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The interaction between piles and layered transversely
isotropic saturated soil

Abstract

In civil engineering, pile foundations are essential elements in structural design in soft
soils. The fact that piles are driven deep into the ground thus to interact mostly with
saturated soil layers, their interaction with surrounding soils remain one of the most
urgently important parts of the whole structure. In this paper, the integral equation method
is employed to develop a model that predicts the time-dependent behavior of an axially
loaded pile embedded in a layered transversely isotropic saturated soil (TISS). Based on
the fictitious pile method, the pile-soil system is decomposed into an extended saturated
half-space and a fictitious pile. The extended half-space is treated as a layered TISS, while
the fictitious pile is considered as a 1D bar. The fundamental solution of the layered TISS
IS gotten by the means of the RTM method for the layered TISS. The detailed contents of

this paper consist of the following parts:

1. First, the RTM method is used to produce the elementary solutions, which
corresponds to the time-dependent response of the layered TISS to a uniformly-
distributed load acting vertically over a circular area with the radius equal to that of
the pile. A system of partial differential equations is derived based on the governing
equations of Biot’s consolidation of TISS in cylindrical coordinate system. Then,
employing the Hankel transforms and the Laplace transforms with respect to the
radial coordinate I' and the time t, respectively, a system of ordinary differential
equations is derived in the transformed domain. Solving the differential equations

will result in the general solution and the transform matrix relating the state vector
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and the static wave vector is introduced. Later, the solution in the transformed
domain to the layered TISS subjected to an external vertical force is deduced from
the reflection and transmission matrices (RTMs) developed based on the wave
vector transform matrix. The time domain solution to the layered TISS subjected to
an external vertical force is retrieved with the use of the inverse Hankel-Laplace
transform.

By using the fundamental solution developed for a layered TISS together with
adopting the fictitious pile method due to Muki & Sternberg, the behavior of piles
embedded in layered TISS is also studied in this paper. The pile-soil compatibility
is accomplished by requiring that the axial strain of the fictitious pile be equal to
the vertical strain of the extended layered TISS along the axis of the pile. The
second kind Fredholm integral equation of the pile is then derived by using the
aforementioned compatibility condition and the fundamental solution of the layered
TISS. Applying the Laplace transform to the Fredholm integral equation, and
solving the resulting integral equation, the transformed solution is obtained. Then
the approximate time domain Fredholm integral equation of the second kind is
obtained by the Schapery method.

Finally, employing the Fortran software, numerical results are obtained and
discussed. First, an example is presented to discuss the impact of different soil
parameters on the response of the layered TISS. Then, results obtained by the
proposed integral equations for the pile agree with existing solutions very well,

validating the proposed pile-soil interaction model. Later, using different
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parametric examples, a parametric study is performed to examine the influence of

some parameters of the pile-soil system on its response.

Keywords: pile; layered transversely isotropic saturated soil (TISS); consolidation;

Fredholm integral equation; fictitious pile method.
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Notations

- Superscript, Laplace transform

: Superscript, time derivative of a variable
: Superscript, Fundamental solution
: Order of the Hankel transform

: Hankel transform parameter

: Laplace transform parameter

: Bessel function of order v

: Radial coordinate

: Angular coordinate

: Vertical coordinate (axial)

: Dimensionless depth

: Time

: Dimensionless time factor

: Radius of circular load and pile

: Dimensionless depth

: Pile diameter

- Pile cross-sectional area

: Pile Length

: Soil layer thickness

: Reference length

: Vertical downward load on pile top

- Dimensionless vertical applied force

: Total stress
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: Dimensionless fundamental solution for the soil vertical stress
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: Effective stress

: Soil pore pressure

: Dimensionless pile-side soil pore pressure

: Dimensionless fundamental solution for the soil pore pressure
: Radial stress

- Vertical stress

: shear stress

: Force at T1(z)

: Pile axial force

: Dimensionless pile axial force

: Fictitious | pile axial force

: Vertical distributed load along the fictitious pile

. Rate of the fluid flow in t vertical and horizontal directions

- Vertical displacement

: Dimensionless pile vertical displacement

: Dimensionless fundamental solution for the soil vertical displacement
: Horizontal displacement

: Dimensionless fundamental solution for the soil horizontal displacement
: Horizontal and vertical strain

: Coefficient of soil permeability in vertical and horizontal directions

: Reference coefficient of soil permeability

: Soil Poisson’s ratio of the horizontal strain caused by horizontal stress

: Soil Poisson’s ratio of the vertical strain caused by horizontal stress
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v, : Soil Poisson’s ratio in horizontal direction
E, : Soil vertical Young’s modulus

E, : Soil Horizontal Young’s modulus

E, : Pile Young’s modulus

E.- : Virtual pile Young’s modulus

4, : Soil shear modulus

Mg : Reference shear modulus

n : Soil stiffness ratio

m s u, lE,

Yo : Unit weight of water

v : State vector

u : displacement vector in state vector

f : stress vector in state vector

A : Coefficient matrix

A, v; :ith Eigenvalue and Eigenvector, respectively

M : Transform matrix relating the state vector to the static wave vector
w : Static wave vector

: Down-going and Up-going wave vector

T™ - Wave vector transfer matrix

T® - State vector transfer matrix

T,, T, :Transmission matrices for the down-going and up-going wave vectors

u

R,, R, : Reflection matrices for the down-going and up-going wave vectors

IT1(z) : Circular area equivalent to the cross-section area of the pile with the vertical

coordinate equal to Z
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Chapter 1 Introduction and literature review

1.1 Background

In civil engineering, pile foundations are essential elements in structural design in soft
soils. They permit structures to be constructed upon weak or erratic soils by transferring
loads of the building to a hard deeper soil layer. Piles vary in length, diameter, and material,
which are all determined based on the given site conditions and loading. They can
withstand axial loads, lateral loads or a combination of both, as long as they are designed
in a proper way. These are required in special situations such as: where the upper soil layers
are highly compressible and comparatively weak to support the whole load of the structure;
the structure is subjected to horizontal forces; there is a presence of expansive soil; the
foundation is subjected to uplifting forces; there is a possibility of the soil erosion at the
surface of the ground due to water flows; etc. The fact that piles are driven deep into the
ground thus to interact mostly with saturated soil layers, their interaction with surrounding

soils remain one of the most urgently important parts of the whole structure.

Real saturated soils encountered in civil engineering are usually stratified and the
properties of deferent layers may thus be different. Further, although most saturated soils
are isotropic in the horizontal plane, due to the deposition process, moduli and permeability
of the soil in the vertical direction are usually different from those in the lateral direction
considerably (Figure 1.1). Thus, it makes more sense to treat the soil as a transversely
isotropic saturated medium. As piles are the most widely used foundation type in the world,
it is thus important to investigate the interaction between the piles and the layered

transversely isotropic saturated soil (TISS).
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So far a number of methods have been presented by different authors for the investigation
of the pile-soil interaction. A few and important studies on the pile response in

homogeneous and non-homogenous soil are presented in the following subsections.

1.1.1 Pile in homogenous soil

In early studies, several investigators [1-5] outlined approximate methods based on
elastic theory for analyzing different aspects of the load-displacement behavior of single
axially loaded piles and piers. Poulos and Davis [6, 7] proposed accurate analyses to the
problem of the axial loading of incompressible floating piles embedded in an ideal elastic
homogenous half-space by employing a discretization procedure. The interface between
the bar and the elastic soil was discretized into a series of ring elements of finite length.
The expressions for the axial displacement due to stresses acting vertically on these
elements were derived by utilizing Mindlin's solution [8] for concentrated axial load acting
at the interior of the half-space. Later, Mattes and Poulos [9] utilized a mirror image
technique for end-bearing piles seated on a firm base. In order to eliminate the assumption
of a smooth disc pile base and taking into consideration the disturbance of the half-space
due to the presence of the piles that was ignored in the above mentioned studies, Butterfield
and Banerjee [10] presented a rigorous analysis based on the Mindlin’s equations [8]
together with the analytical method to study the response of a rigid and compressible single
piles and pile groups with a floating cap in a homogeneous linear elastic soil. The effect of
smooth disc pile base on under reamed piles and very short plain piles was shown to be
significant, besides, the pile compressibility was also illustrated to be an important aspect

in a pile group behavior.
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Muki and Sternberg [11, 12] proposed an important approach for partially embedded
rod in an elastic half-space under axial load based on an assumption that decomposes the
bar-half-space system into a one-dimensional bar and an extended half-space. Such an
assumption essentially reduces the problem to the solution of a Fredholm integral equation
of the second kind in which the axial force in the rod becomes the primary unknown. Owing
to the importance of this class of problems, various authors [13-17] have attempted to
reformulate the problem within similar frameworks. For instance, on the basis of an energy
principle and the Muki and Sternberg approach [11, 12], Rajapakse and Shah [18] proposed
an approximate treatment of this problem through a discretization of the rod-medium
interfacial tractions. Pak and Saphores [19] reconsidered the same problem by using Muki
and Sternberg concepts, however, the displacement was taken as the basic unknown. To
account for the influence of the pore pressure on the pile-soil interaction, Niumpradit &
Karadushi [20] used the Biot’s theory [21] of poroelasticity and the same fictitious pile
method due to Muki & Sternberg to present the first time-dependent theoretical study
which deals with the interaction between a pile and a saturated homogeneous half-space.
However, only final and initial state solutions were obtained. Liang [22] analyzed the pile-
to-pile interaction under different situations of consolidation for piles loaded vertically
embedded in homogeneous poroelastic saturated half-space employing Muki and

Sternberg approach.

1.1.2 Pile in non-homogenous soil
As mentioned earlier, piles are rarely embedded in an ideal homogenous single soil
layer. Thus, to account for the soil non-homogeneity, Banerjee and Davies [23] employed

the analytical solutions proposed by Davies and Banerjee [24] for a two-layered soil and
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analyzed the behavior axially and laterally loaded single piles embedded in a soil layer
whose modulus increases linearly with depth. Randolph and Wroth [25] presented an
approximate closed-form solution for the settlement of a pile in a Gibson soil [26], then,
Guo and Randolph [27] extended this work with an elastic-plastic solution that considers
the case of soil response with stiffness and strength varying as a power law of depth. Poulos
[28] proposed an empirical technique, in which a modified soil modulus is used in the
Mindlin solutions. Lee et al. [29] and Chin et al. [30] employed the fundamental solutions
for an interior point load in a two-layered soil proposed by Chan et al. [31], then studied
the response of axially loaded piles and pile groups in layered soils using a simple elastic
continuum boundary element method, respectively. Chow [32] used the finite element
method to present a numerical procedure that models axially loaded piles and pile groups
embedded in non-homogeneous soil with transverse or cross-anisotropic behavior.
Normally, the modulus of elasticity of adjacent layers of the soil may differ abruptly. Thus,
the above solutions are only appropriate for axially loaded piles in a two-layered soil and

they might not give accurate results for piles embedded in multilayered soil type.

1.1.3 Pile in multilayered soil

To account for the stratification of the realistic soil, a number of authors presented
single phase solutions for single piles embedded in multilayered soils [33-37]. However,
as mentioned before, in practical conditions piles do interact with saturated soils, thus time-
dependent solutions will make more sense. Based on that, Senjuntichai et al. [38] studied
the time-dependent response of an axially loaded bar in a multilayered poroelastic half-
space by the influence function of the multilayered poroelastic half-space and the Laplace

transform method. Modeling the pile with the finite element method and using the soil’s
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fundamental solution obtained via the analytical layer-element method [39], Ai et al. [40]
also provided a time-dependent solution for a pile embedded in a multilayered saturated
soil. Most recently, by considering a soil medium with anisotropic permeability, Ai et al.
[41] presented a solution for saturated multi-layered soils with overlying single-phase soils
and analyzed the time-dependent response of pile embedded in layered saturated soils with

elastic superstrata.

Vertical load Q(9)
Free Surface

[}

Gy, Eyp Eps

layer L,

G\-'Z: Ev.?, E, h2

layer L,

layer Ly

layer Ly B
(half-space) ~

Gt Evney, Enniy

4

Figure 1. 1 Schematic of an axially loaded pile embedded in a layered TISS

As mentioned above, apart from stratification property, in engineering practice, the
soil might exhibit transverse isotropy property [42-44]. However, researches about the
time-dependent interaction between the vertically loaded pile and the Layered TISS have
not been reported in the literature. Existing relevant researches are all concerned with the
interaction between the pile and single phase transversely isotropic soil. For example, by
treating the transverse isotropy property of the soil with a combination of the order

reduction approach and the integral transform method, Ai & Yi [45] presented a boundary
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element method solution for a single pile embedded in a multilayered transversely isotropic
soil. Later, Ai et al. [46] investigated the behavior of piles in a multilayered transversely
isotropic soil subjected to vertical and horizontal loads simultaneously utilizing the

fundamental solutions modeled via the Analytical layer element method [47].

To account for the above mentioned gap, this research utilizes the RTM method and
the Integral equation method to analyze the interaction between single piles loaded
vertically on top and the layered Transversely Isotropic Saturated Soil (TISS) at different
times. It is noted that the soil and pile-soil interaction solutions presented in this paper will

be time-dependent.

1.2 The main objective and research contents of this paper

The main objective of this paper is to develop a model that predicts the time-dependent
behavior of a vertically loaded pile embedded in a layered TISS (Figure 1.1). To establish
the model, the pile-soil structure is decomposed into an extended saturated half-space and
a fictitious pile first, according to the fictitious pile method. The extended half-space is
treated as a layered TISS, while the fictitious pile is as a 1D bar. The compatibility between
the extended saturated half-space and the fictitious pile is accomplished by requiring that
the vertical strain of the extended layered TISS along the axis of the pile is equal to the

axial strain of the fictitious pile.

The specific structure and main contents of this thesis are as follows:
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THE INTERACTION BETWEEN PILES AND LAYERED
TRANSVERSELY ISOTROPIC SATURATED SOIL

THESIS
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Chapter 1

Introduction and Literature

review

\ 4

Chapter 2

Related basic theories

A 4

Chapter 3
fundamental solution

A

of the TISS

\ 4

Chapter 4

Analysis of a vertically loaded
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Y

Chapter 5

Numerical results and corresponding

analyses

A 4

Chapter 6

prospects

General conclusions and

References

\ 4

Figure 1. 2 Research technical route
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Chapter 1 introduces the research background on the interaction between the piles
and soil medium. This Chapter summarizes some of the most important methods and
approaches adopted by different authors to investigate the behavior of loaded piles
embedded in different types of mediums. The later vary from the ideal homogenous half-
space to multilayered transversely isotropic soils. This provides the purpose and

significance of the research and details the main objective of this paper.

Chapter 2 defines and details the basic mathematical transformation theories needed
in later chapters, such as the Laplace transform and the Hankel transform and their
respective inversions. This chapter also outlines the numerical solution method for the

Fredholm integral equations of the second kind utilized later in Chapter 4.

Chapter 3 presents the fundamental solution of a layered Transversely Isotropic
Saturated soil (TISS) subjected to a uniform distributed vertical load obtained via the
reflection-transmission matrix (RTM) method originally developed for addressing the
wave propagation problem in the layered elastic medium. The major variables used to
develop the reflection and transmission matrices (RTMSs) of the soil are obtained based on
the governing equations of Biot’s consolidation of TISS in the cylindrical coordinate
system and the Hankel-Laplace transformations (Chapter 2). Later, the solution in the
transformed domain of the layered TISS subjected to an external vertical force is deduced

from the reflection and transmission matrices (RTMS).

Based on the elementary solution obtained in Chapter 3 together with adopting the
fictitious pile method by Muki & Sternberg, Chapter 4 details the formulation of the
Fredholm integral equations of the second kind for the axially loaded pile embedded in the

layered TISS. Chapters 4 also presents the progression of the numerical solution method

8
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for the second kind of Fredholm integral equations taking into account the layered soil type

presented in this research.

With the aid of various graphs, Chapter 5 discusses the numerical results obtained
with the use of Fortran Program. First, the proposed model developed in this research is
validated by comparing its numerical results to existing solutions. Then, different
parametric examples are employed to examine the influence of some soil and pile
parameters on the time-dependent behavior of the layered TISS subjected to a unit point

force and the vertically loaded pile embedded in a layered TISS.

Finally, Chapter 6 provides the general conclusion of the thesis and highlights some

possible future prospects on piles interacting with layered TISS.
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Chapter 2 Related basic theories

This chapter briefly introduces some of the basic mathematical theories used in later
chapters of this paper. Namely, the Hankel transform, the Laplace transforms and the

Fredholm integral equation.

2.1 Hankel Transform
Hankel transforms are integral transformations whose kernels are Bessel functions.
Sometimes, they are referred to as Bessel transforms. In case problems that show axial

symmetry are encountered (Chapter 3), Hankel transforms may be very useful.
2.1.1 Definition [48]
The vth order Hankel transform ¢'(&) of a function ¢(r) defined for r>o0 is

given by:

$(&) =HAHN}= [ rg(r)3, (£rydr, (2)

in which J, is the Bessel function of order v and if v > —1/ 2, then, the Hankel’s repeated

integral immediately gives the following inversion formula:

H(r)=H" LV (&)} = & (), (én)de. (22)

The two most important cases of the Hankel transform correspond to v=0 and v=1;

these two cases will be used later in Chapter 3.

2.1.2 Hankel transform Properties
For any two arbitrary functions ¢(r) and ¢(r), the Hankel transform have the

following properties:

10
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HAND/ 1= (1, {4001+ H, 0. (23)
HAF (O} = = (M-, Y0} -+ DH, {0 (24)
HA (0 +¢ (/1= 5N} =-EHAH0}, (25)
| PO p(r}=[ "rg(r)p(rydr. (26)

2.2 Laplace Transform

The Laplace transform is a powerful tool for treating many problems in mathematics,
physics, and other applied and computational sciences. Primarily, this transform is very
attractive in solving differential equations, since this takes a function of time and
transforms it to a function of a complex variable s and because the transform is invertible,

no information is lost. Therefore, it is reasonable to think of an arbitrary function ¢(t)and

its corresponding Laplace transform ¢ (s) as two views of the same phenomenon.

2.2.1 Definition [48]

For a piecewise continuous function ¢(t) on [0,0), it is useful to define its Laplace

transform, denoted by L{#(t)}=¢(s) as a function of the complex variable s=c+ jo,

where

#(s) = j:¢(t)e-5tdt . (2.7)

11
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The Laplace transform defined in the above equation (2.7) is sometimes called the one
sided Laplace transform. However, There is a two sided version where the integral goes

from —oo to .

To recover the function ¢(t) from its Laplace transform ¢ (s), the inverse Laplace

transform is introduced and can be defined by the following expression:

a+io

4O =L G | FOe 28)

where « is a parameter associated with the Laplace transform. Above equation (2.8) is

correct if ¢ is differentiable at the point t.

2.2.2 Properties of the Laplace transform
The following are some of the key properties of the Laplace transform used in this

research:

Property 1. Linearity
H{ad (1) + S, (0} = al{a (0} + LS (1] (2.9)

Property 2. First Derivatives

L{g (1)} = sL{g()} - ¢(0). (2.10)

Property 3. Second Derivatives

L{¢ ()} =s"L{$1)}-s¢(0) ¢ (0). (2.11)

Property 4. Higher order derivatives

12
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L{g" (0} =s"L{g(0)}—""¢(0) —s" ¢ (0) —---— 54" *(0) — 4" (0). (2.12)
Property 5. Convolution

Convolution in the time domain corresponds to multiplication in the frequency domain.

Assume two arbitrary functions ¢,(t) and ¢,(t) with their corresponding Laplace
transforms L{g (1)} =¢,(s) and L{a,(t)}=¢,(s) , respectively. Then, the convolution

between ¢ (t) and ¢,(t) is defined by the following expression:

A0 *4,0) = [ 4(2),(t-7)dz . (2.13)

And the Laplace transform of the convolution between the two function ¢,(t) and 4, (t)

can be obtained as follows:
© 0 t
L0 4,0} = [, 40 =40 *dt=[| [ 404t -z [eat. (2.14)
The above equation (2.14) can also be written as

a0+ 4,0} =A()h(s) - (2.15)

This implies that,

LH{AS) ()} =4 1) *4,(1) - (2.16)

2.2.3 Numerical inversion of the Laplace transform

For simple cases, the inverse transform can be found via analytical methods or with
the help of tables. However, it is not always easy to find the inverts. One possible reason
is that the inverse is not a named function or cannot be represented by a simple formula.

Due to the complexity of some expressions presented in this study, it is difficult to use

13
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analytical methods to retrieve solutions in the physical domain. Therefore, inversion of the
Laplace transforms has to be carried out numerically. Fortunately, several numerical
algorithms have been proposed in literature so far. These include Durbin’s method [49],
Stehfest’s method [50] and Schapery’s method [51]. Among the three methods, Schapery’s
method [51] is numerically more efficient for consolidation and rheological problems.
Besides, its calculation is much more simple and time-saving. To account on this, inversion

of the Laplace transforms in this study are carried out based on the Schapery’s method [51].

2.3 Numerical solution for the Fredholm integral equations of the second kind

The general form of the Fredholm integral equation of the second kind is given by:

9(0) = F () + 2] K(x y)g(y)dy,a<xy=b, (2.17)

where K(x,y) and f(x) are the known functions and g(x) the unknown function to be
determined. Here, K(x,y) is regarded as the kernel of the integral equation and 4 as a

(non-zero) regular value of the kernel.

Assume that Ib¢(y)dy is approximated by the quadrature rule J(¢):Z(oi¢(yj).
a i—0

With such an approximation, for any a < x <b, the equation (2.17) can be reduced to:
g(x) = F(x)+ 42 o K(xy)a(y)), (2.18)
j=0

where the solution g(x) will provide the approximation of the exact solution g(x) in
equation (2.17). A solution to the above equation (2.18) can be obtained with x=y., in

which i=0,1,...,n and a<y, <b. Hence, equation (2.18) is therefore rewritten as:

14
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g(y) = () +42 @K, y)3(y;),  i=012...n (2.19)
j=0

Now, assume that g(y,),g(y,),....and g(y,) make a solution to equation (2.19). Thus,

for any x [a,b], equation (2.18) will have the following solution:

300 = 109+ 220, Kx y,)8(y,). 2:20

Supposing the second kind Fredholm integral equation of the following form:

Q@ -a@ @+ 1(OZEED qs, 0<25L, (2.21)
0 85
in which Q(z),a(z) are known piecewise functions and f (&) is the unknown function to

be determined. Note that, in this research, similar second kind Fredholm integral equations

will be encountered later in Chapter 4.

It is likely to use a numerical method in order to find a solution to the governing

function f (&) in the above Fredholm integral equation (2.21), due to the complexity of the
kernel oes(&,2)/0& , which can be shown to be discontinuous at z =& (Chapter 3), thus
an integrable logarithmic singularity at the same point z = &. Therefore, the integral in the

above equation (2.21) can be reconstructed as follows

G 08(ED) 1 08(ED) L 055 2)
jof@)?dﬁ—jo OBy dé+[ (&) oe ¢ (2.22)

With a numerical arrangement that separates the kernel into a singular and a continuous

portion, Muki and Sternberg [12] solved an equation of this type, assuming f (&) to be a
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continuous function and linear between two consecutive mesh-points of the interval.
However, in this present study, a similar scheme can present problems, especially for a

larger L.

In this study, the numerical technique used to solve the Fredholm integral equations of
the pile was successfully used by Niumpradit & Karadushi [20] for an elastic pile in an
ideal homogenous soil, in which the integration interval is divided into n segments and

denoting each mesh point by z;,j=12,3..,n+1, in which z, =0and z , =L. Then

employing the trapezoidal integral formula on each segment, for every z;, <& <z, ,, one
has the following:
Zjn 88(57 Z) _ Zjn 6‘9(57 Z)
J, HO=5Fae= @)+ @)=
= WI2[F(z))+ F (2, )[e(2,0,2)—2(2;, D], 2, <E<7,,. (2.23)

A similar method was also adopted by Lee and Rogers [52] in the solution of Volterra

integral equations.

Thus, using the above equation (2.23), then the second kind Fredholm integral

equation defined in equation (2.21) can be rewritten as:
Q(z)=a(z)f(z) +Z(1/ 2)[f (Zj) +f (Zj+1)][g(zj+l’ Z) _5(21' Z)],
j=1

i=1,2,..,N+1. (2.24)
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With equation (2.24), a system of n+1 simultaneous equations, in which every value of

f(&) at z; (j=12,3..,n+1) can be obtained.

it is noted, however, due to the layered soil type presented in this research, new

parameters such as N, corresponding to the number of layers in contact with the pile will

be later introduced and equation (2.24) will take a different form. More details are given in

Chapter 4.

2.4 Summary

In this chapter, basic mathematical theories for transformation were reviewed. These
include the Laplace transform and the Hankel transform together with their respective
inversions. These transformation tools will be useful in solving differential equations later
in Chapter 3 and Chapter 4. Some of the basic terms and relations were derived for
convenient uses later. At the end, this chapter also reviewed the definition of the Fredholm
integral equations of the second kind, which is convenient in analyzing the pile-soil
interaction. The numerical solution for the second kind Fredholm integral equations
utilized in Chapter 4 was also introduced and this will be more detailed later in the same

Chapter 4.
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Chapter 3 Fundamental solution for the layered Transversely Isotropic

Saturated Soil (T1SS)

In order to study the behavior of a vertically loaded pile embedded in a layered TISS,
the fundamental solution reflecting the response of a layered saturated soil subjected to a
uniform distributed load needs to be carried out in advance. In absence of the pile, the
layered saturated soil will undergo an axisymmetric consolidation due to the same uniform
distributed load, which acts over a circular domain and the radius is considered equal to

that of the pile.

Based on Biot’s theory of consolidation [21], a number of authors have addressed the
consolidation problem of the layered saturated soil due to quasi-static loads with the use of
different numerical and analytical methods. These include the finite layer method [53-55],
the finite element method [56, 57], the boundary element method [58, 59] and the transfer
matrix method [60, 61]. Furthermore, other analytical techniques have been developed to

solve Biot’s consolidation problems, such as Yue and Selvadurai [62], Pan [63].

To account on the sedimentation process and the variation of the orientation in
different directions of the soil, resulting in different soil’s Young’s modulus in both
horizontal and vertical direction as mentioned earlier, it is thus necessary to consider the
property of transverse isotropy presented by most engineering soils. So far, the transfer
matrix method [43, 44] seems to be one of the most efficient methods to solve consolidation
problems in multilayered soils such as TISS due to the fact that it presents a good accuracy
and convenient for computation. However, due to the presence of functions of exponential

growth in the transfer matrices, this method presents an intrinsic fault that leads to ill-
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conditioned matrices for thick layer and this may raise some numerical instability for large

thickness layers.

Originally, the reflection-transmission matrix (RTM) method [64, 65] was developed
for addressing the wave propagation problem in the layered elastic medium and in the past
few years, this method has been used to address problems of consolidation of layered
saturated soils [66, 67] due to its ability to eliminate the positive exponential term for stable
numerical algorithm. In this chapter, a similar method (RTM) is developed to investigate
the consolidation behavior of a layered transversely isotropic saturated soil (TISS)

subjected to a uniform distributed vertical load, which acts over a circular domain.

First, Based on the governing equations of Biot’s consolidation of TISS in cylindrical
coordinate system, a system of differential equations is derived in the transformed domain
with the use of the Hankel transforms and the Laplace transforms with respect to the radial
coordinate r and the time t, respectively. Solving the differential equations will result in
the general solution and the transform matrix relating the state vector and the static wave
vector is introduced. Later, the solution to the layered TISS subjected to an external vertical
force is deduced from the reflection and transmission matrices (RTMs) developed based
on the wave vector transform matrix. Note that the externally applied point load is

prescribed either on the ground surface or within the soil layers.

3.1 Governing equations for the TISS

In this section, the governing equations of the layered TISS will be presented and these
will help in the derivation of the general solution for the layered TISS. In the cylindrical
coordinate system, the equilibrium equations for the TISS for the axisymmetric condition

are as follows:
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(G)
Tor

(G) (G) (G) (G) (G) (G)
aO-rr + az-zr + O —Op =0 , aO_zz + 82—zr +

=0, (3.1)
or 0z r 0z or r

where &®, & and & are the component of the total normal stress; 7 is the total

shear stress component. For the saturated soil, the effective stress principle can be

represented as follows:
@ =5'® 4 p©, (3.2)

(6) ~(6) ~(G)

G\ . (6) _[16) i(G) 1(G) 6T .
I ’(7019 ’Gzz ’Tzr } ’ o _{Grr ’699 ’Gzz ’Tzr } ' and

in which o©® ={c7

;
p© = { p©, p©, p(G),O} denote the total stress; the effective stress; and the pore pressure

vectors, respectively. For the TISS, the constitutive relations for the effective stress have

the following expressions:

©) ©) ) ©) ©) ©)
e __ o4 o Y C, — au, c. o'® —_ o, o Y Yy ¢,
r ar 11 r 2 az 13 66 8I’ 12 r 11 az 3
©) ©) ©) ©) ©)
1(G) _ aur u, auz T’(G) _ _21 al"Ir + 6uz C (3 3)
Op =~ Ci3 — Ci3— Cir Tyr = 44 .
or r 0z 2\ oz or

where u® and u'® are the displacement components in r and z directions, respectively.
The parameters ¢, ~c,, denote the elastic constants of the TISS, which can be expressed

as follows:

Eh (1_77‘/5\/) Eh (Vh +77thv)

o (L4w)(1-v-29v3,)’ a2 (L+v,)(1-v, —2m92, )
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E (1-v
.- Evi, . ,CSSZV(—“)21C44:#V,,7:5:V¢1 (3.4)
1_Vh _277th 1_Vh _vahv Ev Viv

where E,; E,;and g, are the horizontal elastic modulus; the vertical elastic modulus and
the vertical direction shear modulus of the soil, respectively. v, is the Poisson's ratio of the
soil in the horizontal direction; v,, is the Poisson's ratio of the horizontal strain caused by
the vertical stress; v,, is the Poisson's ratio of vertical strain caused by horizontal stress

and 7 denotes the ratio of the horizontal elastic modulus to the vertical elastic modulus of

the soil.

In accordance with Darcy’s law, the expression of the rate of the fluid flow in the z

and r directions have the following form:

(G) (G)
© =k —agr—, © =k, —égz K=K 7 K =K 7 (3:5)

in which k, and k, represent both the permeability of the soil in the vertical and horizontal
directions, respectively. y,, is the specific weight of water. By using equation (3.5), the

seepage continuity condition for the TISS at time t can be written as:

2 2 .(G) G) ©) (©G)
@"'kr: a_2+li p(G)+k‘; aLz=0, e:—(aur +Ur +auz ), (36)
ot or: ror oz or r oz

in which e denotes the dilatation of the soil skeleton.

3.2 The general solution to the governing equations for the TISS

combining equations (3.2) and (3.3)s, one has the following relation:
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u® e 5O

o o o (3.7)

Similarly, using both equations (3.2) and (3.3)3, the change of the displacement in z

direction is obtained as:

6) ©) ©) ©) _ 5©)
auz __%((%r +Ur J+(p 0, )

oz Cy | OF r Cs; (38)
Then, using above equation (3.8) and both equation (3.5). and (3.6), it yields:
quG) _ &_1 g aufG) +£ _ié(p(G) _O_Z(ZG))
674 Css ot{ or r Cy, Ot
+k’ i_Flg p(G)
"\or? ror ' (3.9)

Rearranging both equation (3.1)2 and (3.5)1, turns into the following relations, respectively:

oo'® or® @)

7z __Ztw  _ tar

0z or r ; (3.10)
ap(G) 1 ©)

=—— ) 3.11

P (3.11)

Finally, let’s combine equations (3.1)1, (3.3)1,2 and (3.8) to obtain the following equation:

or (6| 1au® u®) cuf, 90
- Cll 2 +- 2 + . (312)
0z Css or r or r Cas or or
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At this stage, observing equations (3.7) to (3.12), it is worth defining the following
six-dimensional state vector w(r,z,t) for a TISS undergoing axisymmetric consolidation

as:

ow(r,z,t) _A

pe (r)w(r,z,t), wr.z={q(r.21), f(rz ), (3.13)

in which q(r,z,t):{u§G>,u§G>,q§G>}T and fr.zt) ={c,r, p<G>}T refer to the state vectors
which denote the generalized displacement and stress vectors. The coefficient matrix
A(r,t) defined in the above system of partial differential equations of the state vector
defined in equation (3.13) can be found in the appendixes (1).

In order to derive the standard matrix differential equation, it is convenient to introduce
the integral transformation methods (the Laplace and Hankel transform) defined earlier in

Chapter 2 to remove the dependence upon the time t and radial coordinates r of the

matrix A(r,t). Besides, these transformations will reduce the system of partial differential

equations of consolidation mentioned above to the system of ordinary differential equations.
Thus, referring to both equation (2.1) and (2.7), the following vth order Laplace—Hankel

transform can be introduced:

FV & z,5)=] [ e rg(r,z,)],(£r)drdt, (3.14)

in which & and s are the Hankel and Laplace transform parameters. J, (&£r) denotes the

vth order Bessel function and the superscript v represents the order of the Hankel

transform.
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It is noted that the superscript (G) notation denoting the fundamental solution
parameters will be omitted throughout the remaining part of this chapter for better
presentation of the Hankel transform superscript notation. However, this will again be used

in the following Chapters.

Employing the above Hankel-Laplace transformation defined in equation (3.14) to the
equations (3.7)-(3.12), these equations can finally be expressed in the form of a matrix

ordinary differential equation, i.e.,

W=A(§,S)\T’(é,z,5), (3.15)

where \T:(g,z,s):{UZ“”,U,‘”,dz“)’,&g’),fzﬁ“,ﬁ“’)}T denotes the state vector in the transformed

domain and the coefficient matrix

A A 0 _azé: 0 —8, 0 a,
N 1 2
A(é,s){A A} , A =& 0 o + A,=| 0 -a 0 :
¢ 0 (a,-1sé O as 0 -as—k&
0 0 a, 0 -¢ 0
A,=l0 —a? 0 |,A,=|aE 0 (@1-a)l (3.16)
0 0 -1/k 0 0 0

inwhich a =1/c,, a,=c,/c,, & =1/cy, and a, =(c,,C;; —C5) / Cyy.

Since the matrix differential equation given in equation (3.15) only depends on one

variable z after employing the above mentioned integral transformations, then, the general

solution to the state vector y(¢,z,s) in the transformed domain can be obtained easily.

However, this demands a study on the Eigenvalues and their corresponding Eigenvectors
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of the matrix A(¢&,s) denoted as a and v, respectively. Thus, the characteristic equation

of the matrix A(&,s) can be obtained as follows:
A’ +b,A* +bA% +b, =0, (3.17)

in which b =[-a;s&* - (a2 +a,a, )k &1/ k! b, = -[a,s + (k, — 2a,k; +aa,k!)E*]/ k! and

vV k)

b = ([-2a, + a{(a, —1)* + a,8,}Is&? + (—2a,k, + aa,k, +a’k, +a,a,k])EY) 1k .
It is noted that the characteristic equation (3.17) of the matrix A(&,s) can be obtained
from the following equation:

[A(&5) Mg [v=0 (3.18)

where 1., denotes the 66 identity matrix. The above equation (3.18) will have a non-
zero solution v if and only if the determinant of the matrix [A(&,s)-Mg, | is zero.
Therefore, the Eigenvalues of A(¢&,s) are values of  that satisfy the equation
|A(&5)-M|=0.

In order to determine the six possible roots for the equation (3.17), it is worth assuming

y=A?due to the fact that only even power terms appear in the equation. Thus, equation

(3.17) yields the following cubic equation:
Y +bA% +bA+b, =0, (3.19)

in which the Eigenvalues a of the matrix A(¢&,s) can be obtained as square roots of the
roots of the equation (3.19), i.e., a=+./y . Therefore, the six possible Eigenvalues of the

matrix A(&,s) can be represented as follows:
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A==y, ==7 +ieg, 1=1,2,3;
A =+JYy; =—)A, =456, (3.20)

where —y, and iq, is referred to as the real and imaginary part of the root, respectively. To

be convenient, the parameter A is introduced as follows:

2 3
(5](3]
2 3
with p, =b,—(b,2/3) and q, =h, + (2b,>/27) - (b,b, /3).

As mentioned earlier, the general solution to the system of ordinary differential
equations given in equation (3.15) depends on both the Eigenvalues and vectors of the

transformed matrix A(¢&,s) which have to be determined in advance. The latter can be

obtained as the solution to equation (3.19). As for the solution to the cubic equation (3.19),
three different Cases can occur depending on the sign of the parameter A introduced in

equation (3.21). Namely, Case one (A >0), Case two (A <0), and Case three (a =0).

Case one
For a positive A, equation (3.19) has one real root y, and two complex conjugate roots,
namely, y, = yJ, where the symbol { denotes the conjugate. This implies that two of the

six Eigenvalues of the matrix A(¢&,s) are real, namely, 1, and 2,, while other four, i.e.,

Ay, A5, Mg, @nd 2, are complex as shown below:

M=y =71 A==y, =—(r, +ia), 7“’a‘:_\/)TI'B=_\/E=_(7/3_i0()’

===y, Ag=—h,=p,+ia, Ay=—A; =y, —ix, (3.22)
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inwhich y, =,, considering the relation y, = y;. In this case, since 1, and ,are real, then,
their corresponding Eigenvectors v, and v, are real. However, as x,,A,,A,, and ., are
complex, hence, v,,v,,v, and v, are complex. Besides, v, = v} and v, = v{, since 1, =1}
and A, =A{, where the symbol { denotes the conjugate. Therefore, for Case one the

general solution to equation (3.15) can be obtained as follows:

V(&,2,9) =) Evie" + Ejh,e 7 + Ethye 7 + Efhe’” + Eghe’™, (3.23)

i=1,4

in which y, =»,, which denote the real part of the Eigenvalue and E/ (i=2,3,5,6)are

arbitrary constants. The vectors h. (i=2,3,5,6) inequation (3.23) are expressed as follows:
h, =cosazv{® +sinazv", h, =-sinazv{® +cosazv}’,
h, =cosazv® —sinazv{", h, =sinazv{® +cosazv!’, (3.24)
with v(® and v (i = 2,5) being the real and imaginary part of v, (i =2,5), respectively.
Case two

For the case where A is negative, all the three roots (y,, y, and y,) of equation (3.19)
are distinct and real. In the scenario where y,,y, and y, are all positive, then all the
Eigenvalues and their corresponding Eigenvectors of the matrix A(&,s) are all real. In this

case, the general solution to equation (3.15) can simply be obtained as:

\T;(é‘,z,s):iEivieX'z, (3.25)
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where v, (i=12,...,6) denotes the Eigenvectors of the matrix A(¢&,s). The Eigenvalues
in above equation (3.25) can be obtained as: x, =—Jy, ==y, , A ==Y, =—7, ,
Aa=—Ys ==Var Ay =M =00 hs =—hy =15, A =—Ag =, . HOWeVer, with a negative A, itis
also possible that y, and y, might be negative. In this scenario, the Eigenvalues of the
matrix A(¢&,s) are as follows:

==V =7 A==y, ==y, +iay, A==y, = tia,,

Ay=—M =0 s ==k =1y, g =—hy=—p3tia, (3.26)

where, the real parts y, =, =0 and the imaginary part «, =0. Therefore, in this particular

case, the general solution to equation (3.15) can be expressed as:

V(&,2,9) =Y Evie" +E; he?? +EJ he ™ +E! he”” + E{ he'®, (3.27)

i=1,4

where E" (i=2,3,5,6) denote the arbitrary constants and the vectors h, (i=2,3,5,6) are

given by:

h, =cosa,zv{® —sinaz vy, h, =cosa,z v{¥’ —sina,zv{" ,

h, =cosa,zv® +sinazvy’, h, =sina,zv{® +cosaz v, (3.28)
with v® and v(" (i = 2,5) being the real and imaginary part of v, (i =2,5), respectively.

Case three
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In the case where A=0 (p=0,q=0), equation (3.19) has one real single root y, and one
double root, i.e., y,=y,. Thus, the eigenvalues of the matrix A(&,s) have the following

forms:
M==\IV =7 Ay ==Yo =—Vos Ag=—\Ys =73,
M=M=V A ==K, =75y A =—h3 =73, (329)

in which a, =a, and 2, =2,=-2, since the two roots y, and y, are equal. Hence, the

general solution to equation (3.15) can thus be given as follows:

y(&,z,8)=) Evie+ > E"ke"’ (3.30)

i=1,4 i=2,356

were, E” (i=2,3,5,6) are the arbitrary constants and the vectors k, (i=2,3,5,6) are

obtained from the following expressions:
K, =Vio +2vi) s Ky =vy)) +2vy),
ke =V + v, Kk, =V + v, (3.31)

in which the vectors v{’ and v{” (i=12; j=0,1) are determined by the following

equations:
[A(&8) =R loe ] V=0, Vi) =[A(£,5) =y I ] V7, j=12,

— 2 —
[A(E5)+h, Lo | V5 =0, V) =[A(&,5) 41, 156 VS j=12.

It is noted that Case three corresponds to an isotropic saturated soil, while, the other

two cases (case one and two) correspond to an anisotropic saturated soil.
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In summary, for all the three above-mentioned cases, the general solution to equation
(3.15) can be represented uniformly in the following form:

\T’(§1 Z!S) = ZB: E:Vie_yiz + ZG: Ei*\/ieyi’:iz ’

i=1 i=4

(3.32)

in which E (i=1~6) are referred to as the arbitrary constants; y; and V; (i=1~6) are
the ith real part of the Eigen value and the Eigenvector of the matrix A(&,s), respectively.

Note that the concrete representation of the above equation (3.32) depends on the property

of the roots for equation (3.19) as described in the aforementioned three cases.

3.3 The reflection and transmission matrices (RTMs) for the layered half-space TISS
subject to a vertical point force

In this section, based on the general solution established in the previous section, the
reflection and transmission matrices (RTMs) corresponding to the static wave vector

associated to arbitrary points on the layered TISS half-space are demonstrated briefly.

3.3.1 The state and static wave vectors and the corresponding transfer matrices
For all the three cases mentioned in the previous section, the general solution to

equation (3.15) can also be expressed in the following form:

T
1

V(52,9 =M(&,2,9)W(£,2,5), W(£,2,5) = (W] (£,2,5),W; (£,2,5)} (3.33)

where the six-dimensional vector W(&,z,S) denotes the static wave vector, in which
* * T * * T
Wy (&,2,5)={Ee ™ E,e7” Eje "} and w, (£,2,5) ={E,e” E;e’” E,’*| , where each

contains three negative and positive exponential terms and corresponding arbitrary
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constants and they denote the down-going and up-going wave vectors, respectively. In the
above equation (3.33), the state vector is related to the static wave vector by the 6x6

transform matrix M(&,z,5), which according to equation (3.32) can be expressed as

follows:

M(&2,5) =[V,V,V,V, V.V, ]. (3.34)

For simplification purposes, it is noted that the parameters & and s will be omitted in

the subsequent analysis. Thus, referring to the decomposition of the state and wave vectors,

the transform matrix can be decomposed as follows accordingly:

(3.35)

M(Z){Dd(z) Du(z)]

S4(2) S,(2)

where D,(z) and D,(z) are the 3x3 sub-matrices of M(z) that combine the down-going
static wave vectors into o, while S, (z) and S,(z) combine up-going static wave vectors

into f.

At this step, for a scenario where both plane z, and z are located in the same soil
layer and z is assumed to be below z,, then, according to equation (3.33), the static wave

vectors W(z;) at the plane z; can be obtained as:

T
)

W(z,) = {w (z,) W] (z3)} (3.36)
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* * T * * T
with W, (z,)={E€e”* E;e’ Eje”* | and w,(z,) ={E,e"" E;e&’* E;e’} . While
introducing the wave vector transfer matrix T%(z,z,), the static wave vectors W(z) at

the plane z can be obtained by the following relation:
w(z) =T (z,z,)w(zg), (3.37)

where T"(z,z,) = A(z—z,) is referred to as the wave vector transfer matrix relating the

static wave vector W(z) at the plane z to the wave vector w(z;) at the plane z;, In which

o ) 0 o, 0 0
72—-12
A(z—zR):[ . Rg_l },Q(z—zR): 0 w, 0 |,
(2=27) 0 0 w,
a)ll — e*(Z*ZR)Vl , a)22 — e*(Z*ZR)Vz , a)33 — e_(Z_ZR)}’a . (338)

Besides, with the use of equations (3.33) , (3.37) and (3.38), the state vectors at the planes

Z and z; can also be related as follows:
W (2) = M(2)W(2) = M(2) A(Z — 2 )M (2 )M(2)W(Z¢,)
=M(2)A(z - 2 )M (2:)W(27) = M(2)T™ (2,2, )M ™ (2:)9(25) - (3.39)

Hence, introducing the state vector transfer matrix T (z,z,) which relates the state
vector y(z) at the plane z to the state vector y(z;) at the plane z,, equation (3.39) is
reformulated as follows:

W(2) =T(2,2)9(2), (3.40)

in which T®(z,z,) = M(2)A(z -z, )M *(z,) = M(2) T (z, 2, )M *(z3,) -
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As mentioned earlier, plane z; and z belong to the same soil layer, thus the wave and state

vector transfer matrix defined in equation (3.37) and (3.40), respectively can be used
relating two arbitrary planes in the same soil layer. However, for any two planes that belong
to two different soil layers of the layered half-space, equations (3.37) and (3.40) cannot be

applied directly.

Suppose that the ith interface is free of any external sources and in addition, the
layered saturated soil is fully bound and permeable at all the interfaces. Hence, the

following continuity condition holds at the ith interface:
v(z)=w(z"), (3.41)

where z, denotes the vertical coordinate of the ith interface and z and z* denotes the

vertical coordinate of a plane approaching the ith interface from the upper side and
downside, respectively. By using equations (3.39) and (3.41), the following equation is

obtained:

Wz ) =T @, 20)w(z"), T (,27) =M @M (2, i=1-N, (3.42)

where T"(z”,z0) denotes the transfer matrix at the ith interface for the wave vector;

M (z) and M (z) are the transform matrices between the state and wave vectors at the

coordinates z” and z® , respectively. It is noted, however, as the transform matrix
M(z;) depends on both the vertical coordinate and the material parameters associated with
the coordinate, M (z) and M (z”) depend on the material parameters of the Lth and

L.,th layers, respectively, and hence they are usually not equal. Thus, T"(z"”,z"”) is not
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usually equivalent to the identity matrix. By using equations (3.40) and (3.41), the transfer
matrix linking two state vectors of two arbitrary planes of the layered TISS can be obtained.
Also, with equations (3.37) and (3.42), the transfer matrix linking two wave vectors

associated with two arbitrary planes of the layered TISS is also obtainable.

3.3.2 The expressions for the RTMs of the layered half-space TISS
In this section, two examples are used to illustrate how the RTMs of the layered half-
space TISS can be related to the transfer matrices of the wave vectors of the layered TISS

introduced in the previous section.

First, suppose two arbitrary coordinates z, and z, where (z,<z,) and their

B

respective wave vectors wW(z,) and w(z ) Since z,and z, are arbitrary, the soil layer
Ls(z,,z,) may be inhomogeneous with an arbitrary number of interfaces. Thus,

considering the definition for the down-going and up-going wave vectors in equation (3.33),

the wave vectors w(z,) and w(z,) can be related as follows:

{Wd (z/)} ) {T“%N’(zﬂ, 2,) T (25, Z“)HWd (Za)} (3.43)

Wu(zﬂ) Tu(\[;V)(Zﬁ! Za) TU(XV)(Zﬂ’ Za) Wu(za)

where w, (z,)and w,(z,) denote the down-going and up-going wave vectors at the plane

Z,; Wy(z,) and w,(z,) are those at the plane z,; Tg”, To”, T3 and T are the

al

3x3 sub-matrices of the wave vector transfer matrix T"(z,,z,) . By reformulating the

above equation (3.43), the RTMs for the soil layer L (z,,z,) can be introduced and
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obtained, assuming the wave vector transfer matrix T“N)(zﬁ,za) to be known a priori.

Thus, equation (3.43) can be rewritten as follows:

{wu(za)}_ Ry(24:2,) T, (25,2,) {wd(m}
Wy(z,)| | Ti(z,02) Ry(z,02,) || W,(z5)]
(3.44)

in which R,(z,,z,) and R,(z ) are referred to as the reflection matrices of the soil

prla
layer L(z,,z,) for the down-going and up-going wave vectors; while, T,(z,,z,) and

T, (z,,2,) are the transmission matrices of L (z,,z,) for the down-going and up-going

wave vectors, respectively. As noted above, if the four sub-matrices of the wave vector

transfer matrix T"(z,,z,) in equation (3.43) are known in advance, then, the RTMs

defined in equation (3.44) are obtainable by the following equations [64] :

Ry(25.2,) == T8Nz, 2,)TE" (2. 2,) » Ru(25.2,) = T8 (25, 2,) TS (2. 2,.)

T(2,2,) =Ty (2,,2,) T (2,,2,) T8 (2, 2,) Ty (2, 2,),
T, (2,,2,)=T8"(z,,2,). (3.45)

For the second example, suppose three state vectors y(z,), y(z,) and (z,) for planes
z,,z;,and z, (z, <z,<z,), respectively, and their corresponding wave vectors w(z,),

w(z,) and w(z,), receptively. Noticeably, the state vectors y(z,)and w(z,) can be

related as follows:

¥(z,)=T(z,,2,)9(z2,) =T(z,,2,)T® (25, 2,)¥(2,) . (3.46)
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and the wave vectors W(z,) and W(z,) at the planes z, and z, , respectively have the

following relation:
w(z,)=T"(z,,2,)w(z,) =T"(z,,2,)T"(z,,2,)w(z,). (3.47)

At this step, it is worth noting that the RTMs for the soil layer L (z,,z,) can be

7! Ta
obtained by combining the RTMs for the soil layers L (z,,z,) and Ly(z,,z,) . Therefore,
by using equation (3.45) and assuming that the RTMs of the soil layers L (z,,z,) and

Ls(z,,z,) areknown in advance, the RTMs of the soil layer L (z,, z,) can thus be gotten

as follows [64]:

Ry(z,.2,)=Rq(25.2,)+ T, (2, 2)1.(2,.2,.2,)Ru (2, 2,) T4 (2. 2,)

7! Ta
R,(z,.2,)=R,(z,.2,)+ Ty (z,,2,)R (2, 2,)T;}(2,,2,,2,)T,(2,.2,) ,
T,(z,,2,)=T,(z,.2,)0,(2,.2,,2,) T, (25, 2,) ,

T, (z

) =T, (25,2,)1.'(2,.2,,2,)T,(2,,25),

7! a
I.(z,,2;,2,)=1,;-Ry(z,,2,)R (2,,2,),

Fb(z;/' Zﬂ’ Za) = I3><3 _Ru (Zﬁ7 Za)Rd (Z;/’ Zﬁ) ’ (3'48)

where 1., isthe 3x3 identity matrix.
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3.4 Solution of the layered half-space TISS obtained by the RTM method
In this section, the solutions for the layered half-space TISS subjected to external
sources are established based on the RTMs for the layered TISS proposed in the previous

section.

free surface

layer L, hy
a
I
I
I
n
layer L, source n
a
layer L.y hyg
1
|
|
! -
it
layer L; h
‘.d_
|
|
| z
N
layer Ly, half-space
4
4

Figure 3. 1 Schematic of the layered half-space TISS with N +1 layers subjected to an external point
source

Figure 3.1 illustrates the layered saturated soil with N +1 layers subjected to a source

at the interface between the Lith and L, th layers. Due to the presence of the source, the

layered TISS can then be separated into two parts. However, in case the source is applied
in a homogeneous layer rather than at a soil interface, the homogeneous layer can be

divided into two layers artificially by the source plane.

Since the interface between the layers L, and L, is subjected to a source, the

following jump condition for the state vector holds:
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Mz )W(Z) -MEZw(z) =, (z)| (3.49)

where y(z, )[ denotes the jump of the state vector at the source plane. Suppose that at

the point (r,z) =(0,z ) there is applied a vertical force Q along the z -direction, then all
the quantities in the state vector as defined in equation (3.15) except 5 are continuous

when across the source plane. Thus, one has:

v =l o]0, {2 .00]

r

fT

(e fQ 1
v.(z)| = { —{”S,O,O} , (3.50)

where o0(*) and H(*) are the Dirac and Heaviside functions, respectively. In order to

apply the fundamental solution in the next Chapter 4, the radius R of the circular path

should be taken into account, thus, for a circular uniform patch load with the centre located
atthe point (r,z) = (0,z ) and the resultant force Q inthe z -direction, the jump of the state

vector at the source plane has the following expression:

u|*=o,f|j:{%H(t),o,o} o[ =0,f| = {QR‘] 1(Re) 0 o} , (3.51)

ASs
in which R and A represents the radius and the area of the circular patch load, respectively.

By considering equation (3.35), equation (3.49) can be reformulated as:
D, (z") D,(z”) | [wy(z)| | Dy(z7) D, (z7) |[wa(@)|
s . S ol B o oyt v@) 352)
S¢(z7) S.(@™) Jw,(@™)] |Sa(@™”) Su(z7) ] {w,(z7)
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Assuming that for the soil layer L (z”,z,), the reflection matrix for the up-going
wave vector is R, (z, z,) , where z, is referred to as the vertical coordinate at the surface

of the layered half-space TISS, then the following equation for the wave vector w, (z*)

can be obtained:

w, (7)) =R, (27, z,)w, (z1). (3.53)
Similarly, supposing that R, (0, z") is the reflection matrix of the soil laye L (e, z")
for the down-going wave vector, then, the wave vector w, (z") can also be represented
by:

w, (z) =R, (0, 2w, (z) . (3.54)

Thus, Employing equations (3.53) and (3.54), equation (3.52) yields the following

equation for the wave vectors w, (z") and w,(z"):

D, (z{")+ D, (z{7)R, (0, 2{") =D, (z7)- D, (z1)R, (7, 2,) || w,(z(”)
S, (z')+S, (z")R, (0,2) =S, (z)-S, (2R, (2", z,) ||w,(z")

=y, (z)| (3.55)

With the above equation (3.55), the wave vectors w,(z"”) and w,(z{?) are
obtainable, therefore, the wave vector at the plane (z”) above the source and that at the
plane (zg*’) below the source can be obtained using the RTMs of the corresponding soil

layers, i.e.:

{m(zﬁ‘))}_F@”)(zﬁ-%z.(-)) T (z,20) } {Ru(zf-’,zawu(zf-b}

w,(z7)) [T @0 2 T @0 77) Jw, (77)
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{m(zgﬂ)}{Tﬂ“(zgﬂ,zf”)Td?”(zg”,z.‘”)} {wd () } .56

w, @) T8E0. 20 TEE20) | R,z w, (1)

At this step, It is noted that the wave vector transfer matrix T (z?,z) in above
equation (3.56) is equal to the inverse of the transfer matrix T (z,z0) i.e.,
T2z, 217), therefore, the sub-matrices of T™)(z9,z7) can be represented by the
RTMs of the soil layer L (z”,z). Hence, using equation (3.45), at the plane z> above

the source, the up-going and down-going wave vectors are as follows:
w, (z7) =R, (27,21, (27, 27, )T, (1, 27)w, (z7)
w, (z0) =T (7,29, 2,)T, (21, 20w, (z0) . (3.57)

140

By using the wave vector at z\” in above equation (3.57), together with the wave vector
transfer matrix defined in equation (3.42), the wave vectors at z* can also be obtained as

follows:
w(z?) =Tz, 20)w(z?) . (3.58)

At this step, the wave vector at any random plane z belonging to the layer L, can be

represented, considering the wave vectorsat z{*) and z\7.i.e.:

w,@| _[2%@-2.) 0 ]fw, @] @59
w@f [ 0 e9G-2]lwe)

Likewise, at the plane zé*) below the source, the up-going and down-going wave vectors

are obtained as follows:
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Wy (Z((;)) =T, (o, Zéﬂi 7T, (Zc(;) 27w, (27),

W, (287) =Ry (o0, 2" (o0, 287, 20Ty (287,27 )Wy (217) . (3.60)

In a similar way, by using of the wave transfer matrix at the interface z, the wave
vector at z;" can be determined, and the latter can be used together with the waves vectors
at zf; ) as in equation (3.59) to obtain the wave vector at any arbitrary plane z within the
layer L,. It is noted that the procedure followed to determine the RTMs R,(z”,z{”) and
T, (z7,z9) is slightly different from that to obtain R, (z",z,) used in equation (3.57).
The RTMs R, (z?,z”) and T,(z”,z7) can be obtained by using equation (3.48),

repeatedly. And on the other hand, the boundary condition at the surface of the layered

half-space soil should be involved in order to obtain R, (z?,z,). To account on that, if

the surface of the layered TISS is assumed to be free of any stress and permeable for the

pore fluid, then, at the surface of the layered half-space, the following conditions hold:
59 =0,7" =0, p?=0. (3.61)
With equations (3.33) and (3.61), one has:
W, (287) =R, (2w, (z57), W, (z57) = R (Zo)W, (z57)
R, (7,) ==S;'(z") S, ("), (3.62)

inwhich R, (z,) is referred to as the reflection matrix of the surface of the layered soil for

the up-going wave vector. Since the RTMs of the soil layer L (z",z{”) can be determined
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via the conventional procedure (section 3.3.2), hence, employing the RTMs of the soil layer

L (z,2z{"), equation (3.44) can be reformulated as:

{Wu (zé+))} B {Rd (29,287 T, (29, 287) }{Wd (Zé+))} (3.63)

we(z7)] [Tz zg”) Ru(z7,257) | (w,(z)
By using equations (3.62) and (3.63), one has the following expression for w, (z{"):
W, (287) =[R. (29) =R,y (20, )T, (20, 2w, (20, (3.64)

And employing equation (3.64) into equation (3.63), w, (z{”) can be expressed in terms

of w, (z7) as shown in the following expression:

w, (z7) ={R, (277, 25”) + Ty (27, 25" M50 Ry (27, 257 )R, (2,)17

T (27,257 )w, (z7), (3.65)
in which |, ;denotes the 3x3 identity matrix.

When use equation (3.60) to determine the wave vectors at the soil layers below the

source, the RTMs R, (z{”,z(") and T, (z{”,z*’) can be obtained using the conventional

procedure. However, when determining R (o, z{"), the fact that R, (o0, z{?) Vvanishes,
resulting in the equivalence of R (w0, z{’) and R (zy);,z{") should be accounted for.
3.5 Summary

In this chapter, based on the reflection-transmission matrix (RTM) method originally

developed for addressing the wave propagation problem in the layered elastic medium, the

fundamental solution of a layered Transversely Isotropic Saturated soil (TISS) subjected
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to a uniform distributed vertical load was obtained. First, a system of partial differential
equations was derived based on the governing equations for the TISS in cylindrical
coordinate. Using the Hankel-Laplace integral transformation method reviewed in
Chapter 2, the system of partial differential equations was reduced to a system of ordinary
differential equations with which the general solution can be obtained. Later by means of
the RTM s for the layered TISS, solutions for the layered TISS subjected to external sources
were derived. The fundamental solution for a layered TISS obtained in this chapter will be

a useful tool in deriving the integral equation for the pile (Chapter 4).
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Chapter 4 Analysis of a vertically loaded pile embedded in layered TISS

In this chapter, based on the fundamental solution developed in the previous Chapter
3 together with adopting the fictitious pile method due to Muki & Sternberg [11, 12], the
second kind of Fredholm integral equations for the pile embedded in the layered TISS will
be derived. It is noted that the fundamental solution for the extended layered TISS is

obtained via the RTM method (Chapter 3).

This chapter is organized as follows: First, the Fredholm integral equation of the
second kind for the pile in the transformed domain will be developed in which the unknown
axial force for the fictitious pile can be determined through numerical calculations (Chapter
5). Once the axial force of the fictitious pile is obtained, the Fredholm integral equation for
the real pile axial force can thus be developed in the transformed domain. Finally, the
integral equations for other variables such as the real pile displacement and the pile-side

soil pore pressure can be obtained, similarly.

It noted, however, the solutions for the real pile axial, displacement and the pile-side
soil pore pressure obtained in this chapter are in the Laplace Transformed domain. Thus,
numerical methods for the second kind of Fredholm integral equations will be used to
obtain the above solutions in the transformed domain, then, with the use of both numerical
inversion of the Laplace transform and the Hankel transform (Chapter 2), the time domain

solutions can be retrieved.

4.1 Establishment of the Fredholm integral equation for the pile
In this section, the pile subjected to a static vertical load embedded in a two-layered

TISS is used as an example to show the procedure to establish the integral equation for the
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pile. The integral equation for the pile embedded in the layered TISS with arbitrary layers
can also be established by following the same procedure. Following Muki’s fictitious pile
method, the pile-soil system is decomposed into an extended layered half-space TISS and
a fictitious pile (Figure 4.1). As noted above, the extended layered TISS is treated as a
three-dimensional continuum medium, while the fictitious pile is as a one-dimensional bar.
The radius and length of the pile are assumed to be r and ., respectively. According to
the fictitious pile method, the Young’s modulus of the fictitious pile can be obtained by

subtracting the elastic modulus of the soil from the elastic modulus of the real pile, namely

[Q(t)+N,(t,0)]/A N. (t,0)
_xo
i E.
Fong e s
3 AN osIt
L vV
ol 3
A W N s 1) Layer (L,) E.
N o/a ] N D)
I I,

Figure 4. 1 Schematic of (a) the extended saturated half-space and (b) the fictitious pile extracted from the
pile-soil system

E.=E,~E. E.,=E,—E,, (4.1)
where Ep*1 and Ep,‘2 are the Young’s moduli of the segments of the fictitious pile

corresponding to the segments of the real pile embedded in the first and second layer,

respectively; E_ is the elastic modulus of the real pile; E, and E,, the vertical Young’s

moduli of the first and second soil layers, respectively.
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As shown in Figure 4.1, it is assumed that the pile is subjected to an external load

Q(t) at the top. The axial force of the fictitious pile at time t is N, (t,Z) ; the vertical
distributed load along the fictitious pile at time t is 0, (t, Z) ; and the top and bottom of the
fictitious pile are subjected to the forces N,(t,0) and N,(t,L) at time t, respectively. The
layered TISS is subjected to the reaction force 0, (t,z) from the fictitious pile which is
distributed overI1(z) uniformly, where I1(z) denotes the circular area equivalent to the
cross-section area of the pile with the vertical coordinate equal to Z and Q(t)+ N, (t,0) as

well as N, (t,L) distributed over I1(0) and TI(L) uniformly, respectively. According to the

equilibrium condition for the fictitious pile, the vertical distributed load along the fictitious

pile and the axial force of the fictitious pile at time t have the following relation

N2

4 (4.2)

qd, (t’ Z) =

According to the aforementioned Muki’s fictitious pile method, to accomplish the
compatibility between the pile and soil, the axial strain of the fictitious pile is assumed to

be equal to the vertical strain of the extended layered TISS along the z-axis, namely
&, tr,2)| _,=—¢,(t2), 0<z<h, h<z<L, (4.3)
in which ¢,(t,r, z)|r=0 represents the vertical strain of the extended TISS half-space at the

center of the cross-section I1(z) at the time + and g (t,z) represents the axial strain of the

fictitious pile at the coordinate z at the time ¢. The axial strain of the fictitious pile at the

coordinate z is as follows:
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&, (t,2)= = A =12, (4.4)

in which A= 7R’ represents the cross-section area of the pile

In this study, for generality, the external load acting at the pile top is assumed to be
time dependent. Also, during the consolidation process, the axial force of the fictitious pile
and the vertical distributed load along the fictitious pile are time-dependent. Hence, the
external load, the axial force and the vertical distributed load acting on the fictitious pile

can be represented by:
Q(1)=Q(0)+ [\ Q(r.2)d7, N.(t,2)=N.(0,2)+ [ N.(r,2)dr,

q,(.2)=0,(0.2)+ 4, (v.2)d, (45)

where the variable with a dot denotes the corresponding time derivative of the variable.
Further, for the convenience of the subsequent presentation, the convolution between two

arbitrary functions defined in equation (2.13) is adopted herein.

In view of the forces acting at the extended layered TISS, and with the fundamental

solution for the layered TISS (Chapter 3), the vertical strain ¢, (t,r, z)|r=O of the extended

layered TISS at the center of T1(z) can be expressed as follows:
&,(tr,2)|_, =Q(0)&{®(t,0,2) +Q(t) * £/ (t,0,2) + N,(0,0)£{°(t,0, z)
+N, (t,0) *£9(t,0,2) =N, (0, L) (t,L, z) = N, (t, L) * £ (t, L, 2)
[, 0,0.0e9 (1., )dE - [ 6,(t.8) %@ (t,£,2)dE, (4.6)
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in which N, (t,0) and N,(t,L) represents the reaction forces corresponding to the forces
acting on the top and bottom of the fictitious pile at time t and £(®'(t, &, z) is the vertical

strain at T1(z) caused by the unit uniformly-distributed load acting over T1(&).

Using equation (4.2) and integrating equation (4.6) by parts taking into account the

discontinuity of £(*(t,&,z) at T1(z) and the jump of the axial force of the virtual pile at

the interface between the two soil layers, equation (4.6) can be rewritten as follows:
£,(t.1,2)],_, =Q(0)e{¥(1,0,2) + Q(t) * £ (1,0, 2)

+N,(0,2)[e®(t,z_,2) —£®(t,z,,2)]+ N, (t, 2) *[¢(t,z_, 2) - ©(t, 2., 2)]

N 0eP(ED) . [y g oy, 6D (1E,2)
[ N.©9 TR [ N.to) e @.7)

where z, and z_ represent the vertical coordinates approaching z from the down and

upper sides infinitely. As detailed in the appendixes (Il), the expression

®(t,z,,2) - (t,z_,z) associated with the fundamental solution of the TISS in equation

4

(4.7) can be represented as follows:

=@,z ,2) =10 = P g 5 (4.8)

Ot z,,
AE, (1-Vy)

Applying the above-mentioned pile-soil compatibility condition given by equation
(4.3) and using equations (4.4) and (4.7), one has the following second kind Fredholm

integral equation for the pile:

N,(t,2) s
— 22 NL(0,2)[e9(t, Z,
E A 0,2)[¢,”(t, 2,

pl

2)-e9(t,z_,2)]+
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0e’® (téz)dg

N (t2)* [ (.2, 2) - (2, 2)]+ | N,(0,€) >

0e®©

LLN*(t,f)*%dg:Q(O)eﬁ“”(t.o, 2)+QM)*&”(t0.2),i=12.  (49)

To eliminate the time derivatives in equation (4.9), the Laplace transform and the
corresponding inverse transform given by equations (2.7) and (2.8), respectively, are
introduced. Thus, taking the Laplace transform on equation (4.9) with regard to time t, the

transformed second kind Fredholm integral equation of the pile is reduced to:

~ Ni(s,2)

= (Z)A+[_(G)(S, +,Z)—EZ(G)(S,Z_,z)JsN*(s,z)

+I sN.(s, 5)#% $Q()2®(s,0,2), i =12, (4.10)

in which the variable with a bar denotes the variable in the Laplace transformed domain.

4.2 Expression for the axial force of the real pile

The axial force N(t,z) of the real pile can be determined by adding the axial force of

the fictitious pile to the force acting on T1(z) . Likewise, it can be represented as follows:
N(t,z) = N, (t,0) —[Q(O) f©(t,0,2) +Q(t) * f©(t,0,2) + N,(0,0) f °)(t,0, 2)

+N, (t,0)* £ (t,0,2) =N, (0, L) f ' (t,L,z) = N, (t, L) = f ©(t, L, 2)

J, QAL E DA 46O (O E e (4.11)
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where f©(t,&,z) is the time-dependent fundamental solution representing the force
acting on I1(z) caused by a unit uniformly-distributed load acting over I1(&) with the
compressive force considered to be positive. The force f®(t,&,z) can also be obtained

by the fundamental solution (Chapter 3). The appearance of the negative sign before the
brace is because the sign convention for the normal stress of the soil and that of the pile are

opposite.

Similarly, by using equation (4.2) and considering the discontinuity of f((t,&,z) at
I'1(z) and the jump of the axial force of the fictitious pile at the interface of the soil layers,

then integrating by parts equation (4.11), one has the following:
N(t,z) = N,(0,z)+ N, (t,z) -Q(0) ' (t,0,2) - Q(t) * f [*(t,0,2) +

N.(0,2)[f©(t,z,,2) - f9(t,z_, 2)]+ N, (t,2) *[ f O (t,z,,2) — T (t,z_, 2)]

G) ©)
e R TR

(4.12)

Likewise, f©(t,z,,z)— f(®(t,z_,z) associated with the fundamental solution of the

TISS has the following property:
fO,z,2)- 9t z,2)=-1. (4.13)

In a similar way, taking the Laplace transform of equation (4.12) with regard to time
t, the axial force of the real pile in a transformed domain can be obtained by the following

second kind of the Fredholm integral equation:
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oA2(82) 4.

N(s, z) =—-sQ(s) F©'(s,0, z)+j sN, (s, &) >

(4.14)

4.3 Expression for other variables

In this section, by utilizing of the axial force of the fictitious pile (section 4.1) and the
fundamental solution of the layered TISS (Chapter 2) both the vertical displacement of the
real pile and the soil pore pressure will be derived. It is, however, necessary to point out
that the difference between the derivation of the displacement and the axial force relies on

the fact that when the source section TT(&) passes the receiving section I1(z) , the
corresponding fundamental solution u!®(t,&,z) associated with the displacement is
continuous, while the fundamental solution f(®(t,&,z) associated with the axial force

will undergo a jump. Thus, when deriving the expression for the displacement and other
continuous variables such as the pore pressure, it is not necessary to break the integral at

the receiving section T1(z) .
Therefore, by following the similar procedure, the vertical displacement of the pile in

the Laplace transformed domain can be obtained as follows:

0,(s.r,2)|_, =sQ(s)u®(s,0,2) - I sN, (s, 5)&252)% (4.15)

where T, (s,r,z)|r=0 is the transformed vertical displacement of the pile; G‘® (s, &, z) is the

transformed fundamental solution denoting the vertical displacement at the center of I1(z)

caused by the unit uniformly-distributed load acting on T1(&).
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The transformed pore pressure in the layered TISS along the side of the pile can also
be obtained by means of the axial force of the fictitious pile and the corresponding
fundamental solution of the layered TISS as follows:

30652

% (4.16)

p(s.1.2)],_, =5Q() P (5.0.2) - SN, (5,8)

in which p (s,r, Z)|r:R denotes the pore pressure of the TISS along the side of the pile;

p® (s, &, 2) is the fundamental solution associated with the transformed pore pressure of
the layered TISS at the periphery of T1(z) due to the unit uniformly-distributed load acting

on I1(&).

4.4 Numerical solution of the second kind of Fredholm integral equation of the pile

embedded in a layered TISS

As mentioned earlier, in this study, the solution technique used to solve the second
kind of the Fredholm integral equations (4.10), (4.14), (4.15) and (4.16) mentioned in the
previous section, was successfully used by Niumpradit & Karadushi in [20]. However, in
this study, due to the layered soil type, the number of soil layers in contact with the pile are
taken into account. The integral along the pile embedded in the ith soil layer is divided

evenly into N{" (i=1~ N, ) number of segments with two end nodes delimiting each

segment, in which N, is the number of the soil layers in contact with the pile. Hence, the

NG
total segments used to discretize the pile is equal to Ny =Y NS . Due to the presence of
i=1

interfaces between soil layers and the discontinuity of the axial force of the fictitious pile

at the interface, two nodes belonging to different segments of the pile and coinciding at a
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soil interface should be treated as two different nodes. Hence, the total number of nodes is

equalto N, =N, +N, .

Adopting the method proposed in [20], the integral in equation (4.10) over the segment

of the pile with the end nodes z, and z,,, is evaluated as follows:

IZZ‘*lsN s, é)&zéz)dé_l { (s z. ) N- (s,zm)}x

(29 (5,202 )-8 (s,2,,2 )], j=1~ N (4.17)

Applying the above equation (4.17) to Fredholm integral equation (4.10), the following

system of N linear equations can be obtained

E(SA)+[§<G)(5,2,+, 2)-59(s,2,.,2) |sN-(5.2

%is[ﬂl*(s,zjﬁN*(s,zm)}[@@(s,zm,zi) (G)(S’ZJ’Z')]

=5Q()£°(s,0,7), i=1~N,. (4.18)

By solving equation (4.18), N discrete transformed axial forces of the fictitious pile

can be obtained numerically. As mentioned earlier, once the axial forces for the fictitious

pile are obtained, the axial force N(s,z) of the pile, the vertical displacements @, (s, z) and
the pile-side pore pressure p(s,z) of the layered TISS in the transformed domain can all

be determined numerically using their respective following equations.

53



Master Dissertation, Jiangsu University

N(s,z)=-sQ(s) f®(s,0,2) +

Ng

%Zs[ﬂ*(s,zj)+ N*(s,zm)}[f_z‘e)(s,zm,zi)— f_Z(G’(s,zj,zi)J, i=1~N,; (4.19)

j=1

u, (S’ Zi) = SQ(S)UZ(G)(S7O’ Zi) -
%is[ﬁ*(s,zjﬁ I\_L(s,zm)}[ﬁz(‘”(s,zj+l,zi)—Uz(G)(s,zj,zi)], i=1~N,; (4.20)
E(S, Zi) = SQ(S)ﬁ(G)(S, O! Zi) -
%is[ﬂ*(s,zjﬁ N_*(s,zm)}[ﬁ(‘;)(s,zm,zi)—ﬁ‘G)(s,zj,zi)], i=1~N,. (4.21)

Similarly, solving the above equations (4.19)~(4.21), N, discrete transformed axial

forces of the pile, vertical displacements and the pile-side pore pressure of the layered TISS

can be numerically obtained, respectively.

Note that the obtained solution for the pile is in the transformed domain. In order to
retrieve the solution in the time domain, an inversion of the Hankel-Laplace transform
(Chapter 2) has to be performed numerically. First, the inversion of the Hankel transform
involves evaluation of an infinite integral as shown in equation (2.2). Here, evaluation of
the infinite integral associated with the inverse Hankel transform is accomplished by
numerical integration, which is performed by calling the subroutine DQDAGI in IMSL.
For the numerical examples presented in this study, a relatively small error can be achieved.
Second, as mentioned earlier, in this study, the inversion of the Laplace transform is

accomplished by using the Schapery’s method. According to the Schapery’s method [51],
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the function in the time domain can be retrieved by the corresponding function in the

Laplace transformed domain via the following formula:
f (t) = [Sf_(s)]s=1/2t ’ (422)

where f(t) and f(s) represent the function in the time domain and Laplace transformed

domain, respectively.

4.4 Summary

In this chapter, the Fredholm integral equations for the vertically loaded pile embedded
in the layered TISS was developed with the basis of the elementary solution for a layered
TISS obtained in the previous chapter (Chapter 3), together with adopting the fictitious
pile method due to Muki & Sternberg. First, the pile-soil system was decomposed into two
parts, namely, the fictitious pile and the extended half-space and it was assumed that the
axial strain of the fictitious pile is equal to the vertical strain of the extended layered TISS
along the z axis. Then, based on the force acting on the layered TISS half-space together
with the fundamental solution and the Laplace transform, the transformed second kind
Fredholm integral equations for the axially loaded pile was established in which the
unknown becomes the axial force of the fictitious pile. With the fictitious axial force
obtained, other integral equations for pile axial force and other variables were developed
in the Laplace transformed domain. This chapter also highlighted the numerical inversion
methods of the Hankel-Laplace transformations adopted in this research. In the end, the
numerical solution for the second kind of Fredholm integral equations was detailed, taking

into account the number of interfaces present between the soil layers of the half-space.
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Chapter 5 Numerical results and corresponding analyses

In this section, numerical results for the response of the layered TISS to a point vertical
force and the vertically loaded pile embedded in a layered TISS obtained by the proposed
model are presented. First, numerical analysis on the behavior of the layered TISS is
presented. Then, to validate the proposed integral equation model for the pile, results of
this paper are compared with those of two existing solutions. Later, a parametric study on

the effect of different parameters on the behavior the pile in a layered TISS is carried out.

For the convenience of presentation, the following non-dimensional quantities are
defined:

@ w00 o u®

LR LR LR LR

N N@D o 0@ e p@) e PO@) 5 Q

, , (5.1)
Hg Liz Hg L2R Hg Hg Hg L2R

in which L., u, and k; are referred to as the reference length, shear modulus, and
coefficient of permeability; the quantities z, R*, u", N*, p", t"and Q" represent the
dimensionless depth, radius, displacement, pile axial force, pore pressure, time, and the
applied force, respectively. While, the quantities v*, w', s*, p~ denote the dimensionless

fundamental solution for the vertical displacement, horizontal displacement, vertical stress

and the soil pore pressure in the time domain, respectively.

5.1 Numerical analysis for a layered TISS subjected to a point force
In this section, with the aid of an example, the response of a three-layered TISS to a
vertical point force buried in the layered TISS is calculated by the proposed RTM method.
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Numerical results are given to discuss the effect of the transverse isotropy property of the

soil.

In this example, the half-space TISS is assumed to consist of three layers, namely, two
overlying soil layers and an underlying half-space layer. The material parameters for the
three soil layers are given in Table 5.1. In order to investigate the influence of the stiffness

ratio (7=E, /E, ) on the response of the half-space TISS, three different cases, each
associated with a different stiffness ratio value are considered. A stiffness ratio of 7 =0.5

is used for Case 1; =1.5 for Case 2 ; and 77 =3 Case 3. The vertical downward point
force is applied at a depth of z, = 6m, and the depths of the two receiver points are z, =3
m and z,, =9m. The radii of the two receiver points are R, =R, =3m. In this section,
the thickness, shear modulus 4, and coefficient of vertical permeability k, of the first soil
layer are used as the reference length L., shear modulus x, , and coefficient of

permeability kg, respectively.

Table 5. 1 Parameters for the soil used in the example (sect. 5.1)

Layer h/m E /Pa #, IPa k,.k, /m.s? Va Vi 7, /N-m*
number
1 8 2.8x10° 1.0x10° 1.0x107 0.4 0.4 9.8x103
2 8 2.8x107 1.0x107 1.0x107 0.4 0.4 9.8x103
3 - 2.8x108 1.0x10% 1.0x107 0.4 0.4 9.8x10°

The following Figure 5.1 depicts the time-dependent variation of the non-dimensional

vertical displacement v", the non-dimensional horizontal displacement w”, the non-

57



Master Dissertation, Jiangsu University

dimensional vertical stress s” and the non-dimensional pore pressure p™* at the two receiver

points of the layered saturated soil caused by the non-dimensional unit vertical point force.
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Figure 5. 1 Behavior of the two receiver points of the layered saturated soil due to non-dimensional unit
vertical point force (a) non-dimensional vertical displacement v*; (b) non-dimensional horizontal
displacement w"; (c) non-dimensional stress s™; (d) non-dimensional soil pore pressure p™

It follows in Figure 5.1 (a) that in all the two cases, the vertical displacement at all the
two receiver points increases over time. The vertical displacement will decrease with the
increase of the stiffness ratio at both receivers. it also shown that comparing the curves at
both receiver points, the vertical displacement decreases as the depth increases. Figure 5.1

(b) illustrates that for all case, the horizontal displacement at point one is negative, while
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positive at point two. It can be seen that except point one in Case 1, all other curves are
consistent with each other with a slight increase over time. Unlike the vertical displacement,
the horizontal displacement increases with the increase of depth. At the first receiver (point
one), the horizontal displacement increases with stiffness ratio, while decreasing at point
two. Figure 5.1 (a) and (b) also proves that, as the stiffness ratio increases, the difference

between the displacements curves at the two points will tend to get smaller.

Figure 5.1 (c) shows that the vertical stress slightly increases with the increase of the
time except that at point 2 for Case 1. At the first receiver point one, the vertical stress
increases with the stiffness ratio, while it becomes opposite at the second receiver point
two. Figure 5.1 (c) also shows a tensile stress at point one and like the vertical and
horizontal displacement, the difference between the vertical stresses at both points reduces
as the stiffness ratio increases. The pore pressure as depicted in Figure 5.1 (d), tends to zero
as the time increases due to the consolidation process. However, in the beginning, a
negative pore pressure is observed at the first receiver point one and a positive at point two.
It is also shown that the pore pressure at the second receiver (point 2) will increase with a

stiffness ratio while decreasing at point one.

5.2 Validation of the proposed integral equation model for the pile

Niumpradit & Karasudhi [20] obtained the final solution for the axial force of the
axially loaded pile embedded in the isotropic poroelastic half-space. To compare our results
with the final solution of [20], in the present study, the time takes a large value and the
relevant parameters are set as the pile length-diameter ratio L/d = 20; the soil Poisson’s

ratio v, =v,, =V, =0.25 and n=E, /E, =1, where E, and E, are the soil’s horizontal

Vi

and vertical Young’s moduli. As depicted in Figure 5.2, the pile axial forces corresponding
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to the above parameters and different pile-soil Young’s modulus ratio (E, / E,) obtained

by the proposed model in this study agree with those obtained by Niumpradit & Karasudhi

[20], thus, validating the proposed model.

1.0
N
= e = Niumpradit and Karasudhi [20]
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Figure 5. 2 Comparison of the pile axial force along the depth obtained in the present study with those by
Niumpradit & Karasudhi [20]
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Figure 5. 3 Comparison of the results obtained in the present study with those by Ai et al. [40] (a) the pile

axial force due to a unit point load N(z)/Q; (b) the non-dimensional vertical displacement u”

Ai et al. [40] investigated the influence of the stratification of the soil on the response

of the pile at different times. Two different cases, namely, Case 1 corresponding to a single

layer half-space and Case 2 a stratified soil consisting of three isotropic layers with the
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shear moduli ratio equal to g4, : 4, : 4,, =1:2:3 are considered in their research, wherein

the subscripts 1, 2 and 3 represent the first layer, second layer, and third layer, respectively.
Other parameters for the pile-soil system are as follows: the pile length-diameter ratio

L/d = 20; the soil Poisson’s ratio v, =V,, =V,, =0.3; the pile-soil Young’s modulus ratio
E,/E, =300 ; the coefficient of permeability k, =k, =1.2x10° ms™; the soil layer’s
thicknesses for the second case are h/d=h,/d =10 ; the soil stiffness ratio is
n=E,/E,=1. In this example, the non-dimensional vertical displacement and time are
defined as u” =u(z) AE; /QR and t" =2kt / »,R? , in which the reference E, u,, and
k, are taken as the vertical Young’s modulus, the shear modulus and the coefficient of
vertical permeability of the first layer, respectively; y, =9.8x10*Nm. Figures 5.3 (a) and

(b) show clearly that the pile axial force and the dimensionless vertical displacement
obtained by the proposed model agree with those obtained by Ai et al. [40] for a vertically

loaded pile in a multilayered saturated soil perfectly, again validating the proposed model.

5.3 Influence of the soil transverse isotropy property ()

In this section, one numerical example is used to present the effect of the ratio of the
soil horizontal Young’s modulus to the vertical Young’s modulus (the stiftness ratio
n=E,/E, ) on the response of the vertically loaded pile embedded in the three-layered
half-space TISS. Four different stiffness ratios, i.e., 7=0.5, =15, =2 and =3 are

chosen for Case 1, Case 2, Case 3 and Case 4, respectively, to display how the variation of
the horizontal Young’s modulus with respect to the vertical Young’s moduli of the three

layers affects the pile axial force, the displacement and the soil pore pressure on the pile
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side. In this example, for each stiffness ratio 7, , a stratified soil consisting of two overlying

soil layers and one underlying half-space layer defined by their shear moduli ratio:

Ly o M, s i, =1:1:2 i associated. The values of soil parameters in all the four cases are
tabulated in Table 5.2 and the pile parameters are as follows: length L =20m, radius

R =0.25m, and the Young’s modulus E_ =2.6x10°Pa. Since the proposed model is time-

dependent, the results after 1 day (t=8.64x10"s) and 30 days (t=2.592x10°s) are

discussed in this example. In this section, the thickness, shear modulus 4, and coefficient
of vertical permeability k, of the first soil layer are used as the reference length L, shear

modulus 1, and coefficient of permeability kg, respectively.

Table 5. 2 Parameters for the soil used in the example (sect. 5.3)

Layer h/m E, /Pa u,1Pa K.k, /m-s* v, Vi 7, /N-m*
number
1 10 2.6x107 1.0x107 1.2x107 0.3 0.3 9.8x103
2 10 2.6x107 1.0x107 1.2x107 0.3 0.3 9.8x10°
3 - 5.2x107 2.0x107 1.2x107 0.3 0.3 9.8x103

The variation curves of the normalized pile axial force N', vertical displacement u” and
the pore pressure p” versus the normalized depth are plotted in Figure 5.4-5.6, respectively.
And a comparison of all the four cases shows a great impact of the soil stiffness ratio on

the pile response.

As expected, the results shown in Figure 5.4 illustrate that the pile axial force will
increase as the stiffness ratio decreases except at the pile top and bottom where the curves

seem to converge.
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Figure 5. 4 Variation of the non-dimensional pile axial force N* along the depth at the times of (a) 1 Day;
(b) 30 Days

It is also shown in both Figure 5.4 (a) and (b) that for all Cases, the pile axial force

decreases with the increase of the depth, while the former will increase as time increases.

Similarly, Figure 5.5 illustrates that the vertical displacement of the pile also decreases
as the depth increases. Fig 5.5 also shows that unlike the axial force, a larger stiffness ratio
corresponds to a larger vertical displacement of the pile. It can be seen in both Figure 5.4
and 5.5 that the decrement of both the pile axial force and vertical displacement along the

first layer of the saturated half-space is bigger than that along the middle layer.

As depicted in Figure 5.6, the pore pressure on the pile-side tends to zero as the time
increases. For all three Cases, the pore pressure at the top of the pile vanishes, since the top
of the half-space soil is assumed to be permeable. All the curves first increase, then after
their corresponding marked peak, they decrease with the depth. Figure 5.6 also illustrates
that the pore pressure increases with the increase of the stiffness ratio. However, in Figure

5.6 (b), both curves in Case 3 and Case 4 intersect at one point in the first layer.
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Figure 5. 5 Variation of the non-dimensional pile vertical displacement u” along the depth at the times of
(a) 1 Day; (b) 30 Days
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Figure 5. 6 Variation of the non-dimensional pore pressure p” at the pile side along the depth at the times of
(a) 1 Day; (b) 30 Days

5.4 Influence of a stratified soil on the pile response

In order to analyze the influence of the stratified character of the medium on the
behavior of a vertically loaded pile, two parametric examples each associated with a
different pile length L are performed in this section to present the non-dimensional pile
axial force, the non-dimensional vertical displacement and the non-dimensional soil pore
pressure at two different times, i.e., t =8.64x10"s (one day) and t = 2.592x10°%s (thirty
days). Similarly, in these two examples, a three-layered soil is chosen and four different
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cases associated with the variation of the three layer’s moduli are considered: Case 1
denotes a three-layered TISS with a harder middle layer in which the layers shear moduli

ratio is given as: g4, : 44, 4, =1:2:1; Case 2 symbolizes a three-layered TISS with a
softer middle layer with the shear moduli ratio defined as: 4, : s, : 14, =1:1/2:1; Case

3 corresponds to a homogeneous half-space TISS; and Case 4 a three-layered TISS with

the modulus that increases with the depth, i.e., g, : s, : 1,, =1:2:3. The stiffness ratio
n=2 1is held constant in both examples and for every layer, a new parameter
m=yu,/E, =04 is defined as the ratio of the shear modulus to the vertical Young’s

modulus. Moreover, the values of the soil parameters for this section are given in Table 5.2,

while the pile parameters are given as the length L =15 m in the first example and L =25

m for the second example; the radius and the pile Young’s modulus are kept constant in

both examples as R=0.25m and E, = 5x10°, respectively. Likewise, in this section, the
thickness, shear modulus 4, and coefficient of vertical permeability k, of the first soil
layer are used as the reference length L., shear modulus x, , and coefficient of

permeability k., respectively.

Table 5. 3 Parameters for the soil used in the example (sect. 5.4)

Layer h/m w4, 1 Pa Vi Yoy IN-m® ok, k, /mes

number
Case 1 Case 2 Case 3 Case 4

1 10 1.0x107 1.0x107 1.0x107 1.0x107 025 025 9.8x10° 1.2x1077
2 10 2.0x107 0.5%x107 1.0x107 2.0x107 025 025 9.8x10° 1.2x1077
3 - 1.0x107 1.0x107 1.0x107 3.0x107 025 025 9.8x10° 1.2x107
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Figure 5. 7 Variation of the non-dimensional pile axial force N" along the depth at the times of (a) 1 Day
(L=15 m); (b) 1 Day (L=25 m); (c) 30 Days (L=15 m); (d) 30 Days (L=25 m)

The character of a stratified saturated soil as shown in Figures 5.7-5.9 has a meaningful

impact on the response of a circular pile loaded vertically on top. Figures 5.7 (a) and (c)

show that at the pile top, the axial force curves in all cases coincide, but as the depth

increases, the pile axial force in the case of the half-space with a soft middle layer (Case 2)

will be comparatively smaller and larger in both Case 1 and Case 4. As mentioned earlier,

the soil properties in case 1 and case 4 are similar for the first and second layer, which

explain why both curves in Case 1 and Case 4 overlap each other. It is noted, however, as
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the depth increases with the presence of a longer pile (L=25 m) as shown in Figure 5.7 (b)
and (d), the axial force in Case 1 will tend to be smaller compared to that in case 4 and the
axial force in Case 2 will this time be larger compared to those in other cases at the same

depth. It is also noted that the axial force at the bottom of the pile in all cases approaches

zero or a small value.
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Figure 5. 8 Variation of the non-dimensional pile vertical displacement u” along the depth at the times of
(@) 1 Day (L=15 m); (b) 1 Day (L=25 m); (c) 30 Days (L=15 m); (d) 30 Days (L=25 m)

As for the pile vertical displacement, Figure 5.8 illustrates that the displacement in all

cases is consistent with each other. It can also be seen that Case 4 in which the half-space
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has three layers with incremental shear modulus, presents a smaller vertical displacement
compared to other cases at the same depth. A larger displacement occurs in case 2. The soil
pore pressure on the pile-side in the second and third layer of the half space as shown in
Figure 5.9 (a) and (b) will be higher with the half-space that has a soft middle layer (Case
2) and smaller in the case of a hard middle layer. However, with the time increasing, the

soil pore pressure will be smaller in Case 3 compared to those in other cases at the same

depth.
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Figure 5. 9 Variation of the non-dimensional pore pressure p* at the pile side along the depth at the times of
(a) 1 Day (L=15 m); (b) 1 Day (L=25 m); (c) 30 Days (L=15 m); (d) 30 Days (L=25 m)
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From Figures 5.7 and 5.8, it can be seen that the pile axial force and vertical
displacement decrease with the increase of the depth and increase over time. On the other
hand, the soil pore pressure decreases to a small value as the time increases as shown in
Fig 5.9. This indicates the final stage of the consolidation as the pore pressure dissipates

completely. Along the depth, the pore pressure increases first, then decrease.

In this section, with two different examples mentioned earlier, the influence of the pile
length was investigated, the results are shown in Figures 5.7-5.9. the results show that the
pile vertical displacement and soil pore pressure decreases with the increase of the pile

length, while the pile axial force increases for a longer pile.

5.5 Effect of the permeability of the middle layer

In this section, the influence of the permeability on the behavior of the pile embedded
in a three-layered half-space TISS is investigated. Note that the half-space TISS is also
composed of two overlying layers and one underlying layer, i.e., the underlying half-space.
Three cases are considered in this section. For Case 1, all three layers have equal
permeability; Case 2 corresponds to a high permeable middle layer; Case 3 to a less
permeable middle layer. The parameters for the pile used in this section are set as length

L =20 m, radius R=0.3 m, and the Young’s modulus E, =2.5x10° Pa, while the
parameters for the soil are shown in Table 5.3. Similarly, the thickness, shear modulus g,
and coefficient of vertical permeability k, of the first soil layer are used as the reference

length L, shear modulus s, and coefficient of permeability K, respectively.

Figures 5.10 and 5.11 show that the influence of the permeability of the middle layer

is almost negligible. It can also be seen that for all three cases, the vertical displacement
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increases as time increases. Moreover, both the axial force and vertical displacement

decrease with the depth.

Table 5. 4 Parameters for the soil used in the example (sect. 5.5)

Layer h/m k,.k, /m-s Vi Vi 7, IN-m? E,/Pa E,/Pa 1, 1 Pa
number Case 1 Case 2 Case 3
1 10 1.0x10°%  1.0x10% 1.0x10®% 025 025 9.8x103 2.5x107  2.5x107  1.0x107
2 10 1.0x10°%  1.0x107  1.0x10° 025 025 9.8x103 2.5x107  2.5x107  1.0x107
3 - 1.0x10°%  1.0x10® 1.0x10®% 025 025 9.8x10° 2.5x107  2.5x107  1.0x107
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Figure 5. 10 Variation of the non-dimensional pile axial force N* along the depth at the times of 1 Day and

30 Days: (a) N for Case 1; (b) N* for Case 2; (c) N* for Case 3
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Figure 5. 11 Variation of the non-dimensional pile vertical displacement u"along the depth at the times of 1
Day and 30 Days: (a) u” for Case 1; (b) u” for Case 2; (c) u” for Case 3

Besides, as illustrated in Figure 5.12, the permeability of the middle layer has a

significant influence on the pore pressure. The pore pressure is the largest when the half-

space’s middle layer is less permeable, i.e., Case 3, and smallest when the middle layer is

highly permeable. The pore pressure at 30 days is much smaller than that at one day, which

indicates that the pore pressure will dissipate with time for all three cases. Figure 5.12 (a)

shows that at the time of one day, the variation of the pore pressure for the three cases is

similar: it first increases with the depth; then, it achieves a peak value at a certain depth in

the first layer; lastly, it will decrease with the depth.
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Figure 5. 12 Variation of the non-dimensional pore pressure p” at the pile side along the depth at the times
of (@) 1 Day; (b) 30 Days

5.6 Summary

In this chapter, adopting the numerical solution methods (Chapter 2) and the solutions
derived in Chapter 3 and Chapter 4 for the layered TISS half-space and the pile,
respectively, parametric results were compiled and analyzed by means of the Fortran
software and a discussion were made. It was also demonstrated that the proposed model
for the integral equation for the pile comes into agreement with existing solutions. With
different parametric examples, it was shown that different soil properties such as
stratification, transverse isotropy, etc.., present a great impact on the time-dependent
response of both the layered TISS subjected to a vertical unit point force and the vertically

loaded pile embedded in a layered TISS.
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Chapter 6 General conclusions and prospects

In this research, based on the fundamental solution, the integral equation method is
used to develop a stable and efficient model that predicts the time-dependent response of a
vertically loaded pile embedded in a layered TISS. The fundamental solution for the half-
space TISS is obtained via the RTM method. Numerical results were compiled with the
use of Fortran program. Based on the research conducted in this study, the following notes

can be drawn:

(1) Results obtained by the proposed model developed in this paper are compared
with those of existing solutions and a good agreement between the two solutions is

observed. Thus, validating the proposed integral equation of the pile.

(2) The proposed RTM model shows that the ratio of the soil horizontal Young’s
modulus to the vertical Young’s modulus significantly affects the response of the layered
TISS subjected to a point vertical force. The vertical displacement is shown to decrease as
the stiffness ratio increases, while a different scenario occurs depending on the depth of the
receiver point for the vertical stress and horizontal displacement. In addition, with the
increase of the stiffness ratio, the difference between two different points with the same
radius in the layered TI1SS will tend to be small compared to that with a small stiffness ratio.
The pore pressure will tend to dissipate in the soil at any depth due to the consolidation

process. Besides, the vertical displacement at all depth increases over time.

(3) The parametric study presented in this paper also displays that the transverse
isotropy property of the soil has a considerable influence on the behavior of the vertically

loaded pile embedded in the layered half-space TISS. In addition, the time dependency is
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also of great importance in predicting the pile response. A larger stiffness ratio will lead to
an increase of both the pile vertical displacement and the pile-side soil pore pressure. An
opposite situation is observed for the pile axial force which unlike the vertical displacement
and the pore pressure tends to decrease with the stiffness ratio increasing. Besides, it is also
found that both the vertical displacement and the axial force of the pile decrease with the
increase of the depth and increase over time. As expected, the pore pressure along the pile-

side tends to zero as the time increases.

(4) The character of a stratified saturated soil together with the length of the pile as
shown in this research have a meaningful impact on the response of a circular pile loaded
vertically on top. The pile axial force in the case of the half-space with a soft middle layer
will be comparatively smaller and larger for a case where the half-space consists of a hard
middle layer. It is also noted that the axial force at the bottom of the pile in all cases
approaches zero or a small value. The vertical displacement will be the smallest in the half-
space that has three layers with incremental shear modulus and the largest in the case of a
three-layered half-space with a soft middle layer. the results also show that the pile vertical
displacement and soil pore pressure decreases with the increase of the pile length, while

the pile axial force increases for a longer pile.

(5) The permeability of the middle layer of the three-layered half-space TISS soil has
a considerable influence on the pore pressure along the pile-side. The pore pressure is larger
when the middle layer is less permeable and smaller when the middle layer is highly
permeable. Besides, due to the permeable assumption for the soil surface, the pore pressure

tends to zero at the top of the pile.
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(6) The proposed model provides a valuable tool for estimation of the response of a
single pile embedded in a layered half-space TISS. In the further study, more practical
engineering problems, such as the problem of the pile embedded in the layered TISS
subjected to horizontal forces and the problem of pile groups in the layered TISS can be

considered.
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Appendixes

I. The coefficient matrix

The coefficient matrix A(r,t)of the system of partial differential equations as shown

in equation (3.13) is as follows:

B, B
A(r,t)z{ ' 2]
B, B,
0 —2(ﬁ+1j 0 i
or r
) a0
with B, = = 0 0| , B,=| 0 -a
0 o 1 Z 0
0 -—-—=|(1-a)|—+=|| 0 &
I [( 2)(&, I’ﬂ | | ot
[ o 1
0 0 0 o T
”# o0 1
B,=|0 a,| 5+-——— , B,=|-a,— 0
3 ‘ (6r2 ror r? ] 4 % or
0 0
0 0 —i
L k; | L

a =1/C441 a, =Cy; /C331 a =1/C331 and a, :(C11C33 _C123)/C33'

I1. Comments about the fundamental solutions of the layered TISS soil

(6.1)
o, 0
or?  ror |
in  which

As mentioned earlier, the fundamental solution of the axial force for the layered TISS

fulfills the following relation:

fO,z,2)- 9t z,2) =-1.

(6.2)

The constitutive relation of the effective stress in the vertical direction o/(® of the TISS

in the cylindrical coordinate system given in equation (3.3) can also be rewritten as follows:
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"(G) _

ol =gl + el + 0,6, (6.3)

in which the strain components are obtained as follows:

(6.4)

©) ©) ©) ©) ©)

© __Oou © _ U © __ou © _ _1fou~” au,

g = &y g, &,y = +— |
or r 0z 2

0z or

At this step, suppose that the unit circular uniform patch load is applied at T1(z) , then, one

has the following relation:
o N(2,2.) = x5l (2,2 ) + 0 (2,2 ) + 06l (2,2)
ol(z,2,)=c,eP(2,2,) +¢e0(2,2,) + ¥ (2,2,) - (6.5)

By using above equation (6.5), one has the following:

o'9(2,2,) -0 (2,2) =y | £9(2,2,) -6V (2.2) | (6.6)
Namely,
£(z,2,)- g<G>(zz)—C [019(z,2,) - o-’(G)(z,zf)J:L. (6.7)

Since £©(z,2,)=¢®(z_,z) and £ (z,2.)=£®(z,,z) , the above equation (6.7) can

thus be reduced to:

1
(G) (G) —
g (2,,2)-¢,7(2_,7)=— . 6.8
z ( + ) ( ) EC33 ( )
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