respectively.

ks > 2. Apart from the vector fields M and I, the algebra g$X* also contains at
least two other vector fields Q9, ¢ = 3, 4, with linearly independent 72 and 7*. Up
to m.GT, -equivalence and linear combinations with M and I, the vector fields Q7
reduce to Q3 = D(1) and Q* = ( ). Putting the coefficients of these vector fields
into the classifying condition ) for the potentlal . of V, we obtain U; = 0,
22Uy +2U = 0 and v = 0, and thus V = Ux2 where U is a nonzero constant.
However, the equation Ly with this V' possesses one more Lie symmetry vector
field Q% = D(t%) — tI. This shows that the Lie symmetry extension with k3 = 2 is
not maximal. We obtain Case 12.

2. Suppose now that the tuple (x!!, x'?) is not proportional to a tuple of constants.
If we have no additional extension, then the algebra gi?® is spanned by the
vector fields M, I and Q' = G(x*! X12) +0'M + p'I[] By Lemma the vector

n contrast to the previous case, where the tuple (Xll,xm) is proportional to a tuple of

constants, in the present case under the algebra g{?° contains, up to linear dependence, only
one vector field of the form as Q'. Indeed, suppose that this algebra contains one more vector
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field Q' can be reduced to the form Q' = G(hcost, hsint) + pI, where h and p
are smooth functions of ¢ with h # 0. Substituting the components of Q' into the
classifying condition yields the equation

1
‘/1 cost + ‘/2 sint = i(hilhtt — l)wl + hilhtWQ — ihilpt.

The solution of this equation gives Case 13.
If there is an extension, the algebra g also contains a vector field Q* with
nonzero 72, which takes, up to m,.G~-equivalence, the form Q?> = D(1) + k2J,

k% € {0,1}. The condition [@Q?, Q'] € g$* implies that
GOt xi®) + RGO, XM + oy M+ pt = B1Q" + B2M + B3,

where 3;, j =1,2,3 are real constants. Equating the corresponding components
of the vector fields on both the sides of this equation, we obtain the system

xit R =0 xR = Bix

(21)

o =o' + B2 pp = Bip' + Bs.
k? = 0 is not possible for otherwise the tuple (x'!,x'?) would be proportional to
a constant tuple, which is a contradiction. Hence x? = 1 and Q% = D(1) + J.
Integrating the systems , rearranging and taking suitable linear combinations
with elements from the kernel, we obtain the Q', which now depends on ;.

If B := 1 # 0, then

Q' = G(e’ cost, Pl sint) + ae’ M + aeP'T
with real constants & and . Acting on vector fields from g§7° by transformations
of G.(vsint,vcost) with v = 2&/, we find that we may put & = 0. Substituting

the components of the vector fields Q' and Q2 into the classifying condition
gives the system

1
Vt + Il‘/g — 132‘/1 = 0, V1 cost + VQ sint = 5(62 — 1)&11 + ng — iﬁoz.

The solution of this system gives Case 14.

If 81 = 0, then the solution of the system gives, after taking suitable
linear combinations with M and I, Q' = G(cost,sint) + B2t M + Bstl. In this
case no further simplifications are possible. Renaming fs and f3 as [y = &

field Q% = G(x?!, x?2) + 02 M + p2I, where the tuple (x2!,x22) is not linearly dependent with
X x P Xt x y
(x'', x'?). Then the case condition ro = 1 implies that x2* = Ax!® where X is a nonconstant
function of t. Successively evaluating the classifying condition (I8)) at the vector fields Q! and
Q?, we derive two equations for V, for which the difference of the second equation and the
first equation multiplied by A leads, in view of the proportionality of the tuples, to the condition
Aexle + l/\“ 1oy, +02 — Aol —i(p2 —Xpl) = 0. Splitting it with respect to x4 and integratin,
X+ 5 Aeex 7 + —i(pf — o} g grating
‘—1/2

the obtained equations, we derive x'® = cq|A¢ , where ¢, are real constants, which gives a

contradiction.
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and 33 := o, we obtain, on substituting the coefficients of Q! and Q? into the
classifying condition (18), the following two equations for V:

1
Vi+xoVi — Vo =0, Vlcost—&—Vgsint:—?ul + a —ia.

The solution of these equations gives Case 15.

Next if ko = 1 then then the algebra gi?® necessarily contains vector fields of
the form Q° = J + G(x°}, x%?) + 0°M + p°I and Q' = G(x*!, x'?) + o' M + p'I,
where (x!!, x?) # (0,0). The commutator of these vector fields

1
Q% Q1 = G, —x"™) + S ("t X" = xd X XM
should belong to gi?° and hence ro = 2. Therefore, the case k = 19 = 1 is
impossible.
Further classification. The case not considered so far is ro = 2.

Since 79 = 2, the algebra g7?® contains at least two vector fields of the form Q* =
G(x*, x*?) 4+ 0*M + p®I, a = 1,2, where x'1x?? — x'2x?! # 0. Substituting the
components of the vector fields Q® into the classifying condition leads to the
following system for V:

1 .
XV, = gx?fwb + o —ip}.

This system can be written as V, = $h ()}, + RO (t) + ih%%(t), where all h’s are
real-valued functions of ¢ that satisfy the conditions

X?tb — Xachcb7 0'? — XachOc7 ,0? — _XachOc.
Since Vis = Va1, the matrix (h??) is symmetric. Thus the potential V is a quadratic
polynomial in x; and x5 with coefficients depending on ¢,

1 - N
V= Zh“b(t):caacb + B (t)y, 4 ih%b (t)y, + AOO(t) + ih0(2), (22)

where the functions 29, A% and h% can be chosen to be zero, by G™-equivalence.

Next consider the subclass Fy of equations from the class F with potentials
of the form . Theorem implies that the subclass F is uniformly semi-
normalized with respect to linearly superposition of solutions, as in the case of
the entire class F, and its equivalence group coincides with the equivalence group
G~ of F. Further group classification of the subclass F; depends on whether
ko = 0 or k3 = 1. The values allowed for ky partition the subclass F; into two
subclasses: }'g and }‘;, the first corresponding to k2 = 0 and the second to ky = 1.
These subclasses are uniformly semi-normalized with respect to the equivalence
group G~ of the whole class F. The classifying condition implies that the
subclass ]-'é is singled out from the class F, by the conditions h'? = h?! = 0,
At = h?? h%' = 0 and h%* = 0, and the subclass F{ is then singled out by
requiring that one of these conditions fails to hold. By Corollary [[I.T] the above
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condition means that each equation in the subclass ]-'(} is G™-equivalent to the

(14-2)-dimensional free Schrodinger equation (with V' = 0). In other words, the

subclass .7-'& is the G™-orbit of the free Schrodinger equation, which gives Case 19.

Finally, we come to the subclass ]-'g, for which k2 = 0 and g = 2. Up to

G~ -equivalence, the canonical form of potentials for equations from the subclass
]:g is

1 ab -7 0b
V= zh (t)zqxy + ih™°(t)p. (23)

Substituting this V' into the classifying condition with 7 = 0 and kK = 0,
splitting with respect to x, and taking real and imaginary parts, we obtain the
following system for (x!, x?2, o, p):

X, =h®yb o, =0, pr=—h%y". (24)
This system admits a fundamental set of solutions (x?!,x??,0,p"), p = 1,...,4,
(0,0,1,0) and (0,0,0,1), where the tuples (x?!,xP?) are linearly independent,
and pP = — [h%xP’dt. Thus, the algebra g{*> contains the four vector fields
QP = G(xP!, xP?) + pPI. The last two solutions correspond to the vector fields M
and I from the kernel. If there are no other Lie symmetry extensions, we obtain
Case 16.

If there are further extensions, the algebra g{®® must contain a vector field Q°
with nonzero 7°. Up to G™~-equivalence, the parameter-function 7° may be taken
to be 7° = 1 and k% € {0,1}, and the canonical form for V' is the same.
We substitute the components of Q° together with the form for V into the
classifying condition and split with respect to different powers of xz,. We
find that the tuple (x°!, x°?,0°, p°) satisfies the system (24)), and the parameter-
functions A% and k% satisfy the following equations:

hi' +26°0"2 =0, 2+ k(W7 —h') =0, h?—2:°R" =0,

Y+ k°R9% =0, hY? — K°RO' = 0. (25)
Therefore, up to linear combinations of Q° with QP, M and I, we can assume that
X°* = 0% = p° = 0. This reduces Q° to D(1) + £°J.

If kK = 0, the system implies that all h*® and h%® are constants. Up to
rotations, we can reduce the matrix (h%) to a diagonal matrix diag(a, 3). The
maximality of the Lie symmetry extension requires a # 3 or (vq,v2) # (0,0) with
Vo = h%, and this gives Case 17.

If K5 # 0, up to time-translations, the general solution of the system is
't = acos?t + Bsin?t, h'2 = h?' = (a — B) costsint, h?2 = asin®t + Bcos? t,
hOl = v cost — vy sint and h2 = vy sint 4 v, cost, where «, 8, v and v, are real
constants. We have a maximal Lie symmetry extension if these constants satisfy
the conditions o # B or (v1,v2) # (0,0). Rewriting the potential V' in terms of wq
leads to Case 18.

We now show that the dimension of further Lie symmetry extensions cannot

exceed one. Suppose that this is not the case. Then the algebra g{® contains
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a two-dimensional subalgebra spanned by vector fields Q° and Q% with linearly
independent 7° and 7. Up to m,G~-equivalence, we can assume that 7° = 1
and 78 = t. Arguing as above, the vector field Q® takes the canonical form
Q° = D(1) + k°J. The condition [Q®, Q°] € g¢* implies that x° = 0. Putting
the coefficients of Q® and Q° into the classifying condition for the potential
V of the form (23) and splitting with respect to different powers of x, we obtain
the equations h® = h% = 0, which contradicts the condition singling out the
subclass F{ from the class Fq. O

10 Conclusion

The equivalence groupoid G~ of the class F, computed with direct method, has
the property of being uniformly semi-normalized. This motivates the use of the
algebraic method of group classification. It allows us to single out the equiva-
lence group G~ of the class F from G~ and to obtain the associated equivalence
algebra as the set of infinitesimal generators of one-parameter subgroups of the
group G~. Working within the framework of the algebraic method, we reduce the
group classification of equations from the class F to the classification of certain
low-dimensional subalgebras of the equivalence algebra.

After the analysis of the determining equations for Lie symmetries, we con-
struct the linear span g,, of the vector fields from the maximal Lie invariance
algebras of equations from the class F. This linear span can be represented as
the semi—d.irect sum g, = g3y &€ glgl of the so-called essential subalgebra g¢}* and
an ideal gh®

()'; related to the transformations defined by the linear superposition of
solutions,

For each equation Ly from the class F the representation in terms of vec-
tor fields for g, induces a similar representation for the maximal Lie invariance
algebra gy of Ly, gy = g5 € ghin.

We have carried out the complete group classification of the class of (1+2)-
dimensional linear Schrédinger equations with complex-valued potentials. All in-
equivalent families of potentials possessing proper Lie symmetry extensions are

given in the list in Theorem 16.

Unlike the case of a single space variable (n = 1), the vector field of infinites-
imal rotations in two dimensions is also a symmetry. One also has to deal with
algebras of greater dimension. These two phenomena complicate the analysis of
the problem. In our approach we have introduced three integers k3 € {0, 1,2, 3},
ko € {0,1} and ro € {0,1,2} to help with labeling the various cases that arise.
These integers characterize the dimensions of parts of the corresponding essen-
tial subalgebra that are related to generalized scalings, rotations and generalized
Galilean boosts and are invariant with respect to the action of the equivalence
transformations on the vector fields of the symmetry algebra. Note that not all
values of the tuple (ks3, ko, 79) are allowed since the corresponding subalgebras may
not give a maximal Lie symmetry extension or may not exist at all.
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We compute the equivalence groupoid and the equivalence group of the class N of
generalized multidimensional Schrédinger equations with variable mass and show
that this class is not normalized. We then partition this class into two disjoint nor-
malized subclasses and derive their corresponding equivalence groups. Restricting
to the case of constant mass equal to one, we characterize the point transforma-
tions of the subclasses of the class N with respect to specific values of the arbitrary
elements, in particular we do this for the class V of multidimensional nonlinear
Schrédinger equations with potentials and modular nonlinearities. This class also
turns out not to be normalized. We partition it into three normalized subclasses,
and this allows us to apply the algebraic method and solve each subclass com-
pletely for space dimension two. The group classification in each involves three
integers that are invariant with respect to the adjoint action of the equivalence
transformations. As a result, a full list of Lie symmetry extensions together with
their corresponding families of potentials in the class V is presented.

1 Introduction

In this paper we look at and give a group-theoretic classification of certain types of
nonlinear Schrédinger equations. Such equations appear in many contexts where they
describe models of nonlinear physical systems such as in hydrodynamics, nonlinear optics,
nonlinear acoustics, quantum condensates, heat pulses in solids, plasma physics, quantum
mechanics and biomolecular dynamics, to name just a few areas (see for instance [1], [2],
@, [18)).

The Lie symmetries of linear Schrédinger equations were studied in the early 1970’s
by Niederer ([31], [32]): the free Schrodinger equation, the harmonic oscillator and later
the group classification problem for linear Schrédinger equations with arbitrary real-
valued potential V = V (¢, z) in several dimensions [33]. The Lie symmetry analysis of
Schrodinger equations with arbitrary real-valued time independent potential V = V(z)
in three dimensions was studied by Boyer in [5], where he obtained a generalization of
Niederer’s results. In 1977, Miller (|29]) considered the symmetry properties and separa-
tion of variables for the class of (141)-dimensional linear Schrédinger equations. Linear
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Schrodinger equations were taken up recently in ([26], [27]), where a full classification
of linear Schrodinger equations with potential (both real and complex) was obtained for
(14n)-dimensions with n < 2.

Nonlinear Schrodinger equations of the form i)¢ +qq +F (¢, x, 1, 9™) = 0 were treated
in [6] and all equations that invariant under subalgebras of the Lie symmetry algebra of
the (141)-dimensional free Schodinger equations were constructed. In [14] some exact
similarity solutions for nonlinear Schrodinger equations of the form i + iwaa +F(Y) =
0, where m is nonzero constant, were obtained in three spatial dimensions. In the
papers [15], [16], [17], [I8] the symmetry groups of nonlinear Schrodinger equations
with variable coefficients were computed, and exact solutions and group invariant so-
lutions for this class were obtained. The conditional symmetry of equations of the form
s + Mpaa + F([th])1) = 0 were systematically analyzed in [9], and in [11], [12], [13],

Lie symmetries of systems of nonlinear Schrodinger equations were computed (using
computer software for solving overdetermined systems of PDE’s) in [44], [45], [46]. Exact
solutions of Schrodinger equations with inhomogeneous nonlinearities were investigated
in [2] using Lie symmetry method.

In the framework of group classification, nonlinear Schrédinger equations with har-
monic oscillator type potential by the algebraic method were treated in [19], [20]. Using
same approach, Schrodinger equations with potentials and power nonlinearities in (1+1)-
dimensions were studied by Popovych et al in [42]. Admissible point transformations for
the class of (1 + 1)-dimensional nonlinear Schrédinger equations with potentials and
modular nonlinearities were studied in [40] as well as for the class of (1 + 1)-dimensional
cubic Schrodinger equation with potential [41]. In addition to the above results, the com-
plete group classification of multidimensional nonlinear Schrédinger equations of the form
ihy + A + F(,9") = 0 was considered in [34]. The algebraic method for group clas-
sification has since been enhanced and become a powerful and efficient approach for the
complete group classification of differential equations. The effectiveness of this method
relies on its applicability to the group classification of normalized and non-normalized
classes of differential equations [40], [41], [42], [38].

In this paper we build on the results presented in [38] to the several space dimen-
sions, applying and extending the algebraic technique and generalizing the results. The
concepts and basic notions of the group analysis of differential equations used in this
paper, such as class of differential equations, point transformations between systems of
differential equations, equivalence groupoid, equivalence group, equivalence algebra and
normalization properties of a class of differential equations can be found in [25], [26], [38].

We begin with the study of point transformations for the class N of generalized
(14n)-dimensional (n € N) Schréodinger equations with variable mass of the form

iwt + G(t7m7¢7 1[1*» VQ/% Vw*)¢aa + F(t,l}, 7/177»/1*7 vwa vd)*) = 07 (1)

where ¢t and © = (x1,...,2,) are real independent variables, ¢ is the unknown complex-
valued function of ¢ and z, G and F are smooth complex-valued functions of their ar-
guments with G # 0. Throughout the paper, the notation 8* means the conjugate of
a complex value . Subscripts of functions denote differentiation with respect to the
corresponding variables. The indices a and b run from 1 to n, the indices p and v run
from 0 to n, zo := t, and we sum over repeated indices. The total derivative operator
D, is defined as Dy, = 0, + 9.0y + 9,0y + .. ..

Choosing specific forms of G and F' we single out different subclasses from the class
N. An important subclass is the class F singled out from N by the condition G = 1,
consisting of equations of the form

iwi + waa + F(t7 z, waw*a va vw*) =0. (2)
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The set of admissible transformations of the class J is derived from the knowledge of
the admissible transformations for the superclass N. We then constrain the arbitrary
elements G' and F' to G = 1 and Fy, = Fy> = 0, and obtain the class F! whose equations
are of the general form

iwt + waa + F(tﬁal/h 7/’*) =0. (3)

A description of the point transformations of this class is deduced from the point trans-
formations for the larger classes containing it.

Further restricting F to be F' = S(t,z, p)yp with p := ||, we obtain the class 8§ of
multidimensional nonlinear Schrédinger equations of the form

i¢t+¢aﬂ+s(t7m7p)w:07 SP§£07 (4)

where S is an arbitrary smooth complex-valued function of its arguments. After a pre-
liminary study of the Lie symmetry properties of the class 8§, we further constrain the
arbitrary function S by putting S(t,z,p) = f(p) + V(t,z), f» # 0. This gives a new
class: the class V of multidimensional nonlinear Schrédinger equations with potentials
and modular nonlinearities of the form

Wt +Yaa + f(P)Y + V(L 2)Y =0, [, #0, (5)

where V is an arbitrary smooth complex-valued potential depending on ¢ and z, and f
is an arbitrary complex-valued nonlinearity depending only on p. We solve completely
the group classification problem for this class when n = 2. We note that the case f = p°
was investigated in [38].

The structure of this paper is organized as follows: In Section [2| we compute the
equivalence groupoid Gy of the class N. In Section [3] we derive the equivalence group G
of the class N and the equivalence groups G5, and G%O of the subclasses Ny and N
singled out within the class N by the constraints G* # —G and G* = —G, respectively.
The equivalence groups G5, G751 and Gy of the subclasses F, & ! and 8, and the normal-
ization property within these classes are then computed. For the class 8§, we additionally
derive its equivalence algebra gg'. Section E| is devoted to the analysis of the determining
equations for Lie symmetries of an arbitrary equation from the class § and we derive the
maximal Lie invariance algebra gs for this equation, the kernel invariance algebra and
the classifying condition. Additionally, we also characterize the Lie symmetry properties
of the algebra gs. Section [f] deals with the preliminary scheme of group classification for
the class V. We find its equivalence group and show that this class is not normalized.
We then partition the class V into the normalized subclasses V', Py and P, and derive
their Lie symmetry properties separately. The complete group classifications of these
subclasses in (14-2)-dimensional case is presented in Section respectively. In this
way, we obtain a complete list of inequivalent Lie symmetry extensions in the class V.
The conclusion and suggestions for further directions of investigations are collected in
Section [0

2 Equivalence groupoid

In this section, we compute the equivalence groupoid Gy for the class N which consists
of equations of the form using the direct method. We find all point transformations
of the form

()0: EZT(t7$7wyw*)7 ja:X{L(t7$7¢7¢*)’

- - 6
Y=Vt 29,97, P =T(t2,9,9") ©
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with dT'AdX Ad¥ AdU* #0, X = (X*,...,X™), that map a fixed equation Lgr from
the class N to an equation Lg&z:

7:7755 + G(ijﬂz 7; ?J) ?QE*)’lZﬂ?a’ia + F(£7 i'77;7 &*7 @'J}v 612*) = 07
of the same class.

Theorem IIL.1. The equivalence groupoid Gy of the class N consists of triples of the
form ((G, F), (G, F),¢), where ¢ is a point transformation of the form @ that satisfies
the equations

Tw = Tw* = 07 To = O, X;Z = Xi* = 0, X;,IX? = Hi;bc, (7&)
for some smooth real-valued function H of (t,x), where v is the Kronecker delta, and,
if G"# -G, WyuWy- =0;

the transformed arbitrary elements G and F are given by

- G if W 0,
o e (7b)
T\ (-G") if Wy £0,
p_Yup_ Lo g (A n—2H, )Q
F_TtF TtF + (AT + 5 HDa\II i
. (7c)
/L a
_Tt< XtHD \I/>

Here A := Oaa + 290 0ay + 20500y + VaaOpy + 20at); Opyr + VYathsOp=yx. The trans-
formations defined by X belong to the conformal group.

Proof. Let ¢ be a point transformation of the form @ connectmg two equations Lgr
and Lz from the class N. Applying the total derivatives D,,’s to ¥(£, &) = ¥(t, z, 1, ¥*)
and ¥* ( Z) = U*(t, x,¢,v¥™), we obtain the equations

$z,D,X" =D, ¥, 3 D,X"=D,V",
where we have put X° = T, and zo = t. After rearranging terms, we obtain the equations
(Ty — Pz, X0)u + (Uyr — 3, Xg ) = —(Vp — bz, X 1),
(U3 — 93, X0)u + (W — 3, X )y, = —(V), — 95, X)),
Putting W = W(t,z,1,¢*, Vi) := ¥ — ¢, X" in the above equations and solving for
1, and 9}, yields

WWie — WEWye L W W —WiW,
Y= — uWey - u 7 ¢#:_+¢“7 (8)

where

Y: = W¢WJ,* — WiWw

_‘ Uy Uy | | X5 XU ’1[; ’ Ty Wy it
L LW, | X Xho| T (9)
XY XY |- -
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Note that Y # 0: if Y = 0 then each of the determinants in equation @D vanishes
and this then implies that the columns (T, Xy, Uy, U5)T and (Ty+, Xy», Uye, U5.)T
are linearly dependent, which contradicts the invertibility of the point transformation.
Using the relations we compute D41, for each of the equations and then rearrange
and we obtain the following expression for ¥qq :

1 * *
Yaa = ? (Da(iw‘ZWw* + Wa W1j;*) - waD"‘W)
= Ya¥3,Da¥s, + a0l Dat, + R,

where R consists of terms not containing second derivatives of ¥ and ¢*. The above
equality is equivalent to

1 v 7 * Tk
Yaa = 7 (DaX")(DaX")(=Y3,5, Wis + 95,5, Wy-) + R.

Using Gtoa = —ityy — F, G*¢Y, = +ip;y — F* together with the condition from the
invertibility of the point transformations, (Ty«, Xy«, ¥yx, Uy.) # (0,0,0,0), we collect
the coefficients of ¥z,z, and ¥} z,- As a result we obtain Wj.(DoT)(D,T) = 0 and
Wy (DoT)(DoT) = 0, which implies that Ty = Ty+ = 0 and T, = 0. Further, collecting
the coefficients of wmm and 7/’zbzc yields X2X? = Héq. for all a, b and ¢. Using these
results for 7" and X* in we obtain

]- |28 PES 7 v Tk * *
Yu = (X Wz, + X[ Wy, — W Wi — U0y ),

* 1 * 7 Tk * *
wu Y (—XZ‘I’M/’%V + XZ\I’W/)% - \I’w\l’# - \Ilw‘l/u) )

and the expression for 1., becomes:

XoXa (g 7 e v XaWye

@ =Ty (\Ilw*wibib - ‘Pw*wi’bib) +¢z,D Y
— o XPwy. U0y — W,
_wibD Y - Da Y )

and the expression for v, can be obtained from the complex-conjugate of the expression
for tpaq. Substituting the above expressions for 1; (resp. ¥7) and taa (vesp. ¥g,) into
ity + Gipaa + F' = 0 (resp. —iwz‘ + G"Yaa + F* = 0) and using i)y = —Gzyz, — F

(resp. _“/’t = —G*zpzm — F”), and then collecting the coefficients of ¥z,z, and ¥3,z, ,
we obtain

(HG — T:G)¥- =0, (HG+T,.G* )Wy =0.

Now, we have either Wy, Wy« # 0 or ¥y, Wy« = 0. Observe that we have ¥j,. = (Vy)".
If Wy« Wy # 0 then G = —G*, ie., G = —G*. Thus G is purely imaginary smooth
function. Otherwise we have W7 W, « = 0, which implies that either W, # 0, in which

case G = G or Wy # 0, in which case G = —?G Finally, collecting the remain

terms gives the transformation for F. O

3 Equivalence group and equivalence algebra

Here we derive the equivalence group G5 of the class N and then we infer the equivalence
groups of its subclasses (that are singled out by constraints on the arbitrary functions)
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from the equivalence groupoid Gy. We also study the normalization properties of these
classes and find the equivalence algebra gg of the class 8.

Corollary ITI.1. The class N is not normalized. Its equivalence group G consists of the
point transformations in the space of (t, :c,z/)(g),w (2): G, G*,F,F*), where the components
for t, x and ¢ are of the form @ with T, X* and ¥ satzsfymg the equations | and
Uy Wy« =0, and the components for G and F are of the form (7b) and .

Since the class N is not normalized, we partition it into two disjoint subclasses Ny
and Ny defined by the constraints G* # —G and G* = —G, respectively. There are
clearly no point transformations that map equations from the class Ny to equations from
the class No. We can obtain their corresponding equivalence groupoids g%, and G . and
as well as their equivalence groups G, and G5 from TheoremlTEIand CorollarleEl,
respectively.

Corollary II1.2. The class N is partitioned into the two disjoint normalized subclasses
No and No with respect to the constraints G* # —G and G* = —G, respectively. Both the
subclasses are normalized in the usual sense. The usual equivalence group G, coincides
with the equivalence group G of the entire class N and the usual equivalence group G
consists of point transformations that form the group G except the condition Wy Wyx =
0.

For the case G # 0,1, we look at point transformations of a subclass X of the class N
defined by certain restrictions on G provided that they preserve the form of the parameter
function F'. The cases G # 0,1 are excluded from this consideration: for G = 0 we have
no Schrédinger equation; for G = 1 we have an equation from the class F of equations .

Theorem II1.2. The equivalence group Gi of any subclass X of the class N singled out
by specific forms of the arbitrary element G, G # 0,1 and that preserves the form of the
arbitrary element F' as given in , is a subgroup of either the equivalence group G%O or

the equivalence group Gy, of the classes N and No, respectively.

Proof. The proof follows from Theorem[[II.I] Any given form of G satisfying the restric-
tions in the above Theorem does not change the transformations 7. Therefore,
any subclass K consisting of these transformations will not be normalized. Consequently,
the same partition in terms of the conditions G* # —G and G* = —G is made for the
subclass X as in the larger class N. As this partition induces the similar partition of the
equivalence groupoids of the corresponding subclasses, it is obvious that any equivalence
group Gy is a subgroup of either the equivalence group G%O or the equivalence group
G, - O

Restricting the class N by putting G = 1 and preserve keeping the arbitrary function
F', we obtain the class F whose equations are of the form . It is easy to derive its
equivalence groupoid G5 from the equivalence groupoid G5 computed in Section @ In
the following, we use the following notation for a complex number

B=pB if T,>0 and B=p8" if T,<O0.

Theorem IIL.3. The equivalence groupoid G5 of the class F consists of triple of the
form (F, F, ), where ¢ is a point transformation in the space of variables, given by

E=T, Zo=|0)"20"%0 + X%, & =U(tz,1)), (10a)
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and the transformed function F' is expressed via F as

~ 1 ~ L o Ty g b ~ba 7
F = W(‘I/d*)FZE \Ijt+l<2|mxa+ ‘Tt‘l/QXtO (‘I/a+\II,¢‘)wa) (10b)
o (Waa + 20,y + U hatha |,
‘Tt‘ ( + aw¢ + ¢¢w ¢ )

where T and X are arbitrary smooth real-valued functions of t, Ty # 0, ¥ is an arbitrary
smooth complez-valued function of t, x and ¢, ¥; # 0, O is an n-dimensional orthogonal
matriz. Here ¢’ = sgnT;.

Proof. Consider point transformations f in Theorem [[II.1| where G = 1, i.e.,
H = |Ti|. Then following [27, Theorem 2] we obtain the transformations (10a). The
transformation of F' is obtained by using (10a)) into transformation . O

Corollary I11.3. The class F is normalized. Its equivalence group G5 is generated by
transformations of the form 7. More specifically, G5 consists of continuous
transformations of the above form, where Ty > 0 and two discrete transformations, the
space reflection I, for a fived a (t =t, B4 = —q, Tp = T, b # a, v=1q, F= F) and
the Wigner time reflection I, (f = —t, & =z, ¢ = ¢*, F = F*).

Further, restricting the arbitrary element F' by putting Fy, = Fy» = 0, we obtain
the subclass F* of equations of the form . Then transformations give us

1 a b
Vs = iXb XiWy, Wy =0. (11)
Integrating these equations we obtain ¥. We then have the following;:

Theorem IIL.4. The class F* is normalized. Its equivalence group G751 is a subgroup
of G5 and consists of point transformations of the form (10al)— (10b)), where

iTtt 7 €/th ba . n 0
‘Il:eXp<8|Tt|xaxa+2Tt1/2O $Q+ZZ+A w-ﬁ-\I/,

and T, X, A and X are arbitrary smooth real-valued functions of t, Ty # 0, U° is an
arbitrary smooth complex-valued function of t and x and O is an n-dimensional constant
orthogonal matriz.

We now turn our attention to the class 8 of equations of the form . This class is
a subclass of the class F with F = S(t, z, p)y. The arbitrary element is now S and it
satisfies the additional conditions

YSy — P Sy =0, PSy + " Sy~ # 0. (12)
With this, we deduce the following result from Theorem [[T[.4}

Theorem IIL.5. The class 8 is normalized. The equivalence group Gg of this class is
the subgroup of G, for which U° = 0. That is, the group Gy consists of transformations
in the space of variables and the arbitrary element of the form

I=T, &o=|T"?0%x, + Xx°, (13a)

. . 7 b
P = exp (ZTHLIJQJC@ y2= ad 0", —|—iE+A> ¥ (13b)
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‘Tt‘ 16e'T3 ala T, . 2|Tt|1/2
I —ily XX A+ inTy
T AT,2 :

(13c)
+

Here T, X, A and X are arbitrary smooth real-valued functions of t with Ty # 0, ¢’ =
sgnT; and O = (0O®) is an arbitrary constant n X n orthogonal matriz.

Note 1. Theorem is important in the group classification of any subclass of the
class 8. The equivalence transformations for any such subclass are deduced from the

transformations (13)).

Corollary II1.4. For any equation from the class 8, pSpp/S, is constant under any
transformation which maps this equation to an equation from the same class, exclud-
ing It. In particular, if pSpp/S, is a real-valued, then it is an invariant of the admissible
transformations in the class S.

To find the equivalence algebra g3 of the class § we use the knowledge of the equiv-
alence group Gy of the class 8 as described in Theorem We evaluate the set of
all infinitesimal generators of one-parameter subgroups of the group G5 by representing
the the parameter function ¥ as X = %X aX® + %, where ¥ is a function of ¢, to ensure
the existence of one-parameter subgroup of G~. Next we successively assume one of the
parameter-functions 7', O, X%, ¥ and A to depend on a continuous parameter § and
setting the other parameters to their trivial values. That is ¢ for T, the n x n identity
matrix for O and zeroes for X%, ¥ and A. This procedure leads to the components of the
associated infinitesimal generator Q@ = 70 + %04 + 10y + 0" Oy+ + 00s + 0" Os+, where
they are computed as

_di o dz _dy G_dS*

TT WP 5=0 T dd [s=o’ T 5=0 T dd ls—o

Then we find the following:
Corollary IT1.5. The equivalence algebra gg of the class 8 is the algebra,

gs = <D(T)> jab7 a<b, G(X)? M(U)v f(())

where 7, x = (x',...,x™), 0 and p run through the set of smooth real-valued functions
of t,
A 1 ; *
D(r) =710 + iTtxaaa + é'rttxama (Y0 — Y™ Oyx)
1 T « 1 T
- (TtS - thttwama + l%) Os — (TtS - éTtttmaxa - Zf) 33*,

Jab = :Caab — xb&l, a ;é b,

GO0 = X"0a -+ ZXET0 (04 — 07 0p0) + X0 (95 +051)
M (o) = io (04 — pu™) + 0¢(ds + 95),

1(C) = p(vd + 9" 09" ) — ipi(s + D3).
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4 Determining equations for Lie symmetries

Consider an equation Lgs from the class 8 for a fixed S and let gs the maximal Lie invari-
ance algebra of this equation. Then a vector field in the space of variables (¢, z, v, ¥")
belonging to gs is of the form Q = 79; + £*0a + 10y + 1™ Oy, where the components 7,
&%, n and n* are smooth functions of (¢,x,,"). The infinitesimal invariance criterion
states that

Q) (it + Yaa + St z,p)9) |, =0,

Ls

where @2y is the second prolongation of the vector field Q. The computation of this
expression gives us

in' +n"" 4 (78 + £ Sa)¥ + pSpn = 0, (14)
where

nt =D¢ (n — 7 — £%%a) + Tu + E“ra,

n®" = DaDy (1 — Tt — E%be) + Ttab + EVabe,

and we recall that D; and D, are the operators of total derivatives with respect to t
and z,, respectively. Using equation and take into account that iy = it)aq + 1SY
and ¢y = —iY}, — 1SY™, we derive the following linear overdetermined system for the
coefficients of the vector field Q:

Ty =Tyr =Ta =0, & =E&p» =0,

N Y (15a)
=21 =--=2, &+ =0,a#b,
Nyr =Ny =0, 2Nya = &7,  ny =, (15b)
it 4 Naa + (7S¢ + £“Sa) + pSpReny + 7S = 0. (15¢)

The general solution of the subsystems (|15a}) and (15b)) is

1 a a
(t)7 éa = ETtxa + K bxb +Xx,

=T
i T 4 )
n= (thtxa-Ta T 9X Tat ¢+ w) P,
where 7, x%, ¢ and o are smooth real-valued functions of ¢, and (k) is a constant skew-
symmetric matrix. Putting these expressions into the subsystem (15¢|), we derive the
classifying condition for Lie symmetry vector fields of equations from the class 8 and we
obtain:

Theorem II1.6. The maximal Lie invariance algebra gs of an equation Ls from the

class 8 consists of the vector fields of the form D(7) + Za<b KTy + G(x) + oM + I,
where

1 1
D(7) =710 + iTtxaaa + thtmaxaM, Jab = TaOp — 2600, a # b,

1 * *
G(x) = x"0a + gxfacaM7 M = ip0y — i)™ Oy, T = 1hOy + 1" Oy,
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the parameters 7, X, ¢ and o are arbitrary real-valued smooth functions of t and the
matriz (k%) is an arbitrary constant skew-symmetric matriz that satisfy the classifying
condition

1 Qa a
7S¢ + <§Ttma + &%z + ) Sa +(pSp + 1S
(16)
_ 1 + 1 a + _ C _ E
=3 TtttTala 2Xtt$a Ot — 16t l4 Tit-

This theorem means that a vector field @ is said to be a Lie invariance algebra
of an equation Lg from 8§ if and only if (7,x,¢) # (0,0,0) or o = 0. Varying the
arbitrary element S and splitting the classifying condition with respect to the various
derivatives of S, we obtain the kernel invariance algebra g of the class 8.

Proposition III.1. The kernel invariance algebra of the class 8 is gi = (M) and its

corresponding group G is formed by the transformations i =t, & = x, ) = e'¥, S = S,
where W is an arbitrary constant.

We define g, as the linear span of all vector fields in Theorem m of all equations
when the arbitrary element S varies. That is

g0 = {Q=D(r)+zn“bJab+G(X) +0M+Cf} = us
S

a<b

The nonzero commutation relations between vector fields of g, are:

(D)), D(+3)] = D(r'72 — 7271, [D(r),G(x)] = @ (% - %nx) ,
[D(T)aJM} :TUtMa [D(T)aC[] :TQL
[Jabbic] :Jaca a#b7éc7éav

[Jan, GOO] = G(X) with *=x" "= X", x“=0,a#b#c#a,
[G(), G(X)] =

From these commutation relations it is clearly seen that the linear span g, is a Lie
algebra and the subspaces

<UM>a <CI>7 <G(X)7UM>7 <G(X)70Ma <I>7 <Jab7G(X)7UM>7
<Jab7G(X)’O-M7<I>7 <D(T)7G(X)70M’CI>

are ideals of g(,. Furthermore, the subspaces (D(7)), (Jas) and (D(7), Jas) are subalge-
bras of g¢,.

Definition III.1. A subalgebra s of ggs is said to be appropriate if there exists an
arbitrary smooth function S such that s = ggs.

The push-forward actions of elementary transformations to the vector fields span-
ning g, are given by

D.(T)D(r) = D(7), D(T)G(x) = G(X),
D.(T)(cM)=6M, D.(T)(I) =<I,
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G.(X)D(r) = D(r) + (Txt - %wa)
+ (1 xexe — Loxexe L X"X“) M
8Ttt 4Tt t 27 tt y
1 a a a ay N
§(X Xy —xi X )M7
- N 1, .. o -
Gi(X)Jap = Jap + G(X) — 5()( X) — xtxt M,

G.(X)G(x) = G(x) +

M. (Z)D(1) = D(1) + %M, Z.(A)D(1) = D(1) 4 7A1.
Here tildes over the vector fields mean that these vector fields are expressedAin the new
variables, where 7(f) = (T37)(T~ 1(1?)), x(#) = )(Tt1/2|t:T71(,g)7 xe = xb Xt = —x°,
X¢=0,c#ab, 6=0c(T*)), p=p(T (%) and in each push-forward by D.(T) we
should substitute the expression for ¢ given by inverting the relation £ = T(t); t = ¢ for

the other push-forwards.
For any arbitrary element .S in the class of equations the following results hold.

Lemma ITL.1. gs N (cM,(I) = (M).
Proof. We first prove that the left-hand side is included in the algebra on the right-hand

side. Putting 7 = 0, x* = 0 and x®* = 0 in the classifying condition we obtain
oe =0, (pSp=—iCe.

Splitting the second equation with S, gives ¢ = 0, so that gs N (cM,{I) C (M). The
implication in the other direction is clear since the kernel invariance algebra is always
contained in the maximal Lie invariance algebra. O

Lemma IIL.2. gs N (o M) = (M).

Proof. This follows from the previous Lemma. O

n(n + 3)
2

Proof. The proof is similar to the one given in Lemma 12 in [27]. Thus, fixing the
arbitrary element S and putting ¢ = 0, the classifying condition yields the following
system of linearly ordinary differential equations:

Lemma III.3. dimgs < +4 for any S with S, # 0.

00 01 0,a+1 Oab, ab
Teer = Y07 + 40 T 4 ATy 9090,

X:‘::t:’YCOTt“"YClT""YC ;a+1 a+00ab ab
:7n+1,07 +fyn+l,1

Gt = —ZTtH'CPS +7

T+’yn+1,a+lxa +9n+l,ab“€ab

n+2,0 n+2,1 n+2, a+1 a + 0n+2 ,ab ab

T+ Y T+
where the coefficients v7? and 67%°, p = 0,...,n+2,¢=0,...,n+1, a < b, are functions
of t. From this it is clear that the upper bound of dim gs can not exceed the sum of
the number of pairs (a, b) of rotations with a < b and the number of arbitrary constants
involved in the above system, i.e., n(n + 3)/2 + 5. But Lemma shows that this
number is reduced by 1 for any S with S, # 0. This proves the Lemma. O

Lemma IIL.4. dimgs N (G(x),ocM) < 2n + 1.

Proof. Just as in Lemma we omit the first equation of the system from the proof
and set 7 = 0, k*® = 0 and then using Lemma [II1.1| we obtain the stated result. O
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5 Schrédinger equations with potentials and
modular nonlinearity

We consider the class V of multidimensional nonlinear Schrédinger equations with poten-
tials and modular nonlinearities of the form 7 where S = f(p) + V(¢t,z) with f, # 0,
p = |[¢|. This class is singled out from the class 8§ by the condition S,; = S, = 0 and
S, # 0 or equivalently by

Syt + " Syt = YSya + Y Syra =0, Sy + P Sy £ 0. (17)

The point transformations for the class V are obtained from the point transforma-
tions (L3). These point transformations are of the form @ so that they preserve the

systems formed by the equations , and .

Theorem IIL.7. The class V is not normalized. The equivalence group G+ of the class
V consists of point transformations , where Ty = 0 and Ay = 0. The subclass V'
of V defined by the condition pfop/fo (= pSpp/Sp) is not a real constant, has the same
equivalence group. This class is normalized. They are two further cases, corresponding
to equations ()):

T() = {2'1/% +'l/1aa + f(P)"l/’JF V'l/} = Oa prP/fP = 717 i'e” f = 5111,0},
Pr= {’Ll/Jt + Yaa +f(ﬂ)1/1 +Vy =0, pfﬂp/fp =A-1,ie, f= 6,0A7 A# 0}7

where § is nonzero complex constant. These two cases are normalized.

It is clear that the subclasses V' and Py, A € R have no common equations in the
class V, which in turn shows that there are no point transformations connecting equations
from these subclasses.

The class V can be represented as the union of the disjoint normalized subclasses
V', Py and Py. This follows from the fact that the set of admissible transformations of
the class V is the union of the sets of admissible transformations for the corresponding
subclasses generated by their equivalence groups. Fore more details we refer to [38].

In the following we denote by GY/, G5 and G5, the equivalence groups for the classes
V', Po and Py, respectively. In the course of the group classification, we investigate each
subclass separately and as mentioned above the classification result for the whole class
V will be the union of the classification results corresponding to each subclass.

Remark II1.1. Theorem [[IL5] together with the results of Sections [6.1}6.3] shows that
for each fixed A # 0, any transformation from G35 is presented as a composition of
transformations from the equivalence groups Gv,, G5, and G35, .

5.1 General case

Here, we discuss the point transformations and Lie symmetry properties for group clas-
sification of the class V' consisting of equations

Wt +Yaa + f(P)Y+ V(I 2)0 =0, pfop/fo # A VAER. (18)

Theorem [LI1.7] then gives us that, in this case, Ay = 0 and T} = 0. Substituting this into
the transformations leads to the following result:
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Corollary IIL.6. If the potential V in equation (L8) is linear in x, then equation
is equivalent under a transformation of the form (13)) to an equation of the form

Wi + Yaa + f(P)Y =0, pfop/fp # constant.

Remark II1.2. The action of the group G+ on f is by multiplication by nonzero real
constants and by complex conjugation, so we restrict our investigation to the class of
equations with a fixed nonlinearity f(p) under the assumption that f is determined up
to a real multiplicative constant or complex conjugation and the only arbitrary element
is then V. We denote by V/ the class of equations in V satisfying this restriction.

Theorem IIL.8. The class V¥ is normalized. Its equivalence group G35y is given by
transformations with Ty =1 (Ty = £1 if f is a real-valued function) and A = 0.

Lemma IIL.5. The mazimal Lie invariance algebra gv of an equation Ly from V¥ with
pfon/fo £ X ER, consists of vector fields of the form D(co) +Za<b K Jup +G(x)+0M,
where ¢o is a nonzero real constant, the parameter functions x* and o are arbitrary real-
valued smooth functions of t and the matrix (/i“b) is an arbitrary constant skew-symmetric
matrix that satisfy the condition

a a 1 a
coVi+ (k Py + X Wa = 3 XttTa + oy. (19)

The kernel invariance Lie algebra of equations from the class V' is g7 = (M).

Proof. We put S = f(p) + V(¢,x) into the classifying condition and then, noting
that pfop/fo # A € R, we obtain 7+ = 0 and ¢ = 0. The kernel is obtained by varying
the arbitrary element V. O

Consider the linear span g(,,

90 = {Q = D)+ > 5"y + G(x) +UM} =2 v
\4

a<b
The following assertions hold for any potential V in the algebra gy :
n(n+ 3)
2
gv N (o M) = (M).

dim gy < +2, dimgy N{(G(x),cM) <2n+1,

5.2 Logarithmic modular nonlinearity

We study the point transformations and Lie symmetry properties for the class Py whose
equations of the general form

Wi + Yoo + 00 Inp+ V(t,2)Y =0, (20)

where § is an arbitrary nonzero complex number and V' is an arbitrary complex-valued
function of ¢ and x. The class Py is singled out from the class 8 by constraints Syt = Spa =
0 and (pS,), = 0, i.e., WSyt + V*Syrt = VSya + VW Syra = 0 and (Y0y + 1* Oy )?S = 0.

We can find the point transformations connecting two equations from the class Pg by
direct calculation. However, we have already found point transformations for the class 8
in this way, so we can simply obtain them from Theorem[[IL5] Putting S = §1n p+V (¢, z)
into we see that we have the following transformations:
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Theorem IIL.9. The class Po is normalized. Its equivalence group Gg, is given by
transformations with Tyy = 0. Further, the transformations of 6 and V' are
S:i f/=1+ Xl Oy _SA LXPXS | S =il

7 aial 21
7 Tl e moi 1 @D

where the parameter functions X, A and X are arbitrary smooth real-valued functions
of t, e = £1 and O is an arbitrary n x n matriz satisfying OOT = 1.

Corollary IIL.7. The potential V in can be gauged to zero by means of point
transformations when Vg, = 0.

Remark III.3. Arguing as in Remark we can restrict the arbitrary element 6 =
01 + id2 by putting |§] = 1, d2 > 0 and assuming V to be the only arbitrary element
in the equation. The class P° with this restriction is denoted by PS and is the class
which we consider below. The equivalence group G7; of this class consists of the point

0
transformations of the form , where T; = 1 if 6o = Im § > 0 and T3 = £1 if 62 = 0.

Putting S = §In p+ V (¢, x) into the classifying condition and then splitting with
respect to p yields 7, = 0. We then have:

Lemma II1.6. Any vector field Q from the mazimal Lie invariance algebra gy of an
equation Ly from the subclass P§ is of the form D(co) + Za<b K™ Ty +G(x) + oM + (1,
where ¢y is a nonzero real constant, the parameter functions x*, o and ¢ are arbitrary
real-valued smooth functions of t and the matriz (k®°) is an arbitrary constant skew-
symmetric matriz. The coefficients of these vector fields satisfy the classifying condition

a a 1 a .
coVi + (K" xy + x*)Va = SXirTa + 00 — G — 5. (22)

As in the previous section the linear span g, of vector fields from gy for any V is
given by

gy = {Q200+ZRabJab+G(X)+UM+<I} :ng‘
%

a<b

Hence for any V'
dimgy <n(n+3)/24+3 and dimgy N{(G(x),0M,(I) < 2n+ 2.
Lemma IIL.7. gy N{ocM,¢I') = (M, I') = ¢}

5.
PU

5.3 Power nonlinearity

The class P of nonlinear Schrédinger equations with potentials and power nonlinearity
consists of the equations of the form,

iy + Yaa + 6™ + V(L 2)9p = 0, (23)

where § and \ are arbitrary nonzero complex and real constants, respectively, and V is
an arbitrary complex-valued potential depending on ¢ and x. This class is derived from
the class by imposing the conditions Syt = Spa =0, (pSp), = AS,, or equivalently by

WSyt + " Syrt = VSya + Y Syra =0,

24
(0y + 1" 0y=)>S = N1pdy + 1" 9y+)SS. 29
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It follows from the definition of the class P of equations with restrictions
that the equivalence transformations will depend on the parameter A, which means that
this class is normalized in the extended sense. Further, A is an invariant of all admissi-
ble transformations in the class so that equations with different values of A do not
transform into one another. To facilitate the group classification of equations from the
class Py, we assume that A is fixed. Here and below P, stands for the class of equa-
tions with a fixed value of A. There are two ways to find the equivalence group Gy,
for the class of equations . The first is to find all invertible point transformations
in the space (t,z,v,9",S,5"), under which the system constituted by equations
and is invariant. The second is to consider the class Py with the involved arbitrary
elements ¢ and V', where

Wt + Yaa + 0P Y+ VP =0, Vy=Vye =0, § =08a =0y =y~ = 0.

and then single out the equivalence group G, from the point transformations (13af)—

(13c) of Theorem [II1.5

Theorem III.10. The class Py with A # 0 is normalized. The equivalence group G,

consists of point transformations , where e = u|Tt|71/)‘, w > 0. The transformed
values of § and V are

< )
6 - ?7
oV 2Ty — 3T e (X e
Ve—dt —————— 2+ —7 | =— | O%za
T T teeTs ettt o \ 7 !
X XX Tu
=t P\
T, are T
where \' = % -4, T, x and ¥ are real-valued functions of t. As well as this family of

continuous transformations, the group GJN;A also contains two discrete transformations:
the space reflection I, for a fized a =t & = —Ta, T = x5, b # a, P =9, 5 =29,
V =V ) and the Wigner time reflection Iy (t=—t, =z, ¢ =v¢*, 6 =6,V =V*).

Corollary IIL.8. A (1 + n)-dimensional nonlinear Schrédinger equation with a power
nonlinearity of the form is equivalent to a nonlinear Schrédinger equation indepen-
dent of x with respect to a point transformation if

V = h(t)xaxa + h*(t)xa + h°(t) + ih° (1), (25)

where h, h*, h° and h° are real-valued functions of t. More specifically, for A = 4/n,
any real-valued potential quadratic in x can be transformed to zero. For \ # 4/n, the
potential V in can be gauged to zero if and only if 16(N)%h = 2eXNhY + (R0)2.

Proof. It is clear that the expression for V' in is obtained by putting the transformed
potential V' = 0 in Theorem [[I1.10} For A # 4/n we note that and V = 0 give us

RO(t) = —e)\’TT—t:. Differentiating both sides of this expression with respect to t gives h? =
T2 _ap2
fe/\'%, We also have h(t) = 7%. Solving for T}, T in both h(t) and
t

t
h? and then equating the two expressions yields the last equality in Corollary [[I1.8] [

Remark III.4. Theorem [[IL.I0] implies that any point transformation connecting two
equations in the class Py acts on § by multiplication with nonzero real constants and by
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complex conjugation. We denote by P3 the subclass of Py with the restriction |§| = 1
and é2 > 0, as in Remark [IIL.3. The equivalence group G of the class P3 consists of
A

the transformations 130', where T; > 0 if 2 > 0 and 4 = 1. Here and below
01 =Re 6, 62 =Imd and we now write P, for fP5 for simplicity of notation.

Theorem III.11. If two equations from the class Px with the parameter values (6,V')
and (6 V) are transformed each other by point transformations then & = §. Moreover,
since § # 0 any transformation of such type belongs to G, .

Next consider S = §p* + V(¢,z). In this case the classifying condition becomes
1 a a
T™Vi + (§Ttxa + k% + x ) Vo + 8N +7)pt + 7V

1 1 . . n
= = TtttTala + QXttxao't — G — ZZ Ttt

8

from which we deduce that X + 7 = 0. The vector field @ given in Theorem [[TI.6]
can be written as Q = D(1) + ) _, “bJab + G(x) + oM — X"t I, Writing D* (1) =
D(1) — A'7J and putting all the above information together we obtain the following
result:

Lemma II1.8. Any vector field Q from the mazimal Lie invariance algebra gv of an
equation Ly from the class Py is of the form D* (T)+2acs k™ Ju +G(x)+0M. Further,
the coefficients of Q satisfy the classifying condition

1 . .
Tt“zama + 5Xt%a + ot +iX T,  (26)

1
Vi + <§Tt1:a + Ky + x“) Vo +1V = 3

r—_1_n
where X' = 5 — 7.

Lemma II1.9. The kernel invariance Lie algebra of equations from the class Py is
n
g' = (M)

Consider the linear span

gy = {Q—D)\(T) +ZnabJab+G( +O’M} ng

a<b

Then for any V we have

dimgy <n(n+3)/2+4, gvN{ecM)= (M), dimgyN(G(x),cM)<2n+1,
where 7° is the projection on the space of variable t.
Lemma II1.10. For all V, nlgv is a Lie algebra and dimnlgy < 3. Moreover,

mogv € {0, (0:), (Or, t0r), (Dr, t0s, t°0:)} mod 7G5, , where 7lg(y = (10y).

6 Group classification in dimension (1+2)

In this section we present the group classification of the class V. We recall that this
class is not normalized but that it is partitioned into the three subclasses V', Py and
P consisting of equations whose general forms are , and , respectively. We
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first assume the following: the nonlinear term f(p) is fixed in V', we have |§| = 1 and
02 > 0 in Py and P, and we then treat the classes Vf, in and iP‘i with these restrictions
and the only arbitrary elements are then the V. Thus, in Section [5| and in the rest of
the paper, the Lie symmetry extension is denoted by gy. We solve completely the group
classification of these classes for n = 2. The indices a, b then satisfy a,b € {1,2} and we
sum over repeated indices.

We also use the notations

|z| = /22 + 22, ¢ = arctanza/x1,

w1 = 1 cos kt + w2 sinkt, ws = —x1 sin Kkt + x2 cos kt,

where in Subsection the constant k is set to be one. For each appropriate subalgebra
s of g(,, we also introduce five integers that are invariant under equivalence transforma-
tions: in Section [6.1] and Section [6.3] we define the invariant integers as

ko := dimsN (¢M) = dimg" =1,

k1 :=dims N (G(x),oc M) — ko,

ko :=dims N (J, G(x), oM) — k1 — ko,

ks := dims — ko — k1 — ko = dim 7ls,

ry:=rank{x | Jo: G(x) + oM € s},
and in Section [6.2] we define the invariant integers as

ko :=dims N (¢M,{I) = dimg" =2,

k1 :=dims N (G(x), oM, CI) — ko,

ko :=dims N (J, G(x),ocM,CI) — ki — ko,

ks := dims — ko — k1 — ko = dim 7ls,

ri:=rank{x | 3o,(: G(x) + oM + (I € s},

where 7° is the projection onto the space of the variable ¢. It is obvious that in each case

dims = ko + k1 + ko + k3.

6.1 General case of nonlinearity

For any V in the class V¥ the following conditions hold for n = 2:
dimgv < 77 ko € {0, 1}7 ks € {07 1}, r e {O7 1,2}.

Therefore any appropriate subalgebra of g, is spanned by

o the basis vector field M of the kernel g”,

o ki vector fields G(x*', xP?) + 0P M with linearly independent tuples (x*',x??),

p=1,...,p=k,

o ko vector fields of the form J + G(x°*, x°?) + o° M,

o k3 vector fields of the form D(1) 4 &7J +G(x", x2) + 09 M + p?I with q = k1 + k3.
Theorem II1.12. A complete list of inequivalent Lie symmetry extensions and their cor-
responding potentials in the class V¥ is given in the following list, where U is an arbitrary

complez-valued smooth function of its arguments (or an arbitrary complex constant). The
other functions and constants take real values.
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V(t,z): gv=g" = (M).

(z1,22): gv = (M, D(1)).

(Wi, w2): gv = (M, D(1) + J).

Ut |z]) + oe(t)g: gv = (M, J +o(t)M).

U(|z|) —|—5¢, e€{0,1}: gv = (M, J +etM, D(1)).

U(t 1132) (t)xI: gv = <M7 G(X1170)7 G(X2170)>7 where Xll and X21
linearly 1ndependent solutions of the equation x = ~x, = is an arbitrary real-
valued function of ¢.

6. V= U(CEQ) + iy2%, v € {~1,0,1}: gv = (M, G(x"",0), G(x*',0), D(1)), where

x*! and x?! are linearly independent solutions of the equation s = vx.

[l
< <

oL WD = o
=~ < S < < <

7.V =U(t, 9)+% 1+i%x2,xxt X’xt #0, 0 =x"z2 — x°21:

gv = <M7 G( » X )>
8.V =U(w) + (8 — Dwi + fuwrws:
gv = (M, G cost, ™ sint), D(1) + J).
9. V = 3h®(Q)zaze+ih™ (1), h'? = h*': gy = (M, G(x"',x"?), p=1,...,4), where

{(x"*(t), x*%(t))} is a fundamental set of solutions of the system x& = h®®x®.

10. V = fawi + $Bws +iv, a # B, k € {0, 1}:
gv = (M, G(6P* cos st —6P? sin kt, 0P sin wt+0P cos st), D(1)+kJ, p=1,...,4,),
where (6P (t), 0P%(t)) are linearly independent solutions of the system 03, 4 2x07 =
(k2 4 )0, 03 — 2k0F = (k* + B)6>.

11. V = Ih(t)zaza + ih°(t):
gv = (M, G(x"*, x*?), J), where p = 1,...,4, {(x**(t),x*%(t))} is a fundamental
set of solutions of the system, x#; = hx?, h and hO are real-valued functions of ¢.

12. V = iaxaaza + i
gv = (M, G(x",0), G(x*',0), G(0,x*), G(0,x"), J, D(1)),
where {x"'(2), x**(t)} and {x*?(¢), x**(¢)} are fundamental sets of solutions of the
equation x¢ = .

Remark III.5. Here we discuss a few cases for the maximality of essential Lie invariance
algebras listed in Theorem with respect to their corresponding potentials. In some
cases we have presented simple necessary and sufficient conditions that provide such
inequivalence. In other cases these conditions are not so obvious. Thus in Case 3 the
maximality condition for Lie symmetry extension is U; # 0 or o # 0, which excludes
the values of V that are G™-equivalent to those in Case 4. In Case 5 the condition of
maximal Lie symmetry extension is U; # 0 or v ¢ {—1,0, 1} in order to exclude potentials
G"-equivalent to those in Case 6. Similarly, potentials in Cases 5—6 and Case 8 are G-
inequivalent to those in Cases 9-12 if and only if (Uzyapges 7 0 or ImU,, # 0) and
(Uwswows # 0 or ImU,,, # 0), respectively. To avoid the equivalences between potentials
of Case 11 and those of Case 12 we require that h:(t) # 0 or h¢(t) # 0 in Case 11.

Proof. Using k3, k2 and 1 we single out different cases, where the general form of basis
vector fields of a Lie symmetry extension is

Q" =D(1) + T+ G x™*) + "M,

where the range of s is equal to dim gy —1, and all the parameter functions are real-valued
functions of ¢.
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ko = r; = 0. Any extension of the algebra gy is given by the vector fields of the form
Q' = D(1) + &"J + G(x*", x'?) + ¢' M. Up to Gy -equivalence we can set (x'*, x*?) =
(0,0), o' = 0 and reduce Q" to D(1) + ' J with x € {0,1}. Varying ks we obtain three
cases, the general Case 0 for k3 = 0 with gy = g" and Cases 1 and 2 for k3 = 1.

ko = 1,7, = 0. The algebra gy contains, apart from the kernel, a vector field of the form
Q° with k° = 1, and additional extension is given by Q'. The commutation relations of
Q' and Q° together with transformations from G5, imply that x'* = x°* = 0 and x' = 0,
which gives Q° = J + ¢®M. If ¢ is a constant then Q° reduces to a single operator
J. Otherwise no further reduction is possible. Substituting Q° into the classifying
condition and integrating the equation in V' yields the potential presented in Case 3.

Further, if gy has another extension, it is provided by the vector field Q' = D(1) +
o' M. The commutator [Q°, Q'] gives 0° = t. Putting Q' and Q° into the classifying
condition gives two independent equations in V' whose common solution leads to
Case 4.

ry =1. If ko = 0 then the symmetry extension is given by a vector field Q' =
Gx", x') + o' M with (x*', x'?) # (0,0). An additional Lie symmetry extension can
be given by another vector field of the same form or a vector field of the form Q3. Two
cases arise. Either the tuple (x'',x'?) is proportional to a constant tuple or the tuple
(x"', x'?) is not proportional to a constant tuple.

1. Suppose that (x'',x'?) is proportional to a constant tuple . Then up to G-
equivalence we can set o' = 0, x> = 0 and reduce Q' to G(x'',0). Substituting
this vector field into the classifying condition yields the potential

V= i’y(t)mf + U(t, z2),
where 7 is a real valued function of t and xi, = yx'. A similar vector field Q% = G(x**,0)
with x2' = h(t)x"" belongs to the algebra gy, where x'' and x?' are linearly independent
solutions of x#; = vx*, and h is nonzero real-valued function of ¢. If no further extensions
are possible then we have Case 5.

Otherwise, the additional extensions are provided by vector fields Q% = D(1)+ K3+
G(x*, x*) + o®*M. Up to Gy -equivalence and the commutator [Q*, Q'] or [Q*,Q?],
the vector filed Q® reduces to D(1). Substituting D(1) together with V = L~y(t)a? +
U(t,x2) into the classifying condition , we derive v = 8, where 8 € {—1,0,1}. This
gives Case 6.

2. Suppose next that the tuple (x'!, x'?) is not proportional to a constant tuple,
ie., x"'xiZ — xii X2 # 0. In this case the algebra gy contains only a vector field from
the kernel and Q' = G(xll,xm) + o' M with linearly independent x'! and x'2. The
vector field Q' is reduced to Q' = G(x'', x'?) up to G5/ -equivalence. Substituting the
components of Q' into the classifying condition we derive

KV XV = Dt + . (27)
Letting V, be a particular solution of the equation (27) such that V, = h''(t)z? +
2h'2(t)z122 + h*2(t)z3, its substitution in equation (27) and splitting with respect to
various powers of x yields

1
Xllhll 12h12 _ 11 11h12

1
12, 22
== , h*° =
4Xtt

+ X +x —thlf‘



6 Group classification in dimension (1+2) 139

11 12
From x''xiZ — xtt x*2 # 0 we can set h'? = 0, and obtain h'' = 4);% and h?? = 4’;%
If no further extensions are possible then the potentials are given by Case 7. Otherwise
the additional symmetry extensions are provided by Q*, which reduces to D(1) + x2J,
k? € {0,1} up to Gy -equivalence. As the commutator [Q', Q%] belongs to gy, we have

the equations
xi' +e2xP =X xR =8P o= B0l + B, (28)

where 3 and 81 are real constants. The case x? = 0 necessarily implies the proportionality
of the tuple (x'',x'?), hence x? = 1. The solutions of equations in jointly with G75/
equivalence depend on the values of 8 (which can be zero or not) and the general form
of potential is presented by Case 8.

Next if ko = 1 the algebra gy contains the vector fields Q° = J + G(x°*, x°%) + 0" M
and Q' = G(x", x*?) + o' M with (x*', x*?) # (0,0). The commutation relation of Q°
with Q' necessarily implies that 7, = 2, and consequently the case ko = 1,71 = 1 is not
possible.

r; = 2. This means that the algebra gy contains two vector fields of the form Q¢ =
G(x™, x*®) 4+ 0®M, where a = 1,2 and x''x** — x'2x*' # 0. Applying the classifying
condition to the components of Q% gives the equations V, = %h“b(t)mb + A0 (t),
where all the h%?, h%® are real-valued functions of t satisfying the conditions x% = h®x®
and o; = h%x®. This means that the algebra gy contains apart from the kernel, at least
four vector fields Q7, p = 1,...,4. The fact that Via = V; implies that the matrix (h*®)
is symmetric and hence the potential V' is a quadratic polynomial in z1 and x2 with the
coefficients being functions of ¢:

V= ih“”(t)a:axb + RO (B)ay + R (t) + ih*(t).

The functions h%® and A% can be set equal to zero up to G -equivalence and the poten-
tials reduce to

V= %h“b(t)xamb + k%), (29)

The subclass of the class V/ with potentials of this form is normalized. Its group clas-
sification is partitioned into two normalized subclasses V{; and \7{ depending on the
values k2 = 0 and k2 = 1, respectively. The subclass V{ (resp. VJ) is singled out from
the class V/ by the conditions h'? = h?' = 0, h'' = h?? (resp. its negation).

We analyze each subclass separately. Consider the subclass Vg. We substitute the
potentials into the classifying conditions and we obtain the system

a ab_b
Xie = h , or=0.

The equation for the x* has a fundamental set of solutions (x?*,x*?), p = 1,...,4 and
o is a constant. If no further additional Lie symmetry extensions, the classification for
the subclass Vg is given by Case 9. The additional Lie symmetry extension for this case
is provided by the vector field Q® = D(1) + ' J + G(x**, x*?) + 0° M, which is reduced
to D(1) + k°J, € {0,1} up to G, -equivalence. Putting the vector field Q° and with
the potential into the classifying condition and then splitting with respect to
different powers of z,, yields the following equations

hi' +26°R'? =0, h°+ KR - h'Y) =0,

22 12 .
h¥? —25°h2 =0, k)’ =0y,
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which, after integrating and rearranging, give us to Case 10.

Next the condition k2 = 1, i.e., the subclass V{, means that apart from the vector
fields from the kernel and QP, the Lie symmetry extension contains also at least a vector
field Q° = J. In this case we obtain the potentials of the form

V= ih(t)xaxa FiR%(8), B = xee/x, (30)

where h and h° are arbitrary smooth real-valued functions of ¢. If ks = 0, then we have
no further Lie symmetry extension and we have Case 11. When k3 = 1 the additional Lie
symmetry extension is given by vector fields of the form Q° = D(1)+&'J+G(x*!, x*%) +
o® M, which, up to Gy -equivalence, reduces to Q° = D(1) + x°J and the form of the
potential V is preserved under the equivalence. The commutation relations of Q® with
QP, p=0,...,4, show that kK = 0. Substituting the potential and the components
of Q° into the classifying conditions , we obtain h = o and h’ = ag, where o and ag
are real constants. Hence V = iaxaxa + iao, which leads to Case 12. O

6.2 Logarithmic modular nonlinearity

We recall that the class of Schrédinger equations with a logarithmic modular nonlinearity
with a fixed § is denoted by P8 and consists of equations of the form . In the case
n = 2, for any V, the results from Section imply that

dimgy <8, dimgyv N{G(x),oM,(I) <6,
ko € {0, 1}, ks € {O, 1}, r € {0,1,2}.

It then follows that any appropriate subalgebra of g(, is spanned by

« the basis vector fields M and I of the kernel g",

e ki vector fields G(xP*, xP?)+0oP M +(PT with linearly independent tuples (x**, x*?),
p= 1,. cey k1,

o ko vector fields J 4+ G(x°", x°%) + 6" M +¢°I,

o ks vector fields D(1) + x9J + G(x?', x*%) 4+ 09 M 4+ ¢91 with ¢ = k1 + k3.

We will also use the following notation:
I'=e 2"l —6;:M) if 82#0 and I' =1+ 6tM if 5, =0,
G'(x*)=GKx*) — X1 -6 /X“dtM with Y% = 6752t/662txabh0bdt,
where all involved parameters will be explained in the corresponding places.

Theorem II1.13. The complete list of inequivalent cases of V' admitting Lie symmetry
extensions of the maximal Lie invariance algebra of equation of the form is given
by the potentials presented below, where the function U is an arbitrary complex-valued
smooth of its arguments (or an arbitrary complex constant) and the other functions and
constants take real values.

0. V=Vtax): gv=g"=(M,1I).

1. V=U(z1,22): gv = (M, I, D(1)).

2. V=U(w,w2): gv = (M, I D)+ rJ, k#0).

3. V=U®,|z|)+ (ot —iC — Q) p: gv = (M, I', J+ o(t)M + (()I).
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4. V=U(z|) +ap: gv ={(M, I, J+ atM, D(1)).

5.V =U(t,22) + +h' (H)2] + (ih°' () + RO (t)) 21
gv = (M, I, G'(x**,0), G'(x*',0)), where x'! and x*' are linearly independent
solutions of the equation x:; = h''(t)x, h'*, h°' and R°' are real-valued smooth
functions of ¢.

6. V= U(xz) + %l‘% + (Z,Bz + /83)21311
gv = (M, I', G'(x'",0), G'(x*",0), D(1)), where x'' and x*' are linearly inde-
pendent solutions of the equation xu = B1x.

7.V =U(t,0) + $h" (t)xT + 1h*?(t)as + ik (t)a1, 6 = x s — x o
gv = (M, I', G'(x** X12)>, where h'!, h'? and h°! are real-valued smooth func-
tions of t, XH and x'? are linearly independent, h'' = xif /x'' and h?? = xi7/x*>.

8. V=U(w2)+ %(52 — kD) w? + Brwiws — a(iff + 8w, Ba # 0, Kk # 0:
gv = (M, I, G'(e”! cos kt, e’ sin kt), D(1) + kJ).

9. V=U(w2) — %/{20.)% + (o — i62)wr, K # O:
gv = (M, I', G'(cos kt,sin kt), D(1) + kJ).

10. V = 1h*®(t)zaze + ih* (t)zs:
gv = (M, I', G'(x**,x*?), p=1,...,4), where {(x"*(t), x"?(¢))} is a fundamental
set of solutions of the system y& = h%*x® and ¢? = —xP.

11. V = iaw? + iﬁw% + ieWwa, @ # B, Vk:
gv = (M, I', G'(6P* cos it — P2 sin kt, 0P  sin st 4+ % coswt), D(1) + kJ, p =
1,...,4), where (6P'(t),67%(t)) are linearly independent solutions of the system
04 — 2607 = (K% + )0, 03, + 2k0; = (k* 4 B)6?, and (P = —xP.

12. V = ih(t)xaxa:
gv = (M, I', G(x**, xP?), J), where p = 1,...,4 and {(x*'(¢), xP*(t))} is a funda-
mental set of solutions of the system x:: = hx.

13. V= 4Bxaxa
ov = (M, I', G(x 10), G(x*,0), G(0,x1), G(0,x?), J, D(1)),
where (x*(t ) x2(t)) is fundamental set of solutions of the equation x = Bx.

Remark II1.6. The Lie invariance algebras presented in Theorem [[T[.T3] are in fact max-
imal for the corresponding potentials. However, there may be special cases in which a
given potential is G™-equivalent to potential of another case. Here we list some cases
that are easy to single out. In Case 3 the maximality condition for Lie symmetry ex-
tensions is Uy # 0 or o # 0, which excludes the values of V' that are G~ -equivalent to
those in Case 4. The condition for being a maximal Lie symmetry extension in Case 5
is Uy # 0 or hit # 0 or hY* # 0 or hi' # 0 to exclude potentials G™-equivalent to
those in Case 6. In Cases 5—6 and cases 8-9 the potentials are G™-inequivalent to those
presented in Cases 10-13 if and only if Uzyzgws 7 0 or ImUsyszy # 0 and Uwgwsw, # 0 O
Im Uy, # 0. The parameter function h(t) in Case 12 satisfies hy(t) # 0 to avoid the
potentials V' that are equivalent to those in Case 13.

Proof. Lie symmetry extensions are obtained by choosing different values for k2, k3 and
r1, where the basis vector fields are denoted by

Q°=D(1)+rJ+ GO, X?) +0°M + (1.

Here 0 < s < dim gy — 2 and all the parameter functions are real-valued functions of ¢.
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k2 = r; = 0. Any symmetry extension is given by the vector field Q@ = D(1) + xJ +

Gx'x®) + oM +¢I. Up to G's-equivalence we can set x* = o = ¢ = 0 and reduce
0

Q to D(1) + kJ. If ks = 0 Case 0 presents the general potential V. Otherwise we have

Case 1 and Case 2.

ky = 1,7, = 0. The algebra gy contains at least one vector field of the form Q° with

k® = 1. Up to G7s-equivalence we can set x°* = 0 and the vector field Q° reduces
0

to J 4+ oM + pI. If there is no further extension then we set Q° into the classifying
condition and obtain the potential of Case 3. An additional extension is given
by (D(1)) with Q' = D(1) + &'J + G(x'*) + o' M + ¢'I. Using G;g-equivalence and
computing the commutation relation [Ql, QO}, and taking linear combinations with the
kernel, we can set x'* = 0, k' = o' = ¢! = 0 and reduce Q' to D(1) and Q° to
Q° = J 4+ atM + BtI, where o and 8 are arbitrary real constants. Using the classifying
condition for the components of the vector fields Q° and Q' we obtain two equations
for V: V; =0, 21Vo — 22V7 = a — i — §5t, from which it is evident that 8 = 0. The
solution is the potential of Case 4.

r1 = 1. Suppose k2 = 1. Then the symmetry algebra gy is spanned by the vector fields
M, I, Q"= J+GKX",x") + "M +¢°T and Q' = G(x',x'?) + o' M + ¢'I, where
x'' and x'? are linearly independent. Since [Q°, Q'] should belong to gy, then

1
[QO, Ql] _ G(xm, _Xu) + 5(X01X%1 02y 2 501,11 X?ZXH)M,
which implies 71 = 2, contradicting the fact that r1 = 1. Thus the value k2 = 1 is not
possible.

We then look for the Lie symmetry extensions corresponding to k2 = 0. The algebra

gv then contains vector fields of the form Q' with linearly independent x*! and x*2. The
analysis of this case depends whether the tuple (x'', x'?) is proportional to a constant
tuple or not.
N
equivalence we can set o' = 0, (x*',x'?) = (x'',0) and reduce the vector field Q' to
Q' = G(x'',0) 4 ¢'I. Substituting this vector field into the classifying condition
and then integrating the resulting equation for V' gives

1. Let the tuple (XH,X12) be proportional to a constant tuple. Then up to G

V = U(t,22) + ih“(t)xf + iR Bz + RO (t)as, (31)

where h(t), h°1(t) and h°'(t) are smooth real-valued functions of ¢t with h'l(t) =
xit /X RPN (E) = —(GE+02¢1) /XM and RO (1) = —61¢t /X TEQT = G(xM, 0)+¢' T € gv
then a similar vector field Q% = G(x*',0) + ¢TI belongs to gv with x*' = y(t)x'", where
4(t) is a real-valued function of ¢, ¢? = e %2121,

If ks = 0, the Lie symmetry extension is given by Case 5. If k3 # 0 there is an
additional extension given by the vector field @3, which up to G,;g—equivalence is reduced

to D(1) + x*J. The commutation relations [Q*, Q'] and [Q?, Q®] give x* = 0. Putting
Q? together with the potential in yields h' = x4t /x*! = B1, h°' = B and R = B3
with real constants 3;, j = 1,...,3. This gives Case 6.

2. Next, suppose that the tuple (x*', x*?) is not proportional to a constant tuple. Then
let Q' with k' = 0 be a vector field contained in the algebra gy, where x'' and x'?
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are linearly independent. Putting the components of this vector field into the classifying
condition we obtain

1 1 .
XMV X Ve = S+ gl — (G + 06 +or = 8iC (32)

Without loss of generality, let
1 1 1 , - _ N
V= Zh“(t)aﬁ + §h12(t):p1x2 + Zh”(t)yg% + (@R () 4+ A (8) 1 4+ ih™ (1) + h°° (1)

be a general solution of equation (32), where 2%°, h°', A%, h% and A%° are real-valued
smooth functions of ¢. Then, substituting V4 and V2 into (32)) and collecting the coeffi-
cients of the various powers of x gives the following equations

Xllhll + X12h12 — Xt1t17 X11h12 + X12h22 _ Xt1t27
Xllhol — _(Ctl +62€1), Xlll":bol =0y — 514-1.

The condition Via = V21 implies that B2 = p2t = 0. Up to G;(;-equivalence we can set
]

ROt = B = B9 = 0. If there are no further extensions we have Case 7, where ¢! =

—e 702t fe&x“hmdt and o; = 6:¢*. Otherwise, an additional vector field is provided

by the vector field Q?, which reduces to D(1) + xJ up to GGs-equivalence. Then the
0

commutation relation [Q", Q?] gives the equations

11 12 11 12 11 12
Xe +EX T =8xT, xt —kx =8x7,

of = Bot — a161e %2t 4 a0, =8¢+ Oé152€_52t,

where (3, 01, d2, ap and a; are real constants. The solution of the first two equations is
(X", x'?) = (e?* cos kt, e’ sin kt). Then we have two cases: 8 # 0 and 8 = 0.

For 8 # 0 the solutions for o' and ¢! are o' = §1pue 2" + p1e’t — apB~! and
¢t = ,uzeﬁt — 52,ue_52t with real constants p1, pe and p = a1 (8 + 52)_1. Up to G7s-
equivalence and linearly combining with elements from the kernel we can preserve tﬁe
vector Q2, set 1 = 0 and reduce the vector Q' to G(eﬁt cos kt, e®t sin kt)+ae® I, o i = po.
Substituting the components of Q' and @Q? in the classifying condition we obtain
two independent equations for V' whose general solution is given in Case 8.

For 8 = 0 we find that Cl = —aie 2 4 asand o' = a1515;16762t + apt + a3, where
01, 02 ap, a1, az and as are real constants. With this we can then combine the resulting
expression for Q! with constant linear combinations of the elements from the kernel to
reduce Q' to Q' = G(cos kt, sin xt) + ot M +a2I. Q? remains unchanged in this process.
Substituting the components of Q' and Q2 into the classifying condition we obtain
two equations for V:

2

Vi + k(x1Va — 22V4) =0, cosktVi + sinktVa = —%wl + (oo — 1) — 102,

whose solution is given in Case 9.

r1 = 2. Then the algebra gy contains at least two vector fields Q*, Q* with x''x*? —

x2x*! # 0. Putting the coefficients of the parameter functions y, M and I in the
classifying condition yields the following equations for V:

a 1 a a . a a a
X be=§x Pay 4+ of —i(¢F + 02€") — 81¢,
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which are equivalent to V, = %h“b(t)a:b—&—ﬁ%(t)+ih0b(t), where all h°%, ho® are real-valued
functions of ¢ with

X?tb _ Xachcb’ 0_? _ 61Ca _ Xa,cilOc7 Cta + 524a _ _Xacth.

Since V12 = Va1 we find that the matrix H = (h“b) is symmetric and that V is a quadratic
polynomial in (x1,x2) with coefficients depending on ¢:

V= ihab(t):raﬂcb 4 RO (6 + iR ()zp + KO (£) + iR (1),

where the functions 7L0b, R, h% can be set to zero up to G s-equivalence. This reduces
0

the potentials to

V= ih“b(t)xamb +iR% (). (33)
Let us consider the group classification problem of the subclass singled out from the class
P8 by potentials of the form This subclass is normalized and its group classifica-
tion depends on subcases k2 = 1 or ko = 0. Denoting by 3, and Pj, the subclasses
corresponding to these values of k2, and putting H = (h*®) (the matrix formed by the
parameter-functions h%® in ([33)) we have H = A(t)I for some function A(t) for the class
Py, and H # A(t)E for the class P§y, where E denotes the 2 x 2 identity matrix.

1. Suppose that ko = 0. If there is no further Lie symmetry extension we substitute
the potentials into the classifying condition and split with respect to various
powers of x, which gives the system

X =hx", o —61¢=0, G +8¢=-hr"Y" (34)

The first system has a fundamental set of solutions (x**, x*?), where the tuples (x**, x*?)
are linearly independent and the second system gives (P = —e%2¢ fe‘szthm’pr, which
leads to Case 10. The additional extensions are provided by vector fields of the form
Q°®, where, up to G;g -equivalence and linear combinations with the kernel, we can keep

the form of V and set the parameter functions x°®, ¢° and ¢® equal to zero, i.e., Q° =
D(1) 4+ k°J. Substituting the components of Q° together with the potential in the
classifying condition and then splitting with respect to powers of x, we obtain the
system and the following equations:

hi' +26°0" =0, Wi+ k(WP - KT =0, P -2:°R" =0,

(35)
R+ KPR =0, K — KR =0.

If k = 0 the solution of equations in (35) implies that the matrix H is a symmetric
constant matrix and the functions h°® are real constants. Up to similarity transformations
this matrix can be reduced to a constant diagonal matrix with entries o and g where
a # B and h® = 1. If k # 0 then the solution of differential equations (35) is given by

h'' = Acos 2kt + 1, R'? = h*' = Asin2kt, h** = —Acos2kt + 1,
R = vy coskt — vosinkt, h°% = vy sin Kt + va cos kt,

where A is a nonzero positive real constant, x := x° a nonzero constant and u, v; and
Vo are real constants. Substituting this into the expression for V' and rearranging the
terms and using the definitions of wi and ws given at the beginning of Section 6, we
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obtain V' as a function of w; and ws as given in Case 11. Note also that the vector
x(t) = (x*(t),x%(t)) satisfies the system x: = Hx. Introducing 0*(t),0?(t) by putting
x' = 0'(t) cos kit — 02 (t) sin kt and x> = 0" (t) sin xt +6%(¢) cos kt, then we find, after some
calculation, that 6', #? satisfy the conditions stated in Case 11.

2. The condition k2 = 1 requires the potentials in to be of the form V = h(t)zaza
with an arbitrary real-valued function h(t). If the algebra gy does not contain an op-
erator from (D(1)) then we only have vector fields Q%, where k* = 0 and the tuple
{6, xP2 (1)}, p=1,...,4, is a fundamental set of solutions of the system x¢ = hy.
If the algebra does contain operator from (D(1)), then any additional extension is given
by Q°. Then using the commutation relations with the Q% and the equivalence group
G;g, the vector field Q® can be reduced to D(1). Substituting the components of Q°

and the expression V = ih(t)waa;a for the potential into the classifying condition
we find that h(t) = 8, where 8 is a real constant. Hence we obtain Cases 12 and 13. O

6.3 Power nonlinearity

We solve the group classification problem of the class T‘i of nonlinear Schrédinger equa-
tions with potentials and power nonlinearity with a fixed 6, § € Cy for n = 2. For any
potential V in an equation of this class we have

dimgy <9, dimgyv N{G(x),o0M,{I) <5,
ko €{0,1}, ks €{0,1,2,3}, r €{0,1,2},

and \ = % - % The algebra gy is spanned by the following vector fields:
o the basis vector field M of the kernel g",
e ki vector fields G(x?',xP?) + 0P M with linearly independent tuples (xP*,x??)
and p=1,... ki,
o ko vector fields of the form J + G(x°*, x°?) + 0° M,

o ks vector fields D*(797%1) + k9 + G(x, x®) + 09 M, g = k1 +1,.. . k1 + k3 with
linearly independent 7!,..., 753,

Theorem II1.14. The complete list of inequivalent Lie symmetry extensions and their
corresponding potentials for the class Py is given below, where U is an arbitrary complex-
valued smooth function of its arguments (or an arbitrary complex constant), the other
functions and constants take real values.

V=V(tz): gv=g"=(M).
V =U(z1,z2): gv = (M, D(1)).
V =U(wi,w2), k #0: gv ={(M, D(1) + &J).

V=[z[U(), ¢=¢—28nlz|, B>0,Uc #0: gv = (M, D(1), D(t) + BJ).
V =z PU(¢), A=2,Up #0: gv = (M, D(1), D*(t), D*(t?)).

V=U(,|z|) + ap, Uy #0, a € {0,1}: gv = (M, J + atM).

V=U(z|) +ap: gv = (M, J+atM, D(1)).

V=|e|72U, U#0, \=2: gy =(M,J, D(1), D), D(t?)).

V =U(t,z2): gv = (M, G(1,0), G(t,0)).

V =U(), ¢ =z2: gv = (M, G(1,0), G(t,0), D(1)).

© 2 N> o W= o
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10. V =t7'U(Q), ¢ = |t|~Y2x2:  gv = (M, G(1,0), G(t,0), D*(t)).

11 V=(2+1)70() = N(t+ (> + 1) arctant), ¢ = (2 + 1)1/ 2x,:
gv = <M7 G(170)7 G(t70)7 Dk(tQ + 1))

12. V=2;2U,U#0,\=2: gy = (M, G(1,0), G(t,0), D(1), D*(t), D*(t?)).

13. V =U(t,w2) + 5 (het — h)h ™ 'w? + heh ™ w1, h = h(t) # 0O
gv = (M, G(hcost, hsint)).

14. V =U(w2) + i(ﬁQ — k)wi + Brwiws, Br # 0:
gv = (M, G(e?* cos kt, e’ sin kt), D(1) + &J)).

15. V =U(w2) — il’€2w% + awi, k # 0:
gv = (M, G(coskt, sinkt) + atM, D(1) + &J).

16. V = 1h*(t)zazs + ih*(t):
gv = (M, G(x"*,xP?), p=1, ...,4) where {(x*'(t), x"*(t))} is a fundamental set

of solutions of the system x% = hx®.

17. V= iaw% + iﬁw% +iv, a # G-
gv = (M, G(6P* cos st —0P% sin kt, O7* sin kt+6P? cos kt), D(1)+rJ, p=1, ...,4,),
k # 0), where (§7'(t), 07%(t)) are linearly independent solutions of the system
0 — 2607 = (K% + )0, 07 4 2607 = (k% + B)6%.

18. V =ih(t): gv = (M, G(1,0), G(t,0), G(0,1), G(0,t), J)).
19. V. =1iB, 8 #0: gv = (M, G(1,0), G(t,0), G(0,1), G(0,t), J, D(1)).
20. V =4Bt™', B >0 gv = (M, G(1,0), G(t,0), G(0,1), G(0,t), J, D*(t)).

21. V=i(t*+1)"t 2Nt + ), B> 0:
gv = <M7 G(170)7 G(t70)7 G(07 1)7 G(O7t)7 J, D)\(tQ + 1)>

22. V=0:
A # 2: gv = <M7 G(170)7 G(

,0), G(0,1), G(0,t), J, D(1), D (¢)).
A=2: gv = (M, G(1,0), G( 0,1

t )

t,0), G(0,1), G(0,t), J, D(1), D*(t), D*(t?)).
Remark III.7. As in Theorem [IL12 and Theorem [[IL.13] we list some conditions for the
maximal essential Lie invariance algebras presented in Theorem in order for the
potentials not to be equivalent to other potentials with larger Lie invariance algebras.
In some cases we have presented simple necessary and sufficient conditions that provide
such inequivalence, but other cases the conditions to be imposed are not so obvious.
For example, in Cases 9-11 the condition of being a maximal Lie symmetry extension
is (C*U)¢ # 0 and Ugee # 0, and this excludes those V that are G™-equivalent to
those in Cases 12 and 16-17. Case 8 is already more complicated since in this case
we need the condition (x%U)g # 0 and Usz2 # 0 to ensure that the potentials are
inequivalent to those 16—17 and then we also need conditions to further differentiate them
from potentials in 9-11. Similarly, the potentials in Cases 13—-15 are G™-inequivalent to
those in Cases 16-17 if and only if Uwswsw, 7# 0 or ImU,, # 0. This condition is
necessary and sufficient for the maximality of Lie symmetry extensions given in Cases 14
and 15, but for Case 13 we need a further condition to guarantee inequivalence with
potentials in Cases 14 and 15. Schrodinger equations for Case 16 are not similar to
those for Cases 18-22 if and only if the parameter-functions h’s satisfy at least one of
the conditions (h'? = h?" # 0) V (h'" # h??). The maximality of symmetry extensions
and the existence of discrete transformations require that 8 # 0 in Case 19 and 8 > 0 in
Cases 20—21, respectively.
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Proof. As in the proofs of Theorem [[T[.12]and Theorem [[IT.13| we analyze different cases
given by k2, k3 and r1. Here, a basis for a Lie symmetry extension is given by vector
fields of the form

Q' = D) + KT + G X + 0" M,
where 0 < s < dim gy — 1, and all the parameter functions are real-valued functions of ¢

ky = ry = 0. If k3 = 0 then there is no symmetry extension, gv = g" = (M) and we
have Case 0.

If k3 # 0 the algebra gy contains vector fields of the form Q°, where 7’s are lin-
early independent. It then follows from Lemma [[IT.I0] that the span of the vector fields
{n0Q*"} is isomorphic to a subalgebra of the algebra sl(2,R). This means that the group
classification of the class under study is reduced to the classification of subalgebras of
the algebra sl(2,R). Thus following [27, Theorem 18], the algebra gy may include a
part from the kernel, additional vector fields {D(1)}, {D(1) + kJ}, {D(1), D*(t) + kJ},
{D(1), D (t), D*(t*)}. These correspond to Cases 1-4, where x # 0 in Case 2, 8 > 0
and U¢ # 0 (resp. Ug # 0 and XA = 2) in Case 3 (resp. Case 4).

ko = 1,7, = 0. The algebra gy necessarily contains the vector field Q°, where x°¢
can be set to zero up to Gy, -equivalence. Substituting the components of Q° into the
classifying condition leads to an equation for V' that gives V = U(t, |z|) + a¢ with
a € {0,1} as the solution. If there are no additional symmetry extensions, namely if
k3 = 0, then we have Case 5.

If k3 # 0 extensions are obtained for different values of ks.

k3 = 1. This implies that gy includes additional extensions of the form Q' with 7! # 0.
Up to G5, -equivalence we can set 71 =1, ¥ = ¢! = 0. Then the commutation relation
of Q' with Q° yields k' = 0 and Q° = J 4+ atM, where « is a real constant. Putting the
coefficients of @' and Q? into the classifying condition , we obtain two independent
equations in V' whose solution is given in Case 6.

k3 > 2. The algebra gy contains a vector field M from the kernel and the vector fields Q°
and Q% where a = 1,2, k° = 1 and 7%’s are linearly independent. Up to G5 , -équivalence
together with commutation relations, Q°, Q' and Q? are reduced to Q° = J, Q* = D(1)
and Q? = D(t). The potential obtained with these vector fields (on using the classifying
condition) is V' = |x| 72U, U # 0. This potential also admits the symmetry vector field
Q@? = D*(t?) for A = 2. This gives Case 7.

r, = 1. Suppose that the algebra gy includes at least the vector field Q° and Q' with
k% = 1 and (x"',x'?) # (0,0). Since the Lie bracket of these vector fields should also
belong to the algebra, we find that the [Q°, Q'] € gv gives us the condition r; = 2. Hence
k2 = 0. Cases 815 are given by the conditions k2 = 0 and r1 = 1. We then have two
possibilities: for the tuple (x*!, x*?) we have either x;'x'? = x*x? or x:*x*? # x* x>
1. xi'x"® = x"'x¢2. That is, the tuple (x'',x'?) is proportional to a constant tuple.
Then any fixed vector field Q' = G(x*,x*?) + o' M is G7%,-equivalent to G(1,0). If
G(1,0) € gv then the vector field G(t,0) also belongs to gy . Putting the components of
these vector fields into the classifying condition then gives potentials V = U(t, x2).
This is the potential of Case 8. Next, consider the subclass corresponding to the set
{V =U(t,x2) | Uzzz2 # 0} (this excludes the case 1 = 2 below). This subclass is normal-
ized and its equivalence group consists of point transformations of the form 7
with T fractional linear in t and X = ¢1T + co, where ¢ and c¢o are real arbitrary
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constants. Thus the inequivalent extensions in this subclass are given by the inequiva-
lent subalgebras of the algebra (D(1), D*(t), D*(¢*)). The maximality condition for Lie
symmetries implies that the potentials in Cases 9-11 satisfy Uece # 0, (¢2U)¢ # 0. Sub-
stituting the components of these vector fields into the classifying condition gives us
equations for V| whose consistency requires A € R in Case 11 and A = 2 in Case 12.

2. xi'x*? # xMxi?, (the tuple (x**, x*?) is not proportional to a constant tuple). In
this case, we can, up to G, -equivalence, set (x",x'?) = (hcost, hsint), where h(t) is a
nonzero function of t. Put Q' = G(hcost, hsint) + o' M. Any such vector field is G5 -
equivalent to Q' = G(hcost, hsint). Putting the components of Q' into the classifying
condition and rearranging one finds the general form of V' as given by in Case 13.

Additional symmetry extensions are given by vector fields Q2 with 72 % 0. Up to
G35, -equivalence the parameter functions X', o' can be set to zero and Q? reduces to
Q? = D(1) + xJ, where k # 0 since x = 0 implies that x;'x'> = x''xi2. From the
commutator of Q' with Q2 we find that the solutions of the equations in y and ¢ depend
on the real constant 8. The other constants obtained in this way can be assumed to be
zero up to G5, -equivalence and a linear combination with the kernel. Substituting the
components of vector fields of Q' and Q2 obtained in this manner into the classifying
condition leads to two independent equations for V' whose solutions are presented
in Cases 14 and 15, respectively.

r1 = 2. The algebra gy contains at least two vector fields of the form Q%, where a = 1, 2,
7=r=0and x"'x** # x'?x*'. Substituting the components of Q@ into the classifying
condition yields the system

a 1 a a
X be = EXttbmb + o,

which is equivalent to the system Vi, = 2h* (), +h%(t), where the h(t) are smooth real-
valued functions of ¢ satisfying x&’ = x2°h°® and of = x?°h°. The condition Vis = Va1
implies that the matrix (hab) is symmetric and thus the integration of the above potential
gives V as a quadratic polynomial in 1 and x2 with coefficients depending on ¢. That is

V= ih“b(t)xa:ﬂb + (6 + RO (1) + ih™(8),

where h% and A% can be set equal to zero up to G35, -equivalence. This means that the
reduced form of potentials is

V= ih“b(t):raxb + . (36)

To carry out the group classification of the subclass consisting of equations from the
class P with potentials of the form , which is normalized, it is convenient to partition
this subclass into two subclasses depending on values of ks. We denote P} and P} the
subclasses corresponding to the values k2 = 1 and k2 = 0, respectively. The subclasses
Pi and PY are also normalized and P} is subject to the further condition on the matrix
H = (h") that H = A(t)E for some function A(t) whereas P is subject to the condition
H # A(t)E where E is a 2 x 2 identity matrix.

For equations from the subclass ﬂ’g we have k3 > 1. The value k3 = 0 means that
there is no further extension, which gives Case 16.

We find that up to G, -equivalence is only one-dimensional extensions of the form
Q% = D(1) + kJ with & := x° are possible. Putting the components of Q° together with
potentials of the form into the classifying conditions gives the Case 17.
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Up to G5, -equivalence, the subclass P3 consists of equations with potentials of the
form V' = ih(t), where h is a smooth real-valued function of ¢. Putting these potentials
into the classifying condition and splitting with respect to the powers of x, we obtain
the equations

Tt =0, xt =0, 0r=0, (th)=N7u.

From this it follows that the vector fields J, G(1,0), G(¢,0), G(0,1), G(0,t) belong to
the maximal Lie invariance algebra of any equation with such potential. Additional Lie
symmetry extensions are related to subalgebras of the algebra (D(1), D(t), D(t*)). This
leads to Cases 18-22. O

7 Conclusion

We have computed the equivalence groupoid and the equivalence group of class N of gen-
eralized Schrédinger equations of the form and used them to obtain the equivalence
groups of the classes F, 1, 8 and V singled out from N by constrains on the form of the
nonlinearities G and F. We have also established the normalization properties of these
classes. We have investigated the Lie symmetry properties of the class § of multidimen-
sional nonlinear Schrédinger equations of the form and solved completely the group
classification of the class V of (142)-dimensional nonlinear Schrédinger equations with
potentials and modular nonlinearities of the form , using the algebraic method.

The point transformations relating nonlinear Schrodinger equations from the class F
singled out in the class N by the condition G = 1 to each other are described by The-
orem and the class F* singled out in this class by condition Fy, = Fy» = 0 was
shown to be normalized. Its equivalence group G5, is a subgroup of the group G5. The
class 8 is described in terms of its Lie symmetry properties. The group Gy is obtained
from the group Gy restricted with the cases given by the specific forms of G and F
and is described by Theorem The set of infinitesimal generators of one-parameter
subgroup Gg forms an infinite-dimensional equivalence algebra gg* of the class 8.

Using the Lie infinitesimal criterion, we have obtained the determining equations for
the symmetries of equations from the class §. The analysis of these determining equa-
tions yields the kernel algebra g and the maximal Lie invariance algebra gs of a given
equation Lg from the class 8, and the results of this analysis are given in Theorem
and Proposition respectively. For the class § we give the nonzero commutations
relations of vector fields spanning the linear span g, of the vector fields coming from the
algebra gy and we show that the upper bound dimension of this algebra is n(n+3)/2+4
for any S satisfying S, # 0.

We find that, unlike the class 8, the class V of multidimensional nonlinear Schro-
dinger equations with potentials and modular nonlinearities is not normalized. To deal
with this, we partition this class into three disjoint normalized subclasses V', Py and P
consisting, respectively, of equations of the form , and . In order to obtain
a complete group classification of these subclasses we have imposed some restrictions on
the nonlinear terms: by fixing f(p) in V', setting |§| = 1 and J2 > 0 in Py and Py, and
then the only arbitrary element is considered to be V. These restrictions, together with
the normalization properties for the given classes of differential equations, allow us to
classify, up to equivalence, all subalgebras of the algebra g,.

For equations of the class V', the classifying conditions, the kernel algebra and the
symmetry algebra gy are given in Lemma [[IT5] It is also shown that the dimension of
any symmetry extension algebra for equations of the class V' is at most 7. The group
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classification in this class is performed using three integers ks € {0,1}, k2 € {0,1} and
r1 € {0,1,2} that are invariant with respect to equivalence transformations. This gives
a complete classification (up to its equivalence) of equations in this class which is given
in Theorem

Similarly, we find that the symmetry extension algebra gy for the class Pg satisfies
the condition gy < 8. The inequivalent Lie symmetry extensions together with their
corresponding families of potentials are listed in Theorem [[TL.13]

In the case of the class P, we find that dim gy < 9 for the symmetry algebra gy and
we classify completely all subalgebras of g(,. In the group classification we have used The-
orem [[II.10] and introduced three integers k2 € {0,1}, ks € {0,1,2,3} and r1 € {0,1,2}
invariant under the equivalence group in order to differentiate between the different cases
that arise. The results of this classification are summarized in Theorem [TL14

The complete list of inequivalent Lie symmetry extensions together with their corre-
sponding families of potentials in the class V is given by the union of the corresponding
lists that we obtained for the subclasses V', P and P,.

Our results generalize the results for the (141)-dimensional nonlinear Schrédinger
equations with potentials and modular nonlinearities and (1+2)-dimensional cubic Sch-
rodinger equations given in [38].

We intend to exploit the results in this paper to obtain Lie reductions and invari-
ant solutions for the class of nonlinear Schrédinger equations of the form in future
publications.
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We compute the equivalence groupoid and the equivalence group of the most
general class of (1+1)-dimensional generalized nonlinear Schrédinger equations
with variable mass and its subclasses. It turns out that this class is not normalized,
as well as its subclass of (141)-dimensional linear Schrédinger equations with
variable mass. However, we prove that this subclass can be mapped by a family
of point transformations to the subclass of (1+1)-dimensional linear Schrédinger
equations with constant mass equal to one, a class that is normalized.

1 Introduction

The group classification of classes of differential equations is an involved procedure con-
sisting of several steps. It uses several concepts and tools (see [12], [21], [22]) of which the
most prominent is that of the equivalence groupoid of the class of differential equations.
This is the set of admissible transformations, namely those transformations that map
one system of differential equations of a given class, to another such system, and under
composition of maps they form a groupoid [12], [13]. That is, any admissible transforma-
tion in this set is invertible, it contains the identity transformation and the composition
1) o ¢ of admissible transformations ¢ and 1) is well defined provided that the image of ¢
is in the domain of ).

The notion of admissible transformations began with the work by Kingston and
Sophocleous while studying the class of generalized Burgers equation [10], where they
called such transformations form-preserving. Under the name allowed transformations,
form preserving transformations appeared in the study of the symmetry analysis of the
variable-coefficient Korteweg—de Vries equation [27]. Since then, a number of publications
involving applications of admissible transformations have appeared [5], [11], [13], [19],
[22], [26].
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Admissible transformations have been applied to obtain several results in the group
classifications of various types of Schrodinger equations, both linear and nonlinear [12],
[14], [14], [22], [23], [25], with constant mass or variable mass [I7] that are important in
the applications [2], [6], [9], [21].

In order to make our study as self-contained as possible, we explain some basic notions
related to classes of differential equations.

Let Lo be a system L(x,u(,),0(x,u(,)) = 0 of I differential equations L' = o,

.., L' = 0 for m unknown functions v = (u',...,u™) of n independent variables
z = (x1,...,2n). Here u(,) denotes the set of all the derivatives of the functions u
with respect to x of order not greater than p (the functions w are considered as be-
ing derivatives of “order zero”). L = (L',...,L") is a tuple of [ fixed functions that
depend on z, u(,) and 6, where § denotes the tuple of arbitrary elements 6(x,wu(,)) =
(0" (z,u(p)), - - -, 0% (z,u(p)). This tuple runs through the set S of solutions of an auxiliary
system of differential equations S(x,u(,), 04 (z,u(,))) = 0 and differential inequalities,
such as X(x, u(,y, 0(q) (@, u(p))) # 0, in which both 2 and w(,) play the role of indepen-
dent variables, S and X are tuples of smooth functions depending on x, u(,) and 6.
We call the set {Lg | 0 € S} := L]|s a class (of systems) of differential equations defined
by the parameterized form Ly and the set S (to which the arbitrary elements 6 belong).

For a given class L|s, let L9 and L; be two systems of differential equations from this
class. The set of point transformations that connect these systems is denoted by T(0, 5)
A triple (6,6, ) consisting of two arbitrary elements 6 and € S with T(6,6) # @ and a
point transformation ¢ € T(6,9) is called an admissible transformation of the class L|s.
The equivalence groupoid of the class L|s is the set of the admissible transformations of
this class equipped with the usual composition of transformations: this set is a groupoid
and is denoted by G~. For more details on the admissible transformations see [22].
The mazimal Lie symmetry group Gg of the system Ly (for a fixed 6 € S) is a group
of transformations that act on the space of independent and dependent variables that
preserve the solution set of the system Ly, i.e., Go coincides with T(6,0).

Another important object which can be defined using the notion of point transforma-
tions is the (usual) equivalence group. This group was introduced by Ovsiannikov [I§]
and it plays a fundamental role in group classification. The usual equivalence group G~
of the class £L|s is a collection of point transformations in the space of (z, u(,), #), which is
projectable onto the space of (x,u(,)) for any 0 < p’ < p, is compatible with the contact
structure on the space (z, u(,)), and maps each system from the class £|s to another sys-
tem from the same class. An element 7 from G is called an equivalence transformation.
Depending on the structure of the point transformations, the notion of the equivalence
group can be generalized in various types. From the definition of the usual equivalence
group, it follows that the point transformations in the space of independent and depen-
dent variables do not depend on the arbitrary elements of the class under consideration.
If we allow this dependence, then the equivalence group is said to be generalized and it
is denoted as Gge,. This means that an element 7 belongs to Gge, if for any 6 € S,
T0 €S and T(.,.,0(.,-,))l(z,u) € T(0,TO). The extended equivalence group, denoted by
G™, consists of those transformations for which the transformations of the arbitrary ele-
ments are expressed via old arbitrary elements of the class non-locally. If both cases arise,
i.e., transformational components of the equivalence transformations (both independent,
dependent and arbitrary elements) are expressed via arbitrary elements non-locally, then
the corresponding equivalence group is said to be generalized extended and we denote it
by @;n, Moreover, if the class L|s and its equivalence group G~ are known and L|s
is a subclass singled out from the class £|s by imposing additional constraints on the
sets 8" and ¥ of the form S'(z,u(,),0)) =0, X'(z,u(y,0) # 0 with respect to
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the arbitrary elements 6 = 0(z,u(,)), where S’ C S is the set of solution of the united
system S =0, ¥ # 0, S’ =0, ¥’ # 0, then: the equivalence group G~ of the class £L|s,
G~ (L|s), is called a conditional equivalence group of the whole class £|s under condi-
tions S’ = 0 and ¥’ # 0. The conditional equivalence group is said to be nontrivial if
and only if it is not a subgroup of G~(L|s). It is said to be mazimal under the above
conditions on 8" and X' if for any subclass L|s~ of the class £|s containing the subclass
Ll|s/, we have G~ (L|s/) € G~ (L]|s~). For more details, see [22], [24].

These different types of equivalence groups are derived from the knowledge of the
equivalence groupoid G~ of the class L|s, which is computed using the direct method (see
below). This means that the knowledge of the structure of the admissible transformations
influences the choice of the group G™ to be used.

A class of differential equations L|s is said to be normalized (in the usual sense) with
respect to point transformations if the equivalence groupoid G~ for this class is generated
by its equivalence group G~. From the various generalizations of the equivalence group
there are corresponding notions of normalization [22], [24]. The class L|s is said to
be semi-normalized if any admissible transformation in this class is generated by the
transformations from the group G~ of the whole class and transformations from the
point symmetry groups Go of initial or transformed systems. Finally, the class L|s is
said to be uniformly semi-normalized if for each 6 € S the point symmetry group G
of the system Ly € Ll|s, with fixed 0, contains a subgroup Np such that the family
Ns ={Ny | 6 € S} of all these subgroups satisfies the following properties:

1. Tl(z,u) € No for any 6 € S and any 7 € G~ with T # id.
2. Ny = T|(I’U)N9(T\(I7u))_1 for any # € S and any 7 € G™.

3. For any (0',6%,¢) € G~ there exist o' € Ny1, > € Np2 and T € G~ such that
6% =76" and ¢ = g02(7r|(z7u>)np1.

Here, T(5,4) denotes the restriction of 7 to the space with local coordinates (z,u). Once
the normalization properties of the class of differential equations under study are clearly
understood, the choice of the techniques or method for the group classification of this
class is easily obtained. The most useful technique applied for normalized classes is the
algebraic method [12], [14], [22].

In the present paper, we begin with the study of the admissible transformations for
the class H of equations of the form

Here H is a complex-valued smooth function of its arguments and v is an unknown
complex function of the real independent variables ¢ and x. The subscripts of functions
denote differentiation with respect to the corresponding variables. Equations from the
class H are of the most general form that can be considered as generalizations of (1+1)-
dimensional Schrédinger equations. We compute the equivalence groupoid G5y and the
equivalence group G5 of the class 7 and then show that this class is normalized. Fur-
ther, we consider the important subclass A of (1+1)-dimensional generalized nonlinear
Schrodinger equations with variable mass, which can be singled out from the class H
by the constraints Hy,,y,, = Hyx, = 0. After reparametrization, equations from the
class A have the form

“/)t+G(t>$7¢7¢*7¢z7¢;)¢m+F(t7$7¢7¢*,¢17¢;) :Oa G¢O7 (2)

where G and F' are smooth complex-valued functions of their arguments. We give a
complete characterization of the equivalence groupoids and the equivalence groups of this
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class and its most useful subclasses N and M, defined as follows: the subclass N consists of
equations singled out from the class A by the constraints Gy, = Gw; =Fy, = Fw; =0,

Zwt+G(t7$7¢7¢*)¢zz+F(t7$7¢7¢*) :07 G#O (3)

Then specifying further the forms of the arbitrary elements G and F', we obtain the
subclass M of (141)-dimensional linear Schrédinger equations,

W + G(t7 x)"/)zz + V(t7 l‘)’(ﬁ =0, (4)

where G is a nonzero real-valued smooth function of (¢,z) and G = 1/m(t,z) can be
assumed as a variable mass depending on (¢, z), and V is an arbitrary smooth complex-
valued potential depending on ¢ and .

The structure of this paper is the following: In Section [2] the equivalence groupoids
and the equivalence groups of the classes H and A are computed. We show that the
class H is normalized and the class A is not normalized. Then we partition the class A
into two normalized classes with respect to the constrains G* = —G and G* # —G and
their corresponding equivalence groups are derived from the knowledge of the equivalence
group for the entire class A. In Section |3| we investigate the admissible transformations
of the class N. After showing that this class is not normalized, we partition it into
four disjoint subclasses with respect to the conditions G* = —G and G* # —G in
combination with the conditions (Gy, Gy~+) # (0,0) and (Gy, Gy+) = (0,0) and we then
construct their equivalence groups. Section [d]is devoted to the study of the admissible
transformations of the class M. Its equivalence group is derived from the knowledge of
the equivalence group of the class N. It is shown that this class is not normalized and it
can be mapped by a family of point transformations to its subclass of (1+1)-dimensional
linear Schroédinger equations with constant mass equal to one. The last section includes
a summary and suggestions for new directions of research.

2 Equivalence groupoids of covering classes

We consider the class H, which is a superclass for the classes A, N and M (that is,
it contains them as special cases). In this section, we find the point transformations
connecting two equations from this superclass. Here and in the following the subscripts
t and x denote differentiation with respect to ¢t and z, the total derivative operator D,
is defined as D, = 0y + Y0y + ¥, 0y + ..., p, v = 0,1, zo :=t, 21 := z, and we sum
over repeated indices. We look for point transformations of the general form

410: E:T(t7x7’¢y7w*)7 "i‘:X(t,x7¢7¢*)7
V=Tt z,¥,9"), U=Vt 2,9,¢%)

with dT"A dX A d¥ A dP* # 0 that map a fixed equation Ly from the class H to an
equation £g, iy = H(L, 2,0, 0", s, V%, ¥sz,¥%z) of the same class. We can interpret
the equation Ly with its conjugate as a system of two second-order evolution equations
with respect to the two unknown functions ¢ and 1*. This system is nondegenerate with
respect to the second-order derivatives 1., and vz, since H, [Hy,,| # |Hy:_|. The same
interpretation is given by splitting the equation Ly into its real and imaginary parts and
assuming the real and imaginary parts of ¢ as the unknown function. We emphasize
that when we constrain a condition to the solution set of an equation Lg from the
class H, we should also take into account the complex conjugation of the equation L,
—ip; = H*(t,z,%, 9", Ye, Vi, Yuw, ¥se). The equation Ly is a second-order evolution
equation. Then using |21, Lemma 4], we have the following assertion:

(®)
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Theorem IV.1. The equivalence groupoid Gy of the class 3 consists of triples of the
form (H, H, ), where ¢ is a point transformation of the form with T =T(t), Ty # 0,
and the arbitrary elements H and H are related by the formula

- D, W H D, U H*
H= ( D, X ) T, (%* h DxXXW) T ©)
L+ (\I/ - D“”‘I/X)
T, Doxt

Remark IV.1. Here and in the following, the equivalence group G~ for any class of (gen-
eralized) Schrodinger equations acts on the joint space of second-order jet coordinates
(t,x, 1), 1/1{2)) and the associated arbitrary elements together with the complex conju-
gates for the complex-valued arbitrary elements. To define elements of G, it suffices
to present expressions for the transformation components associated with the variables
(t,z,v) and the arbitrary elements. Then the transformation components for complex
conjugates and derivatives of 1 and 1* are obtained by complex conjugation and pro-
longation, respectively.

Corollary IV.1. The class H is normalized in the usual sense. Its usual equivalence
group G5 consists of the point transformations defined in the joint space of second-order
jet coordinates (t,x,(2), ¥(s)) and arbitrary elements H and H*, where the transforma-
tion components for t, x, 11) and ¥* are of the form (5) with T = T(t), T: # 0 and the
H-component is given by

Next consider the subclass H’ that is singled out from the class H by the constraints
Hypobe = Hypppr, = Hyx p: = 0. In other words, the subclass H' consists of the
equations of the form (|1 . where the arbitrary element H is affine in the second derivative
wm and ¢, i.c., of the equations of the form ity + Gbws + G2, + F = 0, where G,
G and F are complex valued smooth functions depending on ¢, x, ¥, ¥*, ¥, and ¥}
with |G| # |G|. We can reparameterize the class H’, assuming G, G and F as the new
arbitrary elements of the class H’.

Corollary IV.2. The class H' is normalized with respect to the equivalence group Goy
of the entire class H.

Further, if G = 0, i.e., Hy,pppo = Hyz, = 0, we obtain the subclass A of equations of
the form . One can derive the equivalence groupoid G and the equivalence group G
of the class A from the equivalence groupoid G5;. However, we compute them directly in
the following result:

Theorem IV.2. The equivalence groupoid G of the class A consists of triples of the
form ((G, F), (G, F),y), where the point transformation ¢ is of the form with T =
T(t)7 T 7é 0,

and, if G*# -G, Xy =Xy~ =0, and either Uy, =0 or Wy =0; (7a)

and the connection between the arbitrary elements (G, F) and (G, F) is given by

a_ (DaX)? { G z:f Wy #0, (7b)
Tr (=G i W, #0,
D,V F D, W F
F= ( D, X ) (%* T D.X ) T, 70)

N R G i D, ¥
B (A\I/ _ DxXAX) BT (xpt _ DwXXt) .
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Here A = 03 + 2p,0:0y + 205020y + 19307, + 20213040y + (V3)*0]-.

Proof. A point transformation ¢ connecting two equations Lgr and Lsp from the
class A is of the form . Then, computing the total derivatives D, ’s of the transforma-
tions components for 1 and ¥, we obtain

D, ¥ =15, Dy X", D,¥" =9; D,X". ®)
After rearranging and putting Z := Z (¢, z, ¢, ¢", 12,57 1211) — v %VXD’ we have

Zytpa, + Zyeiby, = ~Zay,  Zgte, + Zjetp ay = —Z;,. (9)
Solving @ as with respect to ¢, and ’L/};M gives

 Zau T — 23,20 23, %w = 22,

by = T g, = T ST (10)
where
Y = ZyZhe — Zye Z))
="I’:€ vy —\X;? Xy ]w —]‘”t Y |
\I!¢ \Ild,* \Ilw ‘ij* v Xz,/; Xw* w (11)
| 3 | 2o

since (T, Xy, Uy, Uy,) and (Tys, Xyp», Wy, Uy« ) are linearly independent since dT'AdX A
d¥ A dU* # 0. We apply the total derivative D, to the both sides of , considering
the derivatives ¢; and ¥z to be functions of £ = T'(t,z, v, ¢*) and & = X (¢, z,1,¢*). As
a result we obtain the following expression for ¥z,

D.Y

Vow = =D, (23 2y — ZuZy) — S

=2 (23 2y — ZuZys) . (12)
We substitute v; and 1, in the initial equation Lsr by their expressions given in
and . For other expressions without tilde’s we do not substitute explicitly, but we
consider them functions of tilded variables. The resulting equation is to be an identity on
the manifold defined by Lx in the second-order jet space over the space of (¢, xz,v,9").
As a result, after substituting ¢; and 1/3%‘ in view of L&z and its conjugate, we are able
to split the resulting equation with respect to ¥z and 1[)%} We obtain (D, T)? = 0, which
implies T, = 0, Ty = Ty= = 0. Hence T' = T'(t) with T} # 0 since dTAdX AdWAdT™ # 0.
Using this result for T', we use and to obtain expressions for ¥z, ¥z and

'([15792
-1 D,V - D,V
zpf—ﬁ(D“I’_DIXDtX)’ T DX
T 1 20 _ DV _ o )
Y5 = D, X7 (D’\I’ D.x %)

Substituting these expressions for 1; and 13z into the target equation L&p, we obtain

DT\I/ G 2 D:L‘\Il 2 ) I
DU — D: X ——— (DLV — D, X F=0. 1
(Do - 550 )+(DIX)2< o px X)) =0 (13)

i

Ti
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Arranging equation and substituting ¢¢ = iGz. + iF and its conjugate ¥y =
—iG* Yy, — iF*, and then collecting the coefficients of 1zz and 1}z, leads to the system

(xpw - D:‘I’Xw) (é— WG) =0,

D, X T:
D, ¥ (D, X)? 1
(q:w*—DzXXW) (G+Tt G ) —0,
and the remaining terms give us the equation
i . D,V - D,¥
= (xyt +iF (w - DxXXw) iR (\pw - DwXXw*>> "
i DoW G A D,V ; -
- — X AU — AX F=0.
LD, x T (D.X)? ( D.X ) + 0

The system implies that at least one of the factors in each of the equations vanishes.
The condition that the first factor of the first equation is equal to zero expands to
Xo Xy x _

| xe Xy
Ww \I’w*

and since X, ¥ are independent of 1., 15, we find that both the determinants are zero.
If we suppose that (X, Wy)T # (0,0)7 then each of the other columns, (X, ¥,)" and
(X, Uy )T is proportional to (Xy, ¥y)T, which contradicts the condition dT' A dX A
d¥ A dT* # 0. Hence, (Xy, ¥y)" = (0,0)" and thus (Xy«, Uy )T # (0,0)7.

Similarly, we derive that (Xy«, Uy+)T = (0,0)7 and (Xy, ¥y)T # (0,0)7 if the first
factor of the second equation vanishes. Note that the condition Xy = 0 and Xy« =0
are equivalent since X is a real-valued function and thus Xy = Xy=.

Therefore, the first factors cannot vanish simultaneously and hence at least one of
the second factors is zero, which gives , Both second factors are equal to zero only
if G* = —@, and then we have no more restrictions for the admissible transformations.
If G* # —@, one of the first factors vanishes, which is equivalent to .

Further, rearranging equation gives the transformation component for the
arbitrary element F'. O

Each element T of the equivalence group G generates a family of admissible trans-
formations parameterized by the arbitrary elements (G, F'). Hence the projection of T
to the space of variables satisfies all the restrictions for admissible transformations, as
given in Theorem [V i.e., T, = 0, Ty = Ty» = 0, Xy = Xy~ = 0 and either ¥y, =0 or
Wy = 0. The components of 7 for G and F are uniquely determined by and .
Conversely, a point transformation in the joint space of the jet variables (t,x,%(2), ¢'(*2))
and the arbitrary elements (G, G*, F, F*) that is consistent with the contact structure of
the jet space, belongs to G if it satisfies the above conditions. As a result, from Theo-
rem [[V-2]it is clear that the equivalence groupoid G is not generated by its equivalence
group G7.

Corollary IV.3. The class A is not normalized. Its equivalence group G7 consists
of the point transformations in the joint space of the jet variables (t,x,z/)(g),w&)) and
the arbitrary elements (G,G*, F,F*), where the components for t, x and v are of the
form with T =T(t), X = X(t,z), Ti Xz # 0 and either ¥y, =0 or Wy= =0, and the
components for G and F are of the form and .
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Since the class A is not normalized, we partition it into the two disjoint subclasses
A1 and Az that are defined as follows: A; consists of those equations of A for which
G* # —@G, and Az consists of those equations for which G* = —G. We use the usual
notation G, and G7;, for the equivalence groups of these subclasses and G, and G}, for
their equivalence groupoids. The transformational part ¢ of an admissible transformation
in the class A necessarily satisfies the condition Uy Wy« = 0 if and only if the initial
arbitrary element G is constrained by G* # —G. Prolonging the transformation ¢ to
the arbitrary elements G and F' according to and and taking into account
for the class A1, gives an equivalence transformation of the respective class. Therefore,
the equivalence groupoids G, and G, are generated by the corresponding equivalence
groups, i.e., the subclasses A; and Az are normalized in the usual sense.

The condition implies that G* = —G if and only if G* = —G, and thus G* #
—G if and only if G* # —G. This means that the partition is invariant with respect
to admissible transformations of the class A. In the other words, there are no point
transformations between equations that belong to different partition components. This
why the partition of the class A into the subclasses A; and A2 induces the partitioning
of the equivalence groupoid G into the equivalence groupoids G, and G7,.

Corollary IV.4. The class A is partitioned into the two disjoint normalized subclasses
A1 and Az singled out from the class A by the constraints G* # —G and G* = —@G,
respectively. Both the subclasses A1 and Az are normalized in the usual sense. The usual
equivalence group G7, coincides with the equivalence group G7 of the entire class A and
the description of the usual equivalence group G7, is obtained from that of the group G
by excluding the condition that either Wy, = 0 or Wy« = 0. Moreover, there are no point
transformations that map equations from the class A1 to equations from the class A2 or
conversely.

3 Admissible transformations in narrower classes

Here, we study the admissible transformations of the subclasses of the class A whose
arbitrary elements do not depend on the derivatives of the dependent variables.

Theorem [[V22] implies that there is no specific condition on the X-components of
the point transformation . To ensure the projectability of the components of the point
transformations to the space of variables, we need to constrain the functions F' and G
additionally: we narrow the class A by requiring Gy, = Gyx = Fy, = Fyx = 0 and
obtain the class N consisting of equations of the form .

Theorem IV.3. The equivalence groupoid GX of the class N consists of triples of the
form ((G, F), (G, F),p), where ¢ is a point transformation in the space of variables of
the form whose components are

P=T(), #=X(ta),
7 1 2 * 0 (16a)
Yp="0:=T (tyﬂf)?/""‘l’ (tﬂf)?/’ + v (t,:l?)
and, if G*# -G, ¥'U=y; (16b)
the transformed arbitrary elements G and F are given by
2 2
G=Xeg if U140 or G e if 20, (16¢)
Tt Tt
_ gt w2 Xoz G 1 Xt
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where T and X are real-valued functions of t, and t and x© with Ty X, # 0, respectively,
and ¥t and W2 are smooth complex-valued functions of their arguments satisfying the
conditions

Xt 1
260} — ( ) ol =0,
X, O Tx, )
G T

Here W° (t,z) is a complez-valued smooth function depending on t and x.

Proof. We apply Theorem to a pair of equations from the class N. Since both the
arbitrary elements G and F of this class do not depend on derivatives of ¢ and ¥*, we
can split the relations , ([7d) between (G, F) and (G, F) with respect to ¥, and 7.
Rearranging the results of this splitting, we obtain more restrictive relations (16c)),
between (G, F) and (G, F) within the class N and constraints for parameters of trans-
formational part :

Xy =Xyr =0, Wyy =Tyry = Vyuy =0, (18)
X;,;x G ZXt
T, — 20, W, =0,
( X, ¢ ‘”) xztnx, Y

(19)

Xoz G | iXy
Uy — 2 ) — Tyx = 0.
(XI v w)X£+TtXI v

Integrating the equations (18)) gives the expression for ¥ from (|16a)), substituting which
into leads to the conditions . O

By Theoremwe obtain the usual equivalence group G of the class N by splitting
the conditions with respect to G and G*. The motivation for this splitting is the
fact that (Gy, Gy~) # (0,0), and this leads to

X=X, U=A0X|"2 =207 (20)

where X is an arbitrary real-valued smooth function of z with X, # 0, A and A? are
complex-valued smooth functions depending on t with (A, A%) # (0,0) and A'A%? =0

Corollary IV.5. The class N is not normalized. Its equivalence group Gy consists of
point transformations in the space of (t,x,v, 9", G, G*, F, F™*), where the components for
t, x and 1 are of the form (1 constrained by (20) with X, 75 0, (A, A?) # (0,0) and
AIA2 =0, and the components for G and F are of the form (16c) and ( -

In view of Corollary [[V-5] the equivalence group G acts only on the space of vari-
ables and arbitrary elements and consists of two families of point transformations with
either A = 0 or A?> = 0. This corollary also means that the equivalence groupoid Gy of
the class \V is not generated by the equivalence group GY, i.e., there are more admissible
transformations under certain constraints on (G, something that complicates the study of
the admissible transformations for the class N. In order to give a complete description
of the equivalence groupoid G5, we partition the class N into four disjoint subclasses by
placing constraints on G,

Ni:= {cGF eN | G* # -G, (GvedJ*) # (07 0)}5
No = {['GF EN | G = -G, (Gvew*) 7é (07 0)}:
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N3 :={Lor €N |G" # -G, Gy = Gy» = 0},
Ny = {»CGF eN |G* = —G, Gw :G¢* :0},

and we then characterize their equivalence groups (which are considered as conditional
equivalence groups for the entire class N).

In order to prove that equations from the different subclasses of the partition are not
related by point transformations, it is sufficient to show that the constraints that single
out each of these subclasses are preserved by admissible transformations of the class N.
In other words G* = —@ if and only if G* = —@. Similarly, G, = Gy= = 0 if and only
if éqL = G&* = 0. Both these results follow from the condition . As a result the
partition of the class N induces the partitioning of the equivalence groupoid Gy into the
equivalence groupoids Gy, ..., g§4 of the subclasses N1, ..., Ny.

The equivalence groups GY,, ..., Gy, of the subclasses N1, ..., Ny can be con-
structed using Theorem [[V-3] The transformational part of an admissible transformation
in the class N satisfies the condition U1W¥? = 0 if and only if the initial arbitrary element
G is constrained by G* # —G.

Under the constraint (G, Gy+) # (0,0), we can split the equations with respect
to G and G* and integrate as above, and this yields X and ¥ as given in . If,
however, (Gy,Gy+) = (0,0), then we can integrate these equations immediately to find
the expressions for ¥! and ¥?:

1 41 1/2 T Xy
U = A (t)|Xa| /" exp (2/Gdex>7

2 42 1/2 i X
U* = A ()| Xz| ' exp (2 G*de:v> .

(21)

Here X is an arbitrary real-valued smooth function of ¢ and = with X, # 0, and A' and
A? are complex-valued smooth functions depending on ¢ with (A, A?) # (0,0), and the
integral denotes a fixed antiderivative of the corresponding integrand with respect to x.

The nonlocal dependence of ¥ on G and G* according to shows that the sub-
classes N3 and Ny possess transformations that are not point transformations in the joint
space of variables and arbitrary elements. The arbitrary tuple of elements (G, F') and
(G, F) are related non-locally. From , we see that for each equation Lar, for a fixed
arbitrary element G, we have an infinite number of solutions ¥' and ¥? associated with
it. We can extend G and F by the arbitrary complex-smooth functions ®' and ®* non-
locally so that U and ¥? are treated as particular solutions of the equations in ®'
and ®2, respectively. The equivalence transformations allowing such kinds of transfor-
mations form a group called the “extended generalized equivalence group” G~. In view
of these transformations cannot be point transformations, even if we fix the arbi-
trary element GG: this is due to the appearance of the parameter function X depending
on t and x.

On the other hand, if (Gy,Gy=) # (0,0), then the point transformations in the
space (t,z,v,v™), and their prolongations with respect to t and = as well as the arbi-
trary elements as defined in and (16d)), produce in this joint space transformations
(equivalence transformations) which generate the usual equivalence groups G, and GY, .

Corollary IV.6. The class N is partitioned into the four disjoint normalized subclasses
N1, ..., Ny with respect to constraints on G. The classes N1 and Na are normalized in
the usual sense and the classes N3 and N4 are normalized in the extended generalized
sense. The usual equivalence group Gy, coincides with the equivalence group Gy of the



166 Paper IV

entire class N and the description of the equivalence group GY%, is obtained from that of
the group G by excluding the condition A' A% = 0. The extended generalized equivalence
groups éirs and G‘ﬁ consist of transformations whose components for t, x and v are of
the form constrained by with X, # 0, (A, A%) # (0,0) (for G~ we also have
A'A%? =0), and the components for G and F are of the form and (16d). Further,
there are no point transformations between equations of the different subclasses of the
above partition.

The classes N3 and Ny are difficult and challenging to investigate due to the structure
of their admissible transformations as described in the above corollary. In order to avoid
this problem, we can use the technique of mapping a class to its subclass as developed
in [21], [24]. Thus, in the class Ny we can set G = iH(t,z), T; = sgn G and X, = |G|~'/?,
U! = U2 = 1 and ¥° = 0, where H is a real-valued smooth function of ¢ and x. These
transformations imply that GG = i. Therefore, instead of treating the class Ny we can
treat its subclass N4|g=; obtained by that mapping.

Corollary IV.7. The subclass Nua|g=: of the class Na that consists of equations of the
form ithy +it)ea + F(t, z,1,¢™) = 0 is normalized in the usual sense. Its equivalence group
G, |lg=i consists of transformations and conditions with X = e|T|" 22+ X°(t),
where X° is an arbitrary real-valued function of t and x, and € = sgn Ty.

4 Linear Schrodinger equations with variable mass

We consider the class M that consists of equations of the form . This class is a
subclass of N3, where G is a real-valued function of ¢ and . The preliminary results for
the groupoid of the class M follows from Theorem where G = 1/m(t,x), m # 0
and F = V(¢t,z)y. Then the equations and the structure of T, X and VU are
preserved, i.e., T =T(t), X = X(t,z) and ¥ = \I/1(1/3+<i>), where T and X are real-valued
functions depending on their arguments, and ® = ‘l’o/\If1 is a complex-valued function
of t and = with T; X, P! # 0. The equations and , after rearrangements, give
the transformations for the arbitrary elements G and V. Thus we have:

Theorem IV.4. The equivalence groupoid Gy of the class M is constituted by triples
(G, V), (G,V),p), where ¢ is a point transformation in the space of variables whose
components are

T=T®), X=X(tz), ¥=U'(tz))+d ), (22a)

and the transformed arbitrary elements G and V are given by

~  XZ -V v, G i 1 Xe g
GG V= = G (xpt—ijpz). (22b)

Here T(t) and X(t,z) are real-valued functions of their arguments with Ty # 0 and
X. # 0, and the complez-valued function ® = ®(t,x) is an arbitrary solution of the
initial equation depending on t and x,

i®, + G(t,2)®us + V(t,2)® = 0. (23)

Moreover, the complez-valued function W' satisfies the condition .
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The point transformations for the class M described in Theorem are difficult to
analyze in view of their structure. But since G is a real valued function, the condition
G # —G”* becomes G # —G. To obtain the usual equivalence group for this class we can
split the condition with respect to G. As a result we obtain the following result:

Corollary IV.8. The class M is not normalized. Its usual equivalence group Gy consists
of point transformations (22)), where X = X (z), ¥' = A)| X |2 with T, X, ¥ # 0 and
® = 0. Here A is a nonzero complez-valued smooth function of t, and X is a real-valued
function of x.

It is known from [21], [24] that we can use the technique of mapping a class to one of
its subclasses by admissible transformations from this class and we apply this technique
to map the class M to a subclass. Using transformations , we can set T} = sgn@G,
Xz = \G|71/27 Ul =1 and ¥° = 0 and gauge the arbitrary element G = 1 in the class
M. The subclass singled out from this class by gauging G = 1 is denoted by M|g=1, and
it is similar to the class of (141)-dimensional linear Schrédinger equations,

where V is a complex-valued potential that depends on ¢ and x studied in the paper [12].
This means that any equation from the class M can be mapped to equation . There-
fore, the usual equivalence group G~ for the class computed in [I2, Theorem 6] coin-
cides with the usual equivalence group G~ |g=1 of the subclass M|g=1. Consequently, the
complete description of the admissible transformations of this subclass is obtained from
that of the class and, as a result of this, the group classification of the class M can
be obtained via the group classification of the class (24)). That is, the group classification
up to Gr-equivalence is reduced to the group classification of the class with respect
to its equivalence group G, which is given below.

Theorem IV.5. The equivalence groupoid g of the subclass obtained by gauging

G =1 in the class M is given by triples (V,V,p), where ¢ is a point transformation in
the space of variables of the form whose components are

P=T, &=¢T)|" s+ X°, (25a)
~ i T 2 7 €€,Xto . ~ Py

= tia S iS4+ T é 25b

o (8|Tt|m 2imp S ®+2), (25b)

and the transformed potential V is related to V via the equation

oV L 2MuT 8T o e (XD
N t I3 t t
T, 16e'T}3 2T, V/2 \ T,
t (25¢)
T+ (XF)? N pIF s
ATz T,

T=T(@),X°=X), L =X(t) and T = Y(t) are arbitrary smooth real-valued functions
of t with Ty # 0, and ® = ®(t,x) denotes an arbitrary solution of the initial equation.
Here e = £1 and €’ = sgnT.

Corollary IV.9. The subclass is uniformly semi-normalized with respect to linear
superposition of solutions. Its usual equivalence group G consists of point transfor-
mations of the form with ® = 0.
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5 Conclusion

We have studied the admissible transformations in the class A of (1+1)-dimensional
generalized nonlinear Schrédinger equations with variable mass and its subclasses. A
complete description of the equivalence groupoid G} for the class A is provided by The-
orem [[V:2] and we found that this class is not normalized.

Knowledge of the groupoid G allows us to derive the equivalence groupoid Gy and
the equivalence group GN of the class N contained in a wider class A, and singled out
by the constraints Gy, = Gyz = Fy, = Fyz = 0. We have shown that this class is
not normalized. In order to study the admissible transformations of this class, we par-
titioned it into four disjoint normalized subclasses N, ..., N4 with respect to conditions
on (G so that the union of their equivalence groups is larger than the usual equivalence
group Gy of the class N. We then derived their equivalence groups and established the
connections between them and the equivalence group Gy of the entire class N, as given
in Corollary [[V-6

The subclass M from the class N is obtained by putting G = G(¢t,z) = 1/m(t, z),
m # 0 and F(t,z,¢,v*) = V(t,x), where m is a real-valued function of (¢,z). A
complete description of the admissible transformations for this class is provided by The-
orem [[V.4] and it is shown that this class is not normalized in the usual sense. The
method of mappings between classes of differential equations and their subclasses yields
the admissible transformations for the class M. Using a family of point transformations
from the class M, we are able to gauge the arbitrary element G to G = 1 and hence to
obtain the class of (141)-dimensional linear Schrodinger equations with constant
mass equal to one and complex potentials. This means that the equivalence groupoid,
the equivalence group and the normalization properties of the subclass of the class M
with G = 1 can be obtained from the corresponding objects for . These are given in
Theorem [[V-5] and Corollary [[V-9]

Although we have given an exhaustive analysis of the admissible transformations in
the class A and its subclasses, including the class M, the technique of mapping classes
to its subclasses used here and the gauging of the arbitrary element G to G = 1 in the
class M is not effective in higher dimensions (when n > 1). This is due to the fact
that we do not have enough functions in the transformations which would allow us to
gauge the arbitrary element G to G = 1. More specifically, this means that the class of
multidimensional linear Schrédinger equations with variable mass cannot be mapped to
the class of multidimensional linear Schrédinger equations with constant mass equal to
one. Hence new tools and strategies are needed to study the case of higher dimension.
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We describe admissible point transformations in the class of (1+2)-dimensional
linear Schrodinger equations with complex potentials. We prove that any point
transformation connecting two equations from this class is the composition of a
linear superposition transformation of the corresponding initial equation and an
equivalence transformation of the class. This shows that the class under study is
semi-normalized.

1 Introduction

In the theory of group classification of differential equations, the equivalence groupoid of a
class of differential equations is the set of admissible transformations of this class together
with the composition operation of admissible transformations [4]. More specifically, an
admissible (point) transformation of the class consists of a pair of similar equations (an
initial and a target ones) from the class and a point transformation between these equa-
tions. The composition of two admissible transformations is well defined whenever the
target equation of the first admissible transformation coincides with the initial equation
of the second admissible transformation. For each equation from the class, there ex-
ists the admissible identity transformation. Each admissible transformation is invertible.
The associativity of the composition of admissible transformations directly follows from
those of point transformations.

The study of admissible transformations was initiated by Kingston and Sophocleous
(see [9]), who called an unformalized version of such transformations form-preserving [10].
Form-preserving transformations under the name allowed transformations also arose in
the course of symmetry analysis of variable-coefficient Korteweg—de Vries equations [20]
and variable-coefficient (141)-dimensional cubic Schrédinger equations [7]. Later on,
formalizing the framework of admissible transformations was initiated [14] and the range
of applicability of admissible transformations was extended to various classes of differ-
ential equations being important for applications, including nonlinear Schrédinger equa-
tions [15], variable-coefficient reaction—diffusion equations [I7], [18], [19], eddy vorticity
flux parameterizations of the inviscid barotropic vorticity equation [I6] and nonlinear
wave equations from the theory of elasticity [4].

In order to rigorously pose the problem under consideration, we need to precisely
define the notions of classes of differential equations and their equivalence groupoids.
Other notions and definitions related to classes of differential equations can be found, e.g.,
in [4], [I5]. Consider a system of differential equations Lg: L(x, u(p), 0(g) (%, u(p))) = 0,
parameterized by the tuple of arbitrary elements (z, u(y)) = (0" (z,up))s - - -, 0 (2, u(p))),



1 Introduction 173

where = (x1,...,%,) is the tuple of independent variables and w(,) is the set of the
dependent variables u = (u',...,u™) together with all derivatives of u with respect to
z up to order p. The symbol 0, stands for the set of derivatives of 6 of order not
greater than g with respect to the variables x and u(,). The tuple of arbitrary elements
0 runs through the set S of solutions of an auxiliary system of differential equations
S(x,upy, 0y (2,u))) = 0 and differential inequalities, like E(x, u(p), 0y (2, u(p))) # 0,
in which both = and u(;) play the role of independent variables and S and % are tuples
of smooth functions depending on x, u(,) and 6(yy. Then the set {Ly | § € S} == L]s
is called a class of differential equations defined by the parameterized form Ly and the
set S run by the arbitrary elements 6. Denote by T(6, ) with 0,6 € S the set of point
transformations in the space of the variables (z,u) that map the system Ly to the system
Ls. A triple constituted by two arbitrary elements 0, 0 € S with T(0, 9~) # @ and a point
transformation ¢ € T(6,0) is called an admissible transformation of the class L|s. The
set of admissible transformations of the class £L|s equipped by the natural composition
of such transformations as an algebraic operation is called the equivalence groupoid of
this class.

The notion of equivalence group originated from the work of Ovsiannikov [I3] and
became a powerful tool of which the group classification of differential equations relies
on. Thus, the use of equivalence groups constitutes a basis for group classification. Here
and in what follows, we are concerned with usual equivalence groups. This notion can be
generalized in several ways [§], [14], [15]. The (usual) equivalence (pseudo)group G~ =
G~ (L]s) of the class L|s consists of point transformations in the space of independent
and dependent variables and arbitrary elements each of which is projectable to the space
of (z,ugy) for any 0 < p’ < p, is consistent with the contact structure on the space of
(x,u(p)), and maps every system from the class L|s to another system from the same
class. Its elements are called equivalence transformations [15].

Knowing the equivalence groupoid of a class of differential equations simplifies the
process of classifying Lie symmetry extensions within this class. In particular, this gives
an easy way of finding the corresponding equivalence group. The presence of a nice
relation between the equivalence groupoid and the equivalence group makes the entire
procedure of symmetry classification less cumbersome and more harmonious and allows
for presenting a final classification list in a compact explicit form. Moreover, properties
of the equivalence groupoid influence the choice of methods for group classification.

The class L|s is normalized (in the usual sense) if its equivalence groupoid is generated
by its (usual) equivalence group and is said to be semi-normalized if its equivalence
groupoid is generated by the transformations from the equivalence group simultaneously
with transformations from symmetry groups of initial or transformed systems [15].

The algebraic method is the best choice for group classification of normalized or
specifically semi-normalized classes of differential equations. A number of classes of
differential equations that are important for applications are normalized or specifically
semi-normalized or can be partitioned into normalized classes and hence were classified
within the framework of the algebraic method. See, e.g., [1], [4], [5], [11], [15], [16].

The equivalence groupoid of the class of linear Schrédinger equations with complex
potentials has been computed in [I1I] in the (141)-dimensional case. Then properties
of the groupoid (more precisely, semi-normalization of the class) was taken as a base
for carrying out the group classification of these equations by the algebraic method
similarly to [5], where Lie symmetries of nth order (n > 2) of linear ordinary differential
equations were classified using semi-normalization of the class of such equations. The
final classification result, which is a complete list of inequivalent potentials corresponding
to equations with nontrivial Lie symmetries, may be used in quantum theory, quantum
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field theory, optics and other branches of physics, cf. [2], [3], [6], [12].

The aim of this paper is to study the equivalence groupoid, the equivalence group and
normalization properties of the class F of (1+2)-dimensional linear Schrodinger equations
with complex potentials,

iwt + waa + V(t, Zl’)’(/) =0. (1)

Here and in what follows ¢, 1 and z2 are the real independent variables, x = (z1, z2), ¢
is the complex dependent variable and V' is an arbitrary smooth complex-valued potential
depending on t and x. Subscripts of functions denote differentiation with respect to the
corresponding variables. In particular, ¥, = ¢ /0t and . = 8*1p/02,0x,. The indices
a, b, ¢, and d run from 1 to 2, and we use summation convention over repeated indices.

The structure of this paper is organized as follows: In Section we compute the
equivalence groupoid of the class F. It appears that the transformational parts of ad-
missible transformations are uniformly parameterized by the corresponding initial values
of V. The expression for target values of the arbitrary element V in terms of its initial
values and transformation parameters is also found. Then the equivalence group of the
class F and normalization properties of this class are described in Section , The last
section includes a short summary and suggests a direction for the future work.

2 Equivalence groupoid

We find the equivalence groupoid G~ of the class F by using the direct method. We seek
for all invertible point transformations of the form

t=T(t,z,¥,¥"), &a=X"(tz,¥,0"), ¥=V(tz,9,v"), ¥ =T (x99 (2)

with J = 9(T, X, ¥, U*)/0(t,z,¢, ") # 0 that map a fixed equation from the class F
to another equation of the same class,

it + a2, + V(EE)P = 0. (3)
Hereafter in case of a complex value 8 we use the notation
B=pB if T,>0 and B=p8" if T, <0.

Lemma V.1. Any point transformation T connecting two equations from the class F
satisfies the conditions

T, =Ty =Ty =0, X}=2XG =0,

4
\I/wzo ’Lf T, <0 and \Pw*zo Zf Ty > 0. ()

Proof. The proof is similar to that given in [15]. O

Theorem V.1. The equivalence groupoid G~ of the class F consists of the triples of
the form (V,V,T), where T is a point transformation in the space of variables, whose
components are

I=T, &,=|T"20%, + X°, (5a)

. i T, i X N
1 = exp (;j_t;:raxa—i-;',;t'ltm o° $a+/\+22) (¥ + ), (5b)
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and the transformed potential V is ezpressed via V as

~ V 2T Ty — 3Ttt2 e (Xta) ba
V= _ — =) O
m T teemE et e\ ), O (5)
S —ihe  XPXE + iTw
+ T, aT,2

Here T, X%, A and ¥ are arbitrary smooth real-valued functions of t with T, # 0, ¢’ =
sgnTy, Q = Q(t,x) is an arbitrary solution of the initial equation and O = (O°®) is an
arbitrary constant 2 x 2 orthogonal matrix.

Proof. Let a point transformation 7 connect two equations from the class F. Then
Lemma implies that T = T'(t) with T3 # 0, X® = X°(¢t,z) and v, # 0. Applying
the chain rule for total derivatives with respect to ¢ and x to the equality 15(5, z) =
U(t,x, ), we derive

Dep(t, %) = Ty + ¥z, X¢ = De¥,  Doip(f, &) = Pz, Xe = DoV,
DyD (T, %) = ¢icideXg + 'lZ:Engb =DyD,VY,

where D, and D, are the total derivative operators with respect to ¢t and x,, respectively.
The above equations are equivalent to

- 1 -

Ui =7 (D% = V' X/ Da¥), . =Y Da¥, (6)
t

Vi3, = YOV (DyDaW — Y X5, D), (7)

where Y2 X¢ = §¢ and 6¢ is the Kronecker delta. In fact, the vector-function (Y, Y?)
is the inverse of the vector-function (X', X?) with respect to z and Y,* = 9Y*/9%.. We
substitute the values of wt and Q/chzd defined in @ and (7)) into the equation and
take into account the expression for z/)t7 1/1,5 = ie' (Yaa + Vw) As a result, we derive the
equation

Z‘ N - I T a n a n
7y (Vo W (10 + i V) = V3 (Wa + W 00a) X7) + YEVE (Vb + 20, 400))

+YcaY; ( wwwbwa + \I/wwab - (\I’d + q’¢wd) ) + ‘7\1/ =0.

Then splitting this equation with respect to various derivatives of 121 and additionally
arranging leads to the system

1

ay b ayr-a
mn:w¢ann:m,%f& (®)
2 g AfiY“\IJAX"f YW XS, =0 (9)
2| P oo

i 1 b vl -
Ly, — v Y\I/X Voo — YU,X U= 1
Tt t ‘Tt‘v wd) b t+|T| c *¥d aa+V 07 (0)

where &' = sgn T}.

We first show that Xj. = 0 for all a,b and ¢. The first two equations in (8] together
with the condition Y2X¢ = 6¢ imply that X = |T;|Y;®. Therefore, XSX¢ = |T:|08,
ie., XS = |T3|/? 0%, where O = (0°®) is a 2 x 2 orthogonal matrix-function of ¢ and
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z. Suppose that O is a special orthogonal matrix, i.e., det O = 1. Then the matrix (X)
can be written as

(11)

sinf  cos6

(XC) = |Tt|1/2 ( cos @ —sin@)

for a smooth function 6 = 6(¢t,z). The representation implies that Xi = X2 =
|T3|"/? cos @ and X3 = —X? = —|T;|*/?sin 6, which means that transformation compo-
nents X' and X' satisfy the Cauchy-Riemann system

Xi=X: Xi=-X.

Hence both the components X¢ are solution of the Laplace equation, i.e., X, = 0.
Applying the Laplace operator dy, to both the sides of the equation X;X§ = |Ty|, where
there is no summation with respect to a, we derive X5, X5, =0, i.e., X5, = 0 for all a, b
and c. The same result is obtained when det O = —1. Thus, X¢ is a linear function in z,
which implies that the matrix O may depend only on t. From the previous consideration,
the equation @ becomes

v, = %ﬂx;xf%. (12)
Differentiating this equation for a = 1 with respect to x2 and for a = 2 with respect to z1,
subtracting the first result to the second and taking into account the coincidence of mixed
derivatives, we find the compatibility condition X? X% = X5X? . The representation
together with the compatibility condition results in 6; = 0. Therefore, the matrix O is a
constant orthogonal matrix.

The general solution of the third equation in is U = Ul + U0, where U° and ¥'
are smooth complex-valued functions of ¢t and z, and ¥! = U, # 0. The integration of

the equation (|12 gives the expression of vl

7 Ttt 7 SIth b .
= - Tale + o Oz +A+iZ |, 13
exp<8|Tt|xm +2|Tt|1/2 To+A+i (13)
where A and ¥ are arbitrary smooth real-valued function of ¢ arising in the course of
the integration. Finally, we consider the equation 7 which reduces, under the derived
conditions to

i 1~ o~ i Xt 1 -

=0 — — VU ) — ——— XU+ — U,y + VU = 0.

n T Y T Lt

Splitting with respect to zZAJ in view of the representation for ¥ and rearranging, we obtain

-V i L XOXP 1w,

- ol gl) - = Tea 14
V |Tt| Tt\Ill < t |Tt| a ‘Tt‘ \Ijl ) ( )
i W) — TitX};qu/S + 00, + [T, [VE° = 0. (15)

Let us introduce the function Q = ‘i’o/\ifl, ie., U0 = U'(). The equation is equivalent
to the initial linear Schrédinger equation in terms of Q. After the substitution of ¥! by
its expression from into and then additionally collecting coefficients of z, we
derive the final expression for V. O
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3 Equivalence group and normalization properties

There are several ways of computing the equivalence group for a given class of differential
equations. Some of them are the direct or the infinitesimal method. At the same time, it
is unnecessary to do the computation of the equivalence group G~ of the class F using
one of the above alternatives since we can derive the equivalence group G~ of the class F
from the knowledge of its equivalence groupoid G~

Corollary V.1. The (usual) equivalence group G~ of the class F consists of point trans-
formations in the space of independent and dependent variables and arbitrary element that
are of the form with Q = 0.

Proof. Let 7 be a point transformation connecting two equations from the class . Then
T is necessarily of the form 7, and potentials of the equations are related by .
Any transformation from the group G~ generates a family of admissible transformations
of the class F and hence it has the form . On the other hand, from the definition of
equivalence group, the group G™ contains only point transformations whose components
corresponding to variables do not depend on the arbitrary element V. This condition is
satisfied if and only if €2 is a common solution for all equations from the class F . The
only common solution is 2 = 0. O

Remark V.1. In fact, the whole equivalence group G~ is generated by the continuous
family of transformations of the form . where Q =0, T > 0 and det O = 1, and two

discrete transformations: the space reflection I, for a fixed a (t =1t, &g = —Ta, mb = x,
b#a, i =1,V =1V)and the Wigner time reflection I, ({ = —t, & = z, ¥ = ¢*,
V= V).

Summing up, we state the following

Corollary V.2. The class F is semi-normalized. More precisely, for each admissible
transformation (V, v, T) in the class F, its transformational part T is the composition of
a linear superposition transformation T1 of the initial equation with the potential V and
the projection of an equivalence transformation Ta of the class F to the space variables
with ToV =V

Proof. Consider two fixed similar equations from the class F with potentials V and V
and let T be a point transformation Connecting these equations. From Theorem 7
the transformation 7 is of the form ., and the potentials V and V are related
by (5¢] . We define two point transformatlons The first transformation 77 is the point
transformation in the variable space with the components { = ¢, & = @, ¥ = ¢ +
with the same Q as in 7. It does not change the potential V' and, therefore, is a point
symmetry transformation of linear superposition for the initial equation. The second
transformation 72 is the point transformation in the extended space variables and the
potential V' that is of the form with the same values of parameters as in T except
Q) = 0. Hence it is an equivalence transformation, which connects the equations with
potentials V and V, V = T3V. As a result, the transformation 7 coincides with the
composition of 7' and the projection 72|(¢ s,y of T2, T = T*|(t.e,y 0 T O

4 Conclusion
The equivalence groupoid of the class F of (1+2)-dimensional linear Schrédinger equa-

tions with complex potentials, which has an interesting algebraic structure, is exhaus-
tively described in Theorem (V.1|) using the direct method. The method is standard for
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the study of point transformations between differential equations. At the same time, it
is not quite algorithmic, especially when considering the entire set of admissible transfor-
mations of a class of differential equations. The versions of the direct method for finding
point symmetry transformations of a single differential equation or equivalence trans-
formations of a class of differential equations are much easier to be realized. Moreover,
the computations become trickier and more cumbersome if we increase the dimension of
equations. New features also appear in the form of admissible transformations in compar-
ison with the (141)-dimensional case. They are not exhausted by the formal extension
of the set of space variables. Coupling of space variables leads, in particular, to involving
rotations in the corresponding equivalence groupoid. In total, the above makes the entire
consideration much more complicated than in (1+1)-dimensions.

Knowing the equivalence groupoid of the class F, we construct the (usual) equiva-
lence group of F in an easy way, roughly speaking, by singling out families of admissible
transformations that are pointwise parameterized by the arbitrary element, which is the
potential V' for the class F, and having the same transformational part. We relate the
equivalence groupoid, the equivalence group and normalization properties of the class F,
and this relation is similar to that for the (141)-dimensional counterpart of the class F,
which is studied in [I1I]. We show that, roughly speaking, any point transformation con-
necting two fixed equations from the class F is the composition of a linear superposition
symmetry transformation of the initial equation and an equivalence transformation of
this class. In other words, the class F is semi-normalized in a quite specific way, which
guarantees, in view of our experience with the (141)-dimensional counterpart of the
class F [11], the effective use of the algebraic method for the exhaustive group classifi-
cation of the class F. Therefore, the results of the present paper can be considered as a
first step in our future work on this classification.
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